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Exponents & Radicals

Here are the laws of exponents you should know;

Law Example
¥ 1 - 1 3
i 3 ]
U ¥ i J 34 .3 3
A yin - 3 4
A 3!
(x™) bl 344 3"
)" "y (2-3 2%, 33



CHAPTER I EXPONENTS & RADICALS

Many students don’t know the difference between
(—3)%*and — 3*
Urder of operations (PEMDAS) dictates that parentheses take precedence. So,
(=3P ={-3)-(-3)=9
Without parentheses, exponents take precedence:

F¥=-3.3=-9

The negative is not applied until the exponent operation is carried through, Make sure you understand this so
vou don’t make this common mistake. Sometimes, the result turns out to be the same, as in:

{—2}3 and — 2°

Make sure vou see why they yield the same result.

EXERCISE 1: Evaluate WITHOUT a calculator. Answers for this chapter start on page 272,

Lo(—1) 10, —(-3y 19, 5°
2 (—1)° ‘ 1. —(-6)° 20, 32
3. (-1 | 12, —(—4)* 21. 372
1 (—1) 13, P x @ x( 1) 2. 5
5. (—1)8 | 14 (-1)¥ =37 x 2! 23, 5%
6 18 ;li{—ﬂhq—m“ 24, 72
7. —(—1)8 [ 16, 3" 25 777
8 (-3 17. 671 26, 107
g, -3 18. 47! 2710 7
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EXERCISE 2: Simplify so that your answer contains only positive exponents. Do NOT use a calculator. The
first two have been done for you. Answers for this chapter start on page 272.

1, 3. 200 = 658 11. Ltzy"‘ '3 20. {u“ .3—2]2
8 “2v=3 112
2, 2% 42 = P G fﬂ: | 2L (b™5)~-(F)
Bu- _
| {m=n)
a3 gy AR
3. 52t -3 13, 2ue? - —4utv % {mn?)?
4. 7o —3m™
: 1
14' i‘ 23. :E:-i
5 (2072 . =3 ’
2= -5 3t 24, mn
6. ~3a"h 13’" 'I'IH 15. {T_i-}z A it
3!‘!? §?
?. = 3 | 5.
on’ xt 23—
16. — k
2343 X
8 (ah) 4 (%2)1
" (x_t,a) 17, 8-t |
. i
i 18. (¢%)°%- 20 | 27 (—i‘i@i)
10. —(-x)? 3 1.2 | e B S
e 19, (Zm)=- (3m )" .

EXAMPLE 1: If 3**? = y, then what is the value of 3" in terms of y ?
A)y+9 By-9 c;g n:%

Let's avoid the trouble of finding what x is. Here we notice that the 2 in the exponent is the only difference
between the given equation and what we want. So using our laws of exponents, let’s extract the 2 out:

3[1-223:'_31:!",

3 =

Sz

ﬁnh‘wer { l D]‘ .
| SN |

EXAMPLE 2: 1f 3**! = 3717, what is the value of a ?

Here we see that the bases are the same. The exponents must therefore be equal,



CHAFTER 1 EXPONENTS & RADICALS

i

EXAHPLEB:HZﬂ—bId-*whuhavlhwui;-F?

Realize that 4 is just 22,

@ {2248 . 23t - gla-b _ i __EE

2h ok T

Square roots are just fractional exponents:

g Vx

= ¥
But what about xi? The 2 on top means to square 1. The 3 on the bottom means to cube root it
V3
Xt
W can see this more clearly if we break it down:
o =y 3
The order in which we do the squaring and the cube-rooting doesn’t matter.
A= (R (Y5
The end result just looks prettier with the cube root on the outside. That way, we don’t need the parentheses.
EXAMPLE 4: Which of the following is equal to Vx5 ?

Ax BS-¢ Ox D

1
The fourth root equates to a fractional exponent of %

.
%)
Il
=
P

Answer | {E‘ﬂ

10
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The EST will also test you on simplifying square roots (also called “surds”). To simplify a square root, factor
the number inside the square root and take out any pairs:

VB =v2:22.2:3=/[2-2][2-2]-3=2-2V3=4V3

In the example above, we take a 2 out for the first| 2 - 2| Then we take another 2 out for the second pair EI.
Finally, we multiply the two 2's outside the square root to get 4. Of course, a quicker route would have looked
like this:

V= ia] =43
Here's another example:

V2= 2:2]-[3:3]. 2=2-3v2 = 6v2

To go backwards, take the number outside and put it back under the square root as a pair:

6vV2=v6-6-2= V72

To simplify a cube root such as v/16, take out any triplets:

-

Vie=y[2-2-2].2=2V2

EXAMPLE 5: Which of the following is an equivalent form of (x*)1, where x > 0?
AV Bxyd  OVE D)

Solution 1:
i ¥
[_:—1}3:xz'ilezv:r-:quu'x-xl'.tr-t\&

Answer | (B)L
! 1 i " 3 :
Solution 2: Since (¢*)1 = P ¥, we can compare this exponent of S to the exponent of 1 in each of the

answer choices.
Choice A:  Vx = 1}

l 1l
4 =¥ -

[T =

Choice B:  x/x = x'.x ="
Choice C: Va2 = x!
Choice D: /3 = x4

These results confirm that the answer is B

11



CHAPTER | EXPONENTS & RADICALS

EXERCISE 3: Simplify the radicals or solve for x. Do NOT use a calculator. Answers for this chapter start on
page 272.

1. V12 | 10. V128

2. V9 | 1. 5V2 = R

3. V45 | 12, 3/% = V45
|

4. V18 | 13. 22 = Vix
i

5. 24/27 | 14. 46 = 2¢/3x
i

6. 375 15. 314 = /6x

7. V32 ‘ 16. 4/3x = 216

8. /200 17. 38 = xv/2

9 8 18, ¥/ = V216

12
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CHAPTER EXERCISE: Answers for this chapter start on page 272,

A calculator should NOT be used on the . WIS o N B ey

following questions, s
e s - T

the value of ¢ ?

= ' for all positive values of 1, what is

Ifa j = 3, what is the value of a 7

A) -9
]
B) 3
1
C) 3
D) 9 R e IR .
ED | (2" = 10, whatis the value of 37732
' 10
X FL —
If ;_ = 2%, then x must equal ) 3
' 10
A) y+3 | By'g
B) -3 10
C) 3—y . © %
|
D) 3 7
I D) 10

If 47 = 10, what is the value of " ?
If g and b are positive even integers, which of the

A) 40 following is greatest?
%) 40 A) (~2a)"
D) 2q%
IS e ORI

The expression (f§$.whtﬂ:x}ﬂandy>ﬂ,is | - JRESSEE S St S o S

equivalent to which of the following? i
If +* = i, for what value of z does ¥ = y*?

A) /XY

BY wy/x A), =1
| B0

Q) = ) 1

D) r’v D) 2



CHAPTER 1 EXPONENTS & RADICALS

If /xy/x = x*, then what is the value of a 7 IF 2743 - 2% — k(27), what is the value of k ?
A) I_ A) 3
2 B) 5
B) 3 Q) 7
4 D) 8
cli 1
) :
. A calculator is allowed on the following
questions,
i, = ¥ — .
. o = 2% x> 1,and 2 + b = 5, what is | (8™ = (5Y)%, what s the value of k 2
the value of ¢ ?
A) —b
A) 3
B) 5 B) i
0 6 3
C) =
) 10 4
| D) 2
|| SRRSO S PR T g, Sve et
S r—
P Y it i thevalamol n ? ‘
A) 6 ' Which of the tollowing is equivalent tox ¥ for
B) 7 all positive values of x, where 7 and b are
C) 8 positive integers?
D) 9 A) Vax?
B) +x¥
R ————
D) ¥

;
Which of the following is equivalent to (—2) 7 ?

A) -2:V4 B o e i e e, e

b)) & 1}'21 3.5 i ;
Cy <4: 37 | I;,-f‘;-“y? = 10and r'y* = 8, what is the value of
g a A s

B) 20

C) 40

1y 80



Percent

EXAMPLE 1: Jacob got 50% of the questions correct on a 30-question test and 90% on a 50 question test.
What percent of all questions did Jacob get correct?

First, let's find the total number of questions he got correct:

l

0% = 30 %30 =15
.
9
Wi x 50 e 3% 5) 45
10
’ - - - Bl 3 Py
50 he got 15 + 45 = 60 questions correct out of a total of 30 + 50 B questions: 80 3 7a% |

EXAMPLE 2: The price of a dress is increased by 20%, then decreased by 40%, then increased by 25%. The
final price is what percent of the original price?

Here’s the technique for dealing with these "series of percent change” questions. Let the original price be p.
When pis increased by 20%, you multiply by 1.20 because it's the original price plus 20%. When it’s decreased
by 40%, you multiply by 60 because 60% is what's left after you take away 40%. Our final price is then

pxl2)x.60x125 Slp

T'he final priceds | 90% | of the onginal price

Example 2 shows the MOST IMPORTANT percent concept by far on the EST Never ever calculate the prices
at each step. String all the changes together to get the end result

It's important to know why this works. lmagine again that the original price is p and we want (o increase it by

20%. Normally, we would just take p and add 20% of it on top:

Pt .2“;3
But realize that

p+.20p = p(1 4 .20) = 1.20p

15



CHAPTER2 PERCENT

And now we want to decrease this new price by 40%:
1.20p — (40)(1.20p) = (1.20p)(1 - .40) = (1.20p)(.60) = (1.20)(.60)p

which proves we can calculate the final price directly by using this technique. Now we're set up to tackle the
inevitable compound interest questions on the EST

EXAMPLE 3: Jonas has a savings account that earns 3 percent interest compounded annually. His initial
deposit was §1000. Which of the following expressions gives the value of the account after 10 years?

A) 1000(1.30)""  B)1000+30(10)  C)1000(1.03)(10) D) 1000(1.03)10

A 3 percent interest rate compounded annually means he earns 3 percent on the account once a vear. Keep in
mind that this isn’t just 3% on the original amount of $1000. This is 3% of whatever's in the account at the time,
including any interest that he's already earned in previous years. This is the meaning of compound interest.
So if we're in year 5, he would eam 3% on the original $1000 and 3% on the total interest deposited in years 1
through 4.

If we try to calculate the total after each and every year, this problem would take forever. Let's take what we
learned from Example 3 and apply it here:

Year 1 total: 1000(1,03) = 1000{ 1.03}!

Year 2 total: 1000( 1.03)(1.03) = 1000(1.03)°
Year 3 total: 1000(1.03)(1,03)(1.03) = 1000(1.03)*
Year 4 total: 1000(1.03)(1.03)(1.03)(1.03) = 1000(1.03)%

See the pattern? Each year is an increase of 3% so it's just 1.03 times whatever the value was last year. Note
that we're not deing any calculations out. Think of it as the price of a dress being increased by 3% ten times.

Therefore, the Year 10 total is 1000(1.03)%, answer | (D) |

Most of these compound interest questions can be modeled by the equation A = P(1 + r), where A is
the total amount accumulated, P is the principal or the initial amount, r is the interest rate, and ¢ is the
number of times interest is received.

EXAMPLE 4: Jay puts an initial deposit of $400 into a bank account that earns 5 percent interest each year,
compounded annually. Which of the following equations gives the total dollar amount, A, in the account
after ¢ years?

A) A =400(1.05f) B) A = 400(0.05¢) C) A = 400(0.05)" D) A = 400(1.05)'

After I years, mlerest has been received t times. The rate r is 0.05 and the initial amount P is 400. Flugging
these values into the formula, we see that the answer it-j{D} .

16
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EXAMPLE 5: This year, the chickens on a farm laid 30% less eggs than they did last year. If they laid 3,500
eggs this year, how many did they lay last year?

This Year — (.70 Last Year)
3,500 = {.70)| Last Year)
5,000 = Last Year

Percent change (a.k.a. percent increase/decrease) is calculated as follows:

o _ new value - old value
%o change = old value * 100

For example, if the price of a dress starts out at 80 dollars and rises to 90 dollars, the percent change is:

90 — 80
80

#* 100 = 12.5%

If percent change is positive, it's a percent increase. Negative? Percent decrease. It's important to remember
that percent change is always based on the original value.

EXAMPLE 6: In a particular store, the number of TVs sold the week of Black Friday was 685. The number
of TVs sold the following week was 500. TV sales the week following Black Friday were what percent less
than TV sales the week of Black Friday (rounded to the nearest percent)?

A)17% B) 27% )37 ) 47%

500 — 685
e85

027

We put the difference over 685, NOT 500, Answer [Bj-.

EXAMPLE 7: In a particular store, the number of computers sold the week of Black Friday was 470. The
number of computers sold the previous week was 320. Which of the following best approximates the
percent increase in computer sales from the previous week to the week of Black Friday?

A)17%  B)Z7% )3T D) 47%

470 — 320
320

This time, the week of Black Friday is not the “original” basis for the percent change. We put the difference

= (047

over the previous week's number, 320. The answer is (.

17



CHAPTER 2 PERCENT

A few more examples involving percent:

EXAMPLE 8: The number of students at a school decreased 20% from 2010 to 2011. If the number of
students enrolled in 2011 was k, which of the following expresses the number of students enrolled in 2010
in terms of k ?

A)075k  B)120k C)1.25k D) 1.5k

The answer is NOT 1.20k. Percent change is based off of the original value (from 2010) and not the new value.
Let x be the number of students in 2010,
Blx =k
x = 1.25k

[

Therefore, there were 25% more students in 2000 than in 2001, Answer | (C) I.

EXAMPLE 9: Among 10th graders at a school, 40% of the students are Red Sox fans. Among those Red
Sox fans, 20% are also Celtics fans. What percent of the 10th graders at the school are both Red Sox fans
and Celtics fans?

We don't know the number of 10th graders at the school so let’s suppose that it's 100.
Red Sox fans = 40% of 100 = 40

Celtics & Red Sox fans = 20% of 40 = 8

y A i -
The answer is then T |E‘H.-|

A common strategy in percent questions is to make up a number to represent the total, typically 100.

18
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CHAPTER EXERCISE: Answers for this chapter start on page 276.

A calculator is allowed on the following
questions.

Reid wants to purchase a rug that has a price of
$150.00. He has a coupon that would reduce the
cost of the rug by k%. If the coupon would
reduce the cost of the rug by $12.75, what is the
value of k 7

In March, a city zoo attracted 32,000 visitors to
its polar bear exhibit. In April, the number of
visitors to the exhibit increased by 15%. How |
many visitors did the zoo attract to its polar bear
exhibit in April?

A) 32,150

B) 32480

C) 35200

D) 36,800

Miguel is following a recipe tor marinara sauce
that requires half a tablespoon of vinegar. If one
cup is equivalent to 16 tablespoons,
approximately what percent of a cup of vinegar
is the amount required by the recipe?

A) 23%

B) 3.1%

C) 94%

D) 125%

19

It x is 50% larger than z, and y is 20" larger than
z, then x is what percent larger than y 7

A) 15%

B} 20%

Cy 25%

D) 30%

Veronica has a bank account that earns m'
interest compounded annually. If she opened the
account with $200, the expression $200(x )
represents the amount in the account after !
years. Which of the following gives x in terms
aof m?

A) 1+ .01m

BY 1+m

€)Y 1-m

Dy 1+ 100m

A charity organization collected 2,140 donations
last month. With the help of 50 additional
volunteers, the organization collected 2,690
donations this month. To the nearest tenth of a
percent, what was the percent increase in the
number of donations the charity organization
collected?

A) 204%
B} 20.7%
<) 254%
D) 25.7%



CHAPTER 2 PERUCENT

The discount price of a book is 20% less than the The number of dishes served by a restaurant
retail price. James manages to purchase the book during dinner was 17.5% greater than the
at 30 off the discount price at a special book number of dishes served during lunch. If the
sale. What percent of the retail price did James restaurant served 940 dishes during dinner, how
pay? many more dishes did the restaurant serve

A) 42% during dinner than during lunch?

B) 48%

C) 5%

D) 56%

o B o i P =S o .
Each day, Robert eats 40% of the pistachios left

in his jar at that time. At the end of the second

day, 27 pistachios remain. How many pistachios In 2010, the number of houses built in Town A

were in the jar at the start of the first day? was 25 percent greater than the numberof
houses built in Town B. 1f 70 houses were built in
A) 75 Town A during 2010, how many were built in
B) 80 Town B?
C) 85
Dy 95

Joanne bought a doll at a 10 percent discount off

the original price of $105.82. However, she had [ |12 e RN~ st

to pay a sales tax of 1% on the discounted price.

If the total amount she paid for the doll was Over a two week span, John ate 20 pounds of
£100, what is the value of x 7 chicken wings and 15 pounds of hot dogs. Kyle
A) 2 ate 20 percent more chicken wings and 40
B) 3 percent more hot dogs. Considering only
A chicken wings and hot dogs, Kyle ate
C) 4 approximately x percent more food, by weight,
D)3 than John. What is x {rounded to the nearest
percent)?
A) 25
B) 27
) 29
) 30
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Jane is playing a board game in which she must Omar currently holds a government bond that
collect as many cards as possible. On her first has a market value of $900. Each year, the
turn, she loses 18 percent of her cards. On the market value of the bond is expected to be 20%
second turn, she increases her card count by 36 higher than its market value the year before. If
percent. If her final card count after these two the expression 900(1 + p), where p is a constant,
turns is 1, which of the following represents her represents the expected market value of the
starting card count in terms of n ? bond after 3 years, what is the value of p?
it
A [T38)064)
B) (1.18)(0.64)n
n
O {i36)(082) |

Dy (082} 1.36)n

|
_ spent 34% more on groceries in 2016 than in
Due to q-.'fureatahnn. researchers expect the deer 2015, and she spent 145% more on groceries in
population to decline by 6 percent every year. If | 2017 \han in 2016, Which of the following
the current deer population is 12,000, what is the expressions represents the amount, in dollars,
approximate expected population size 10 years Sims spent on groceries in 20172

from now?

A) 4800 | A) {245)(034x)
B) 6460 BY (1.45)(0.34x)
g C) (245)(1.34x)
D) 7980 D) (1L45)(1.34x)

I o i 5 P P A LR N ——
In 2016, County A and County B collected the

samw amount of taxes. In 2017, the amount of

accessories: 20 are scarves, 60% are ties, and L
v 2 taxes collected by County A decreased by 25%
the ather 40 acogssotles are belis. If half of the and the amount of taxes collected by County B

'."Il-.:'.'i are replaced with scarves, how many scarves increased by 20%. If County A collected 60
vrill the storeihve? million dollars of taxes in 2017, what was the
amount of taxes, in millions of dollars, County B
collecled in 20177
A) 54
B) 78
C) 90
o) 9%

A small clothing store sells 3 different types of

21



CHAFPTER 2 PERCENT

Daniel has $1000 in a checking account and
$3000 in a savings account. The checking
account earns him | percent interest
compounded annually. The savings account
earns him 6 percent interest compounded
annually. Assuming he leaves both these
accounts alone, which of the tollowing
represents how much more interest Daniel will
have eamed from the savings account than from
the checking account after 5 years?

A) 3,00001.06)° - 1,000(1.01)°
B) 3,000(1.06)(5) — 1,000(1.01)(5)

C) (3,000{1.06)° — 3,000) — {1,000(1.01)% -
1,000)

D) (3,000(1.06)(5) - 3,000) -
(1,000{1.01)(5) — 1,000)

p(.+ﬁ)*

The expression above gives the population of
leopards after five years during which an initial
population of P leopards grew by r percent each
vear. Which of the following expressions gives
the percent increase in the leopard population
over these five years?

0]
) =
(‘ ﬁl

L}l %m)ﬁ I]:lm

D) (1+ ﬁ) % 100



Exponential vs. Linear
Growth

The population of ants doubling every month. A bank account earning 5 percent every year. These are
examples of exponential growth, which occurs when a quantity grows periodically by a factor greater than
l. In the case of the ants, this factor is 2. In the case of the bank account, it's 1.05. When exponential growth
happens, we can model it as an equation that looks like

v =ab’

whene y is the final quantity after f time periods (e.g. years), @ is the initial quantity, and b is a growth factor
greater than 1. So if we started off with 100 ants, our model equation would be

y 1002

where 1 is the number of months that have gone by, And if our bank account started off with $200, our equation
would look like
y = 200(1.05)

where { is the number of years that have passed. You've seen this already in the percent chapter

Graphs of exponential growth have the following shape:

L

&

_-—-—"'"'-’j'-

M !

¥

Motice how the graph creeps up slowly at first but then shoots up faster and faster over time. That's exponential
growth

23



CHAPTER 3 EXPONENTIAL V5. LINEAR GROWTH

Exponential decay, however, is the opposite. Imagine a radioactive substance that loses mass over time. It
loses a lot of its mass in the beginning and then loses it more and more slowly as time goes by.

Mass

e "\ﬁ-ﬂ

It's worth memorizing the shapes of these graphs of exponential growth and decay. The ESTmay test you
explicitly on them.

The equation for exponential decay is the same as the equation for exponential growth:
v = ab'

The only difference is that the growth factor, b, is less than 1. So an equation that models exponential decay
might look like

v = 400{0.6)"
where y is the mass, in grams, of a radicactive substance ! years from now. The 400 indicates that the substance
currently has a mass of 400 grams, and the 0.6 indicates that at the end of each year, the substance is left with
60" of the mass it started the year with. In other words, it loses 40% of its mass each year.

So far, the examples we've discussed have been relatively simple. To model more complicated cases of exponential
growth and decay, such as a bank account growing by 3% every 2 years or a radioactive substance losing half
its mass every 9 months, we'll need to use a slightly more advanced exponential equation:

y=nﬁi

where k is the time required for v to increase by one factor of b. Note that t and k must have the same
units. So if t is in years, then k should also be in years,

Let’s go over some examples so that vou fully understand what k means.

EXAMPLE 1:
M = 400(1.05)}

The equation above models the mass M, in nanograms, of a particle after | years, Based on the equation,
which of the following best describes the mass of the particle over time?

A) It increases by 5% every 4 months. B} It increases by 5% every 3 years,
C) It increases by 5 nanograms every 4 months. D) [t increases by 5 nanograms every 3 years.

We have an exponential equation with k = 3 and b = 105, which means it takes 3 years for the mass of
the particle to increase by a factor of 1.05. In other words, the particle’s mass increases by 5% every 3 years.

Answer| (B) .

—d
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EXAMPLE 2:
M = 400(0.6)™

The equation above models the mass M, in nanograms, of a particle after | years. Based on the equation,
which of the following best describes the mass of the particle over time?

A) It decreases by 60% every 4 months.  B) It decreases by 60% every 3 years.
C) It decreases by 40% every 4 months. D) It decreases by 40% every 3 years.

! . t
Using v = ab' as a reference, we see that the exponent of the given equation is not in the form of fi80 how are

we supposed to find the value of k? We have to use an arithmetic trick:

M = 400(0.6)" = 400{0.6)""1"®

1 . . 1
Now we can see that k = 3 which means the particle’s mass decreases by 1 = 0.6 = 40 every 3 Year, or 4

months. Answer @

EXAMPLE 3: A non-profit organization currently has 50 volunteers. If the organization is able to double
the number of volunteers every 8 months, which of the following equations best models the number of
volunteers, v, the organization will have t months from now?

A)p=50(2)f Byo=502){ CQuv=50(2) D)o=>50(2)*

Again, we'll use v = ab! as a reference. Based on the given information, ¢ = 50 and b = 2. Since the number
of volunteers increases by the growth factor every 8 months, and # is in months, k = 8. Therefore, the equation

that best models the number of volunteers is v = 50(2) 4. Answer | (A},

EXAMPLE & A non-profit organization currently has 50 volunteers. If the organization is able to double
the number of volunteers every 8 months, which of the following equations best models the number of

volunteers, v, the organization will have t years from now?

Av=502)f Bo=52)7% CQuv=502% Dv=>502)%

This question is the same as the one in Example 3, except f is in years instead of months, Because of this, the
answer is not the same. To form the correct equation, t and k must have the same units, so we have to convert
b |
-

8 months into years, which givesk = — years. The equation is then

12 3

o= 5n[2':|f.rl::,"."|-l _ 5{”2}3

Answer [ (C) |
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Now let’s compare exponential growth and decay with linear growth and decay, As vou may already know,
linear growth can be modeled by a line with a positive slope. For example, if Ann has a piggybank with 100
dollars already in it, and she adds 5 dollars every month, the total amount in the piggybank can be modeled
by

A=5t+100

where A is the total amount, { is the number of months, and 100 (the y-intercept) is the initial amount.

A

3

L

Unlike exponential growth, linear growth is constant and consistent. There is no slowing down or speeding
up. The total goes up by the same amount each time.

Now imagine that Ann takes 5 dollars out of her piggvbank every month instead of adding to it. The total
balance would decrease by a constant amount each month, resulting in linear decay. The total amount A in
the piggybank could then be modeled by

A =100 —10¢

The graph of such an equation is a line with a negative slope.

A

- > |
'

Both exponential decay and linear decay are instances of a negatlue association between bwo things., As one
thing increases, the other thing decreases. For example, the number of absences over the semester and final
EXATM SCOTes:

Final Exam Score
L3

®
s & 8
L ] L]
[
e« o8
a8 @
L]
Number l:f Absences

When the data points are close to forming a smooth line or graph that shows the negative relationship, we can
say that there is a strong negative association.
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Both exponential growth and linear growth are instances of a positive association between two things. As
one thing increases, the other thing also increases. For example, the number of hours spent studying and final
EXAm SCores:

Final Exam Score

L ]
[ ]
L I
e @
L ] L]
.
L ]
L ]
[ ]
Hours Studied

The graph above shows a positive association that is quite strong.

27
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CHAFTER EXERCISE: Answaers for this chapter start on page 278,

A calculator should NOT be used on the BTy SR A0 GRS AN L

following questions.

The employees at a new bookstore must stock a
certain number of shelves so that the store is
ready for its opening in two weeks. The
employees stock shelves at a constant rate

The value of a house decreased by 8% from the

previous year for i consecutive years. Which of throughout the two weeks. If p(t) is the number
the following graphs could model the value of of shelves left to be stocked after t days, which of
the house over this time period? the following statements best describes the
A) function p ?
A) The function p is an in¢reasing exponential
& function.
= B) The function p is a decreasing exponential
= function.
X C) The function p s an increasing linear
Tin function.
B) D) The function p is a decreasing linear
function.
Lt
5 =g BT W R T TR e W
= *=0
= *-0
Lio" S If the initial population of rats was 20 and grow

- to 25 after the first year, which of the following
Time functions best models the population of rats P

C) with respect to the number of years t if the
population growth of rats is considered to be
exponential?

Ay P=5t+20

B} P =20{1.25)

C) P=20(5)

D) P=5+20

Value

L

Time

If the initial population of pandas was 100 and
grew to 125 after the first year, which of the
following functions best models the population

of pandas P with respect to the number of years
Time t if the population growth of pandas is
constdered to be linear?

A} P=D5/+100

B) P=100(1.25)'

<) P=100(1.2)

D) P=201 45+ 100

D)

Value
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£y = zu(i + lle-])r

The function f above models the temperature, in
degrees Celsiug, of a metal alloy used in an
experiment, where | is the number of seconds
after the experiment began. Which of the
following is the best interpretation of the
number 15 in this context?

A) The temperature, in degrees Celsius, of the
metal alloy at the beginning of the
experiment

B} The increase in the temperature, in degrees
Celsius, of the metal alloy every 100
seconds during the experiment

C) The percent by which the temperature, in
degrees Celsius, of the metal alloy
decreased from each second to the next
during the experiment

D} The percent by which the temperature, in
degrees Celsius, of the metal alloy
increased from each second to the next

during the experiment

C(t) = 80(2)*

To examine how a certain virus spreads,
scientists introduced the virus to cells in a test
tube and found that the number of infected cells
in the test tube grew exponentially over time.
The function C above models the number of
infected cells in the test tube t days after the
virus was introduced. Based on the function,
which of the following statements is true?

A) The predicted number of infected cells in
the test tube doubled every 5 days.

B} The predicted number of infected cells in
the test tube grew by a factor of 5 every two
days.

C) The predicted number of infected cells in
the test tube doubled every day,

D) The predicted number of infected cells in
the test tube grew by a factor of 5 every day.

N = 1,000(0.97)"

A scientist uses the equation above to model the
number of bacteria N in a petri dish after i
hours. According to the model, the number of
bacteria is predicted to decrease by 3% every k
minutes. What is the value of k ?
1

A) i

B) 4

C) 15

D) 240

C = 4(1.002)%

The equation above can be used to model the
number of cars, in millions, registered in a
certain state | years after 2(009. According to the
model, the number of cars registered in the state
i projected to increase by n% every 6 months.
What is the value of n ?

A) 0.002

B) 0.04

C) 02

D) 2

The population of trees in a forest has been
decreasing by 6 percent every 4 years. The
population at the beginning of 2015 was
estimated to be 14,000, If P represents the
population of trees | years after 2015, which of
the following equations gives the population of
trees over time?

A) P = 14,000(0.06)
B) P = 14,000 + 0.94(4t)
C) P = 14,000(0.94)%

D) P = 14,000(0.94)
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lamie owes Tina some money and decides to pay
M ircis i o e s s o A RN o her back in the following way. Tina receives 3
dollars the first day, 6 dollars the second day, 18
dollars the third day, and 54 dollars the fourth
day. Which of the following best describes the
relationship between time and the total amount

A calculator is allowed on the following
questions.

Which scatterplot shows the strongest positive
association between x and v 7

A) of money (cumulative) Tina has received from
v lamie over the course of these four days?
.
.y .‘ A) Increasing linear
o $ odes B) Decreasing linear
%’f T C) Exponential growth
.
-{ }.:. e D) Exponential decay

¥ B e e s v, |

B)
v Albert has a large book collection. He decides to
« o trade in two of his used books for one new book
*% . each month at a local bookstore. Which of the
o 3 .q.'i ". tollowing best describes the relationship
we® L I between time (in months) and the wtal number
L ™ e of books in Albert's collection?
¥ . A) Increasing linear
B B) Decreasing linear
C) C) Exponential growth
v D) Exponential decay
¥ ;
q,'l
A A scientist counts 80 cells in a petri dish and
f finds that each one splits into two new cells
. every hour. He uses the function A(l) = cr' to
x calculate the total number of cells in the petri
D) dish after 1 hours. Which of the following
‘ assigns the correct values tocand r ?
¥ A c=40.r=2
'3" B) ¢ =80.r=05
‘ Gy 0 L ] ! A == =15
._&.‘.' F} c=80,r=15
& . Dy e =80,r=2
r
® .
&
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Of the following scenarios, which one would
result in linear growth of the square footage of a
store?
A) The owner increases the square footage by
0.75% each year.
B) The owner increases the square footage by
5% each vear.
C) The owner expands the store by 5% of the
original square footage each year.
D) The owner allernates between adding 200
square feet one year and 300 square feet the
next year,

During its first year of operation, an equipment
supplier carried 6,400 items in its product line.
For each of the next & years, the supplier carried
in its product line half the number of items it
had carried the previous year. What type of
model is best to model the number of items the
supplier carried in its product line for any given
year in its first 7 years of operation?

A} Anexponential growth model
B) Anexponential decay model
C) A linear growth model

D) A linear decay model

V. =200(2")
V =1,5001

An analyst is evaluating how accurate the two
maodels above are in predicting the total number
of views, V, an online video receives ! days after
it is released. How many more views are
predicted by the linear model than by the
exponential model 4 days after the video is
released?

A) 1400
B) 2,800
C) 3,200
Dy 4.000

3l

The table below shows the price P, in dollars, of
a barrel of crude oil | days after the beginning of
an oil shortage.

i Number of days, t | Price, P (dollars)

! 0 . 50.00
| 15 60.51
30 7322
45 B8.77

If the equation P = m{!}”” i5 used to model the

relationship between { and P, which of the
following could be the values of m and u ?

A) m=25and n = 5438
B) m=25andn =86.12
C) m=50andn = 54.38
D) m'=50and n = 86.12

The amount of data, in gigabytes, stored in a
database increases by 2% every 15 hours. It 16
gigabvtes worth of data is currently stored in the
database, which of the following functions g
gives the amount of data, in gigabytes, that will
be stored in the database f days from now?

A) zlt) = 16(2)"™

B) glt) = 16(1.02)1
C) glt) = 16(1.02)%
Dy glt) = 16(1.02)%




Rates

I've found rate problems to be pretty polarizing—some students just “get” them intuitively, others get completely
lost. Most of the rate problems on the ESTwill be pretty straightforward, but for the ones that aren't, | highly
recommend using conversion factors to sel up the solution (if you've gone through chemistry, yvou should
know what I'm talking about). Conversion factors are a fool-proof way to approach a lot of these problems,
but they can be slow-going for stronger problem solvers, I'll be covering both the straightforward, intuitive
approaches and the conversion factor approach throughout the examples in this chapter

EXAMPLE 1: A bicycle manufacturer can produce 20 bicycles per hour. How many hours would it take
the manufacturer to produce 320 bicycles?

Easy enough. We divide the total by the rate to get 320 = 20 =/ 16 hours

EXAMPLE 2: A rocket has 360 gallons of fuel left after 2 hours of flight, and only 100 gallons after 6 hours
of flight. It burns n gallons of fuel for every hour of flight, where n is a constant. What is the value of n ?

Here, we are figuring out the rate. In 6 — 2 = 4 hours of flight, the rocket bumed 360 — 100 = 260 gallons of

.. 260 -
fuel. Therefore, the rocket burns ~Bia 65 | gallons of fuel every hour

EXAMPLE 3: A box at the supermarket can hold 6 oranges each. Each orange costs 20 cents. Given that
the supermarket has a budget of $540 to stock oranges, how many boxes will the supermarket be able to
fill?

If each orange is 20 cents, then a dollar would be enough for 5 oranges, Five hundred forty dollars would then

be énough for 540 x 5 = 2700 oranges, which would fill 2700 = 6 = 450 boxes.

The examples above were quite straightforward and didn’t really call for writing out conversion factors, but
what if we wanted to use conversion factors for Example 37 What would've the solution looked like?

100 cents | orange 1 box

: i = 450) :
1 detlar 20cents 6 oranges 430 boxes

540 deHars =
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As you can see, conversion factors are multipliers that help you go from one set of units to another. They're
1 m‘ﬂl‘lﬁt'}
20 cents

usually expressed as fractions, and they represent either information provided by the question (e.g.

100 cents
T dollar ). When using conversion factors to solve a problem, you must set

them up in the right sequence and with the appropriate numerators and denominators.

or standard unit conversions (e.g.

The rest of the examples in this chapter are done with conversion factors to teach you how they're used, even
though yvou may be able to solve the problems “intuitively”.

EXAMPLE 4: A car can travel 1 mile in 1 minute and 15 seconds. At this rate, how many miles can the car
travel in 1 hour?

In most rate problems, vou'll start with what the question is asking for. We need to convert that 1 hour to a
distance that the car travels. The car’s rate is 1 mile every 75 seconds.

60 minTtes rﬂ}ﬁﬁmﬂi Im1lc ﬁﬂxﬁﬂm:lﬁ
| hent x I X e X oo - — Lmulen

The units should cancel as you go along. If the units are canceling, chances are you're doing things right.
Notice that the “miles” unit at the end is the unit we wanted to end up with. This is another sign that we've
done things correctly.

EXAMPLE 5: Tom drives 30 miles at an average rate of 50 miles per hour. If Leona drives at an average
rate of 40 miles per hour, how many more minutes will it take her to travel the same distance?

We have to figure out how long it takes Tom to drive 30 miles:

1 hour 60 minutes
30 miles = : o — = 36 minutes
50 miles 1 howr

Leona will take
hi
30 miles = 3 Noup; P Sminetes; = 45 minutes
40 miles 1 hour
S0, -
45 -36 = U minutes

EXAMPLE 6: To prepare for class, Mr. Chu has to print a number of booklets with p pages per booklet. If
every 5 pages cost ¢ cents to print and he spent a total of d dollars, how many booklets did Mr. Chu print

in terms of p,c, and d ?

P @ 5004 =
A}m B) C}EP D}EP

100 ceents 5 pages 1 booklet 5004
i dethrs = R e ® _F_._F_ 5 booklets

Answer| (C) |_

33
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CHAPTER EXERCISE: Answers for this chapter start on page 280,

A calculator should NOT be used on the B S it -G o e em

following questions. |

R I o e R T T | As a submarine descends into the deep ocean,
the pressure it must withstand increases. At an

altitude of —700 meters, the pressure is 50 atm
(atmospheres), and at an altitude of —900

| meters, the pressure is 70 atm. For every 10
meters the submarine descends, the pressure it

| faces increases by n, where n is a constant. What
is the value of n 7

A) 0.1
B) 1
Q) 2
D) 10

Anempty pool can be filled in 5 hours if water is
pumped in at 300 gallons an hour. How many

Tim’s diet plan calls for 60 grams of protein per
day. If Tim were to meet this requirement by
only eating a certain protein bar that contains 30
grams of protein, how many protein bars would
he have to buy to last a week?

An electronics company sells computer monitors
and releases a new model every vear. With each : : ;
new model, the company increases the screen hours wuluid it take to fill the pool if water is
size by a constant amount. In 2005, the screen ! pumped in at 500 gallons an hour?

size was 15.5 inches. [n 2011, the screen size was |

18.5 inches, Which of the following best

describes how the screen size changed between

2005 and 201172

A) The company increases the screen size by
0.5 inch every year.

B) The company increases the screen size by 1
inches every year. BleSe —Son S ka5 e

C) The company increases the screen size by 2
inches every year.

It @ apples cost d dollars, which of the following
expressions gives the cost of 20 apples, in
3} The company increases the screen size by 3 dollars?
inches every year. '
Al Zin

(=]

i
B]Ed

| a
a

O
20

¥ =
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During a race on a circular race track, a racecar
bums fuel at a constant rate. After lap 4, the
racecar has 22 gallons left in its tank. After lap 7,
the racecar has 18 gallons left in its tank.
Assuming the racecar does not refuel, alter
which lap will the racecar have 6 gallons left in
its tank?

A) Lap13

B) Lap 15 |
C) Lap 16 |
D) Lap19

By 100 PM, a total of 40 boxes had been
unloaded from a delivery truck. By 3:30 PM, a
total of 65 boxes had been unloaded from the
same truck, If boxes are unloaded from the truck
ata constant rate, what 15 the total number of
boxes that will have been unloaded from the

truck by 7:00 PM? '

A calculator is allowed on the following
questions.

A rolling ball covers a distance of 2400 feet in 4
minutes. What i< the ball's average speed, in
inches per second? (12 inches = 1 foot)

Idina can type 90 words in 2.5 minutes. How
many words can she type in 12 minutes?

A salesman at a tea company makes a 515
commission on every $100 worth of products
that he sells. If a jar of tea leaves is $20, how
many jars would he have to sell to make $180 in
commission?

A train covers 32 kilometers in 14.5 minutes. If it
continues to travel at the same rate, which of the
following is closest to the distance it will travel
in 2 hours?

A) 3 kilometers

B) 265 kilometers

) 364 kilometers

D) 928 kilometers

Peanut oil leaks out of an industrial container at
the rate of 3 liters in 2 hours. If the peanut oil
costs 8 dollars per liter, how many dollars’ worth
will be lost in 11 hours?

A) 560

B) $96

C) s118

D) $132
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; 1
A recipe for soap calls for 1 5 Cups of lye for | Henry drives 150 miles at 30 miles per hour and
2 then another 200 miles at 50 miles per hour.
every ¢ cup of castor oil. How many cups of lye What was his average speed, in miles per hour,
are needed for a batch of soap that uses 3 cups of for the entire journey, to the nearest hundredth?
castor oil? A) 38.89
% i3 B) 40.00
5 C) 4233
B) 3 D) 43.58
4
C) “ﬁ
i [ TEERSERCERREE AR S o
Dy 11-
) 4

A “slow” clock falls behind at the same rate
every hour. [t is set to the correct time at 4:00

IR AM. When the clock shows 5:00 AM the same

day, the correct time is 5:08 AM. When the clock

An 8 inch by 10 inch piece of cardboard costs SPWS 10:30 AM that day, what is the correct
$2.00. If the cost of a piece of cardboard is | e
proportional to its area, what is the costof a A) 11:02 AM
piece of cardboard that is 16 inches by 20 inches? B) 11:18 AM
hj S0, C) 11:22 AM
B) $8.00 D) 1218 M
) $12.00

va e T T o
|
IS Jared and Robert are accountants who are tasked

with reviewing financial reports. It takes Jared
9 pikol = 2 large bahar 15 hours, working at a constant rate, to review a

- report containing 240 pages of financial
400 kitlack = 29 pliol statemnents. If Robert works at bwice Jared’s rate,

The formulas above represént the relationships hm:r many minutes 'ﬁ:ﬂl_.lld it take Robert o
between some units of weight that were once review a report containing 120 pages of financial
used in Indonesia. A weight of 1,000 kulack is | Statements?
equivalent to how many large bahar? (Round A) 225
your answer to the nearest whole number.) B) 15

C) 450

D} 900
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A flask contains an acidic solution with a
concentration of 7.1 x 10'" hydrogen ions per
milliliter. If 4.8 x 10°* hydrogen ions have a total
mass of 0.8 grams, which of the following is
closest to the concentration, in grams per liter, of
the acidic solution?

A) 12x10°
B) 12x107°
C) 15x107
D) 15% 10"

Brett currently spends $160 each month on gas.

His current car is able to travel 30 miles per

gallon of gas. He decides to switch his current

car for a new car that is able to travel 40 miles

per gallon of gas. Assuming the price of gas

stays the same, how much will he spend on gas. |
each month with the new car?

A) $100 '
B) §120
C) 5130
D) $140

Margaret can buy 4 jars of honey for 9 dollars,
and she can sell 3 jars of honey for 15 dollars.
How many jars of honey would she have to buy
and then sell to make a total profit of 132
dollars?

37



Ratio & Proportion

Let’s say that the ratio of cars to trucks in a parking lot is 5:2 (5 to 2). Because ratios can be written as fractions,
: 5
this ratio is equivalent to =

A ratio of 5:2 is also equivalent 1o a ratio of 10:4, since the latter reduces to the
tormer.

In this context, a ratio of 5.2 means that for every 5 cars, there are 2 trucks. And assuming that there are only
cars and trucks parked in the lot, the ratio also means that there are 5 cars for every 7 vehicles. By the same
token, there are 2 trucks for every 7 vehicles

EXAMPLE 1: Minyoung bought croissants and bagels for a breakfast event. The ratio of the number of
croissants she bought to the number of bagels she bought was 3 to 4. If Minyoung bought 72 bagels, how
many croissants did she buy?

According to the given ratio, Minyoung bought 3 croissants for every 4 bagels. Since she bought 72 bagels, she
must have bought
J croissants

< 72 bagels 54 | croissants
4 bagels ¢ '

EXAMPLE 2: Arfand is following a recipe for a seasoning blend that requires sea salt, black pepper, and
paprika. According to the recipe, the ratio of grams of sea salt to grams of black pepper should be 1:2, and
the ratio of grams of black pepper to grams of paprika should be 4:3. How many grams of paprika should
Arfand use to make 108 grams of the seasoning blend?

Since black pepper is involved in both the given ratios, we can use it to establish a “common basis” for
comparison. First, multiply the sea salt to black pepper ratio by 2 to get 2:4. Why multiply by 2? Because
now the “4" in the ratio lines up with the “4” in the black pepper to paprika ratio. Once they are lined up, we
can establish that the ratio between the three ingredients is 2:4:3 (sea salt to black pepper to paprika).

According to this ratio, 3 grams of paprika should be used for every 2 + 4 + 3 = 9 grams of the blend. Therefore,

: 3 _
Arfand should use - » 108 = | 36 | grams of paprika.
u
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Proportion

In addition to ratios, the EST will also test you on proportions, but not in the way that you typically learn
them in school (direct vs. indirect proportion). Instead, the EST will give you a relationship and ask you how
a change in one variable affects another,

Let's run through a quick example. Imagine we have a triangle. We know that the area of a triangle is

|
A= bl
3 i

Now let's say we triple the height. What happens to the area?
Well, if we triple the height, the new height is 3h. The new area is then

| "  F
Ahria" - -zh{l;“:l j(i{!h) — 31‘1..,;"

See what happened? The terms were rearranged so that we could clearly see the new area is three times the
old area. We put the “3" out in front of the old formula.

This technique is extremely important because it saves us time on tough proportion problems. We could’ve
made up numbers for the base and the height and calculated everything out, and while that's certainly a
strategy you should have in your toolbox, it would've taken much longer and left us more open to silly
mistakes.

Let's do a few more examples.

EXAMPLE 3 The radius of a circle is increased by 25%. By what percent does the area of the circle
increase?

Let the original area be Ay, If the original radius is r, then the new radius is 1.25r.
Auww = 712577 = (1.25)%(717r%) = 1.5625(r?) = 1.56253A 14

We can see that the area increases by Eé_iﬁ_“-il_

The idea is to get a number in front of the old formula. In this example, that number turned out to be 1.5625.
Also note that the 1.25r was wrapped in parentheses so that the whole thing gets squared. It would've been
incorrect to have Age = 7(1.25)r" because we wouldn't be squaring the new radius.

EXAMPLE 4: The length of a rectangle is increased by 20%. The width is decreased by 20%. Which of the
following accurately describes the change in the area of the rectangle?

A) Increases by 10%  B) Decreases by 10%  C) Decreases by 4% D) Stays the same

Originally, A = lw. Now,
Alulu'! = l I.ZUHfU.BGI.L'I = U-?ﬁhi' = ﬂ.';‘[‘lﬂ;u‘f

The area has decreased by 4%. Answer | [ﬂ'. Most students think the answer is (D). It's not.
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— o —— e

EXAMPLE5:

—r—t

2
The force of attraction between two particles can be determined by the formula above, in which F is the
force between them, r is the distance between them, and g, and g2 are the charges of the two particles, If

the distance between two charged particles is doubled, the resulting force of attraction is what fraction of
the original force?

F =2

1

Ny B O Dy

o= = (2) (%) =3 () -

Answer | (B) . Notice how we do not let canstants like the 9" in the formula affect the result. In getting

a number out front, students often make the mistake of mixing that number up with numbers that were
originally in the formula.

EXAMPLE 6: The volume of a cube is tripled. The length of each side must have been increased by
approximately what percent?
A)3%  B)12% C)33% D)#%

Now we have to solve backwards., Keep in mind that the volume of a cube is V = 5% where s is the length of

each side. Even though this problem is a little different, we can still apply the same process as before: increase
each side by some factor and rearrange the terms to extract a number. Only this time, we have to use x.

View = {xH‘

K
V,ﬁﬂ"l =S =X .r:'fll

Notice how we were still able to exteact something out in front, +*. That +* must be equal to 3 if the new
volume is to be triple the old volume:

Y=3
x=vVizl44

Each side must have been increased by approximately 44%.. Answer | {D]}
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CHAPTER EXERCISE: Answers for this chapter start on page 282,

A calculator should NOT be used on the ;
following questions. A calculator is allowed on the following

questions.
| || R RS R S S B e B
The ratio of a to b is 7:6, and the ratioof btlo ¢ is

2
8:5. If @ = 28, what is the value of ¢ ? P= ¥

R
Electric power P is related to the voltage V and
resistance R by the formula above. If the voltage

were halved, how would the electric power be
affected?

A) The electric power would be 4 times greater.
B) The electric power would be 2 imes greater.

The ratio 2 1 +1 : can be written as n: 2. What is =) eiiec power would be.a quarter of
472 what it was.
the value of n ?

Julie has a square fence that encloses her garden.
She decides to expand her garden by making
each side of the fence 10 percent longer. After
this expansion, the area of Julie’s garden will

D | v increased by what percent?

A) 20%
The price of Product X is 25% greater than the B 21%
price of Product Y. The price of Product Z is 25% C) 72%
less than the price of product Y. What is the ratio D) 25%

of the price of Product X to the price of
Product Z?

A) 3:2 [ O TP T e S
B) 4:3
C) 5:2
D) -5:3

A right circular cone has a base radius of r and a
height of i, If the radius is decreased by 20
percent and the height is increased by 10
percent, which of the following is the resulting
percent change in the volume of the cone?

A} 10%: diecrease

B) 12 decrease

C) 18.4% decrease

D) 29.6% decrease
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It

A b D
The area of the trapezoid above can be found

using the formula %tﬁ. + by )h. If lengths BC and

AD are halved and the height is doubled, how
would the area of the trapezoid change?

A) The area would be increased by 50 percent.
B) The area would stay the same.

C) The area would be decreased by 25 percent.
L¥) The area would be decreased by 50 percent.

Calvin has a sphere that is four times bigger
than the one Kevin has in terms of volume. The
radius of Calvin's sphere is how many times
greater in length than the radius of Kevin's
sphere (rounded to the nearest hundredth)?

A) 1.4

B) 159

C) 167

D) 2.00

42

1

In the triangle above, the lengths of the sides
relate to one another as shown. |f a new triangle
is created by decreasing s such that the area of
the new triangle is 64 percent of the original area,
s must have been decreased by what percent?

A) 8%

B) 20%
C) 25%
D) 30%
v
Questions 10-11 refer to the following
information.
L = 4mid*b

The total amount of energy emitted by a star each
second is called its luminosity |, which is related to
d, its distance (meters) away from Earth, and b, its
brightness measured in watts per square meter, by
the formula above.

If one star is three times as far away from Earth
as another, and twice as bright, its luminosity is
how many times greater than that of the other
star?

A) 8
B) 9
C) 16
D) 18
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Astronomers see two equally bright stars, Star A If the ratio of y: 2.4 is equivalent to 2.7: 3.6, what
and Star B, in the night sky, but the luminosity of is the value of y 7
Star A is one-ninth the luminosity of Star B. The

distance of Star A from Earth is what fraction of A &
the distance of Star B from Earth? 2
1 B) 4
N [—-
1 C) -
| Dy =
) 3 3
2
D) 3 B o SR e

A Box A weighs 42 pounds and Box B weighs 30
pounds. The ratio of the weights of Box A to Box
|1 AT Lo INA § R e B is equal to the ratio of the weights of Box C to
Box D. If Box C and Box D weigh a total of 180
The student body at an after-school program | pounds, what is the weight of Box C, in pounds?
consists only of 6th graders, 7th graders, and 8th A) 50
graders. The ratio of 6th graders to 8th graders is B 75
17:28. Ifa total of 110 students attend the ! )
program, # of whom are 7th graders, what is a G W9
possible value of 1 ? D) 130

A bookstore ordered an initial shipment of 10
paperback copies and 4 hardcover copies of a |
newly published book. The store must order a
second shipment with the same ratio of

paperback and hardcover copies as the initial
shipment. If the store orders 50 hardcover copies

of the book for the second shipment, how many
paperback copies should the store order?

13



Expressions

. I — k
Algebraic expressions are just combinations of numbers and variables. Both x= -+ ¢ and — are examples
j‘ 4 ;]

of expressions. In this chapter, we'll cover some fundamental techniques that will allow vou to deal with
questions involving expressions quickly and eHectively.

1. Combining Like Terms

When combining like terms, the most important mistake to avoid is putting terms together that look hike they
can go together but can’t. For example, you cannot combine b° <+ b to make I, nor can you combine a + ab to
make 2ab. To add or subtract, the variables have to completely match.

EXAMPLE1: . ) ) )
2(24* — 3a°h* — 4b°) — (2* + 5a*P* — 10b%)
Which of the following is equivalent to the expression above?

A) —6atlh? B)3a® — 11a%h? =180  C)3a® — 11a°b* + 2b° D) 542 + 20%1* 4 20
2(2a% = 3h" - 40%) — (0 + 5a' b — 10b°) = 4a* — 6atb® — BB — a* — Sach* 4 10k
3g* — 11a° b + 20

Answer | (C
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2. Expansion and Factoring

EXAMPLE 2:
- C 2Ax—-4)(2x+3)

. Which of the following is equivalent to the expression above?
Adr? —10x-24 B4 +10r-24 Q42 +10x+24 D)8 —20x-24
Some people like to expand using a method called FOIL {first, outer;, inner, last). If vou haven't heard of it,
that's totally fine. After all, it’s the same thing as distributing each term. First, we distribute the "2.”
2{x —4){2x +3) = (2x —8)(2x +3)
Notice that it applies to just one of the two factors, Either one is fine, but NOT both.
(2x — 8)(2x + 3) = dx* + 6x — 161 - 24
=422 — 10y — 24
ﬁnsh'ori_[ﬂ_]

Now when it comes to factoring and expansion, there are several key formulas yvou should know:

o (a+b)? =a® +2ab + b*
o (a—b)2=a®—2ab+ b
o a2 — 12 = (a-+b)(a—b)
Memorize these forwards and backwards. They show up very often.

EXAMPLE 3: Which of the following is equivalent to 4x* — 9% ?

A) (22 +9y)(2xf —y)  B) (47 +3y)(¥ -3y) O (X +3y)(4x? - 3y) D) (2 +3y)(247 - 3y)
Part of what makes for a top EST score is pattern recognition. Once you've done enough practice, you should
be able to recognize the question above as a difference of two squares, a variation of the &® — I formula. The

EST will rarely test you on those formulas in a straightforward way. Be on the lookout for variations that
match the pattern. With more practice, you'll get better and better at noticing them.

Using the formula a* — b* = (a + b)(a — b), we can see that a = 237 and b = 3v. Therefore,

dxt - 9 = (207 4 3y) (207 - 3y)

poswer 1)
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EXAMPLE 4 =
1624 - 87y + ”

Which of the following is equivalent to the expression shown above?

A) (42 +2 B (- O(2x+yP(2x—y)? D) (axr+y){x—y)?

Using the formula (2 — b)* = a* — 2ab + #* (in reverse), we can see that @ = 4x% and b = ¥*. Therefore,
160 - 8xy* + ' = (4 - )

This is not in the answer choices. We have to take it one step further and apply the a* - ¥ formula to the
expression inside the parentheses.

(40 — ) = [(2x+ v) (2 - 9))* = (2x + y)*(2x — y)?

Answer IE]

3. Combining Fractions

When you're adding simple fractions,
1 2]

3T
the first step is to find the least common multiple of the denominators. We do this so that we can get a common
denominator. In a lot of cases, it's just the product of the denominators, as it is here, 3 < 4 = 12,

1.1 _ 3 e 10 NS .
374 3ildg

2 12712

= s

Now when we're adding fractions with expressions in the denominator, the idea is the same.

& | 2

x+2 Tx-2
Which of the following is equivalent to the expression above?

3x-2 Ir4+2 3 2
Nere-n PG rae-3 O6e-2 YeraE-2

The common denominator is just the product of the two denominators: (v + 2){x — 2]. So now we multiply
the top and bottom of each fraction by the factor they don’t have:

i, 2 _ 1 -2, 2 342 x-2 __ 2sd) __(x-B+2Aesd)
T+2 -2 x+2 x-2 x-2 x+2 (x+2)x—=2) (x+2)(x=-2) (x+2)(xr=2)
x4+ 2

“{x+2)x—2)

Answer | (B) .
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4. Flipping (Dividing) Fractions

What's the difference between and

(3| =
L) b ==

The difference is where the longer fraction line is. The first is % divided by 3. The second is 1 divided by % ;

They're not the same.

1
ol lod 1
3 2o grgig
1 ; 2 i 3
—=lg=i*g=3
3
The shorteut 1s to flip the fraction that is in the denominator. So,
Pt
b b
8
1f the fraction is in the numerator, then the following occurs:
i
L. JA
g’ b
. I
EXAMPLE 6: If x > 1, which of the following is equivalent to — 7
=1 x+1
2x2 2 xx—1)(x+1) (x=1)(x+1)
B DAt T o
Nehesn Py 90 2 ==

First, combine the two'iractions on the bottom with the common denominator (x - 1){x + 1).

| U r+1 ; x-1 2x
-1 x+1 (F-N@x+1) (@-Dx+1) F-DEx+1)

MNext, substitute this back in and Rip it.

H‘

T :rt.t—lj{xrl]l {x—l]

Y

1y
I-l]

Answer| (D) |
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5. Splitting fractions

EﬂMPLE?:WhﬂufﬂmiuﬂnwingiEequivathm:c?
54¢ 04¢ c
A B bt
) 6 ) 3 Ci5+¢ D}5+6
We can split the fraction into two:
§ﬂ+r = :}_D 5 E _— 5,,' {_-
6 6 6 6

The answer is| (D) Ir This is just the reverse of adding fractions.

Note that while you can split up the numerators of fractions, you cannot do so with denominators. So,

&

:+.r.f#

| L
| W

In fact, vou cannot break up a fraction like i any further.
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CHAPTER EXERCISE: Answers for this chapter start on page 284.

A calculator should NOT be used on the | _

followi stions.
owing questions —

E—— " e loving s cqulent to
[

forx #07

Which of the following is equivalent to 1 +8x

62y + by ? A) 5

A) bxylx+ ) B -'}+_2x
B) 12xy(x +v) dx

C) 6x’liy+ x) C) 1+2x
D) 12x%y* o

: o1

!

Ita # 0, then l + s equivalent to which of the

s |

Which of the following is equivalent to 31* - 37
A) 3ixt +1)
A) ’*fTJ‘” | B3

C) A -1)(x+1)

tollowing?

4 + 3a 1
B) :ﬂ | D) 3(x? + 1)(x+1)(x = 1)

7
% B i e e
D) 4 |

+4 (x l}1+2[:1-l]{_r_.r+l}i-{y+ﬂ:
Which of the following is equivalent to the

BRI <Pression shown above?

A) (x+y+1)2

|

Which of the following is equivalent to B) (x-y=<2)
(X +y)y+2)? ) {x-.ﬂz L9
A) xlzsy Ky D) (x+yf-x-y

B) x%v+ 2%z + * + 2
C) ¥v+ ¥+ rz
D) 24 xiz by gz

49
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Ify # 0and x # v, which of the following is The expression 817 — Iir.tz can be written in the
i - form 8(x — ty)(x + cy), where ¢ is 4 posit
valent to 2 ? orm B{x - cv){x + cy), where ¢ is a positive
Xy F constant. What is the value of ¢ ?
|
W 1
A) - —
X N 16
y 1
B) . | B) 3
e
Y |
v | 93
B =3 | .
. o

It x = 1, which of the following is equivalent to e+ 2)x —2)+4
1
T—1 Xx+5 ? Which of the following is equivalent to the
——— e C expression above?
Ay B2 AY (¥ -2)2
)= B (x*+2)?
8 6 Cy (x—1)P3{x+22
44 D) (x+1P[x=2)
B
C} S5x 4 ? |
e
30x + 42 '
|
P 1
X X
ol
x

If x # 0, which of the following is equivalent to
the given expression?
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R e e

A calculator is allowed on the following

questions. ¥ %
B e e P ST g |
3 Which of the following is equivalent to the
37 4+ B — 4y expression above for x # 27
7w —1x-7 _*
G xr—2
Which of the following is the sum of the two ¥
; o By —e——
polynomials above? 2x-2)
A) 3V 42— 152 -7 A x
B) 3x* +15x* — 15x -7 2{r-2)
C) 105 =727 D) Ix
D) 15x% +3:° - 1522 -7 2x-2)

(54 +3v/a) - (2a +5via)
Which of the following is equivalent to the
expression above?
A} —2av/a
B) ay/a
C) 3a-2ya
D) 3a+8ya

9(2y)* + 2(6y)*

If y # 0, what is the value of e :




Constructing Models

Constructing model questions require you to represent real-life quantities as expressions, equations, and graphs.

Questions of this type can be found in several other chapters in this book, but this chapter is specifically focused
on the ones that don't pertain to any of the conventional model types (e.g. linear, quadratic, exponentiall. Now
that doesn’t mean this chapter’s difficult. Most of the questions are actually quite simple, and there won't be
any new concepts here, We'll just do two examples and leave the rest to you in the chapter exercise,

EXAMPLE 1: At a school, there are a grade levels with b students in each grade. If the school buys n
stickers to be distributed equally among the students, which of the following gives the number of stickers
each student receives?

ab an . bn n
Ny By 97 PIg

The school has a total of (a) () = ab students. To find the number of stickers each student recelves, we divide

g n -
thie number of stickers s by the number of students: ey Answer | (D) L
) ab

EXAMPLE 2: Water was pumped into a tank at a constant rate until it was full. The tank was then drained
at a slower rate than it had been filled. Which of the following graphs could represent the total amount of
wiater in the tank versus lime?

A) B) C) D)
2 NS o M :
B 54 H 3
2 S -
z z E g
Time Time Time Time

Water being pumped into the tank should be represented by a line going up and to the right (positive slope),
Water being drained should be represented by a line going down and to the right (negative slope). That leaves

us with answers C and D. Since the tank was drained at a slower rate than it was filled, the answer is _[H”---llu-

line going down is not as steep as the line going up.

T —————— e

e n——
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CHAPTER EXERCISE: Answers for this chapter start on page 285.

A calculator should NOT be used on the M e

following questions.

BRI | (. e service provider charges a one time

setup fee of $100 and $50 each month for service.
If ¢ customers join at the same time and are on

A carpenter lays x bricks per hour for y hours I the service for m months, which of the following

and then lays % bricks per hour for 2y more | expressions represents the total amount, in
hours. In terms of x and v, how many bricks did | iﬂ:f:;eur; provider has charged these
he lay in total? | ;
A) 2xy A) 100¢ + 50m
3 B} 100¢ + 50cm
B) Rl ) 150cm
C) Sxy D) 100m + 50cm

D) Jr+ 3 - - Sa W T i Y T
m At a math team competition, there are m schools
| with n students from each school. The host

school wants to order enough pizza such that

there are 2 slices for each student. If there are 8
slices in one pizza, which of the following gives

A cheese vendor currently has 175 pounds of |
mozzarella available for sale. If each pound of |

mozzarella sells for $8.75, which of the following the number of pizzas the host school must
functions gives the amount of mozzarella M, in order?
pounds, still available for sale after 4 dollars i
worth has been sold? A) B
d | mn
A} M{d)=175- 875 By E
B) M{d)=175-8.75d ©) M+ 2n
" a
- 8.75 '
C) Midl=175- —‘}: Dy 2mn

D) Mid) = 175(875) —

A retail store has monthly fixed costs of $3,000
and monthly salary costs of $2.500 for each
employee. If the store hires x employees for an
entire year, which of the following equations
represents the store’s total cost ¢, in dollars, for
the year?

A} ¢ = 3,000 +2,500x

B) ¢ = 12(3,000+ 2,500x)

€) ¢=12{3,000) + 2,500x

DY ¢ = 3,000+ 12{2, 500x)

53



CHAFTER 7 CONSTRUCTING MODELS

A calculator is allowed on the following
A manufacturing plant increases the questions,
i e Bl T AR e I
degrees Celsius every m minutes, If the
cmnpmln_d h.as Ny 'm_ih‘al e psture of¢ Kaiba began a 5-mile commute by biking tor 4
degreert{,eimxr:s, Yh of the following miles to a rest area. He stopped at the rest area
expressions gives s temperatire aftor x " for 15 minutes and then walked for the
minues, in degrees Celsius? | remainder of the commute. If Kaiba bikes faster
mx + t than he walks, which of the following graphs
a d eould represent his commute?
z
Q) 1+ L% - 5
mx # E 4
dx z 3
D) #+ == E 2
m 27
o
- i1 *
B 15 30 45
T S iAol
A cupcake store employs bakers to make boxes Bj
of cupcakes. Each box contains x cupcakes and T
each baker is expected to produce y cupcakes = 5
each day. Which of the following expressions , z 7 4
gives the number of boxes needed for all the | s 3
cupcakes produced by 3x bakers working for 4 S E 2
days? 1'3 l}l
A) 123y e 15 30 45
B) 3y Time (minutes)
4 C)
12x*
g} == z
L TE: 5
o 12 By 4
1 12y =8 5
£E2
Bl s ARt ool et : 0
uf
B ﬂ —
= 15 30 45
At a shop for tourists, the price of one souvenir Time (minutes)
is a dollars, Each additional souvenir purchased
after the first is discounted by 40 percent. Which (8]

of the following equations gives the total cost C,
in dollars, of purchasing 1 souvenirs, where
n=1?

A) C=a+(n—1)(04a)

B) C=a+(n—-1)(06a)

C) C =a+n(06a)

D) C = D.ban

Distance Traveled
{miles}
P R

15 30 45

Time (minutes)
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Mike starts driving to work and records his At a video game arcade, d dollars can be
distance from home, in miles, every 10 minutes. exchanged for p tokens. If each game requires w
His distance from home increases slowly at first | tokens to play, which of the following gives the
due to tralfic, then increases more quickly as cost per game, in dollars?
tratfic clears up, Which of the following graphs =
could illustrate Mike's distance from home A) T
during his drive? P
A) B) £
pw
E > d
¥ 2T 0 i
g3 21T -
gL 15
% E 10—
E -
-2
]

(=]

dp
1 ) ’
60

0 l{I 20 3!] -ID 50
Time {minutes)
To prepare for landing, a plane descends so that

B) | its altitude decreases at a constant rate from
£ 5. . . ' 24,500 feet to 17,900 feet in 12 minutes. Which of
5 201 | the following equations gives the altitude A, in
E sl et | | feet, of the plane t minutes after its descent
_E_—é - began, for0 <t <127
x o 1 =
£l | T L1 | . A) A =17,900 — 550¢
el
'E_,E ol L1 % ¢ 1 B) A~ 17,900 + 550¢
i e Rk | O A=24,500 - 550t
Time (minutes) ‘ D) A = 24,500 + 550¢
o)
g 25 BB e s S R e
! I
= 20 —a—1 T
% T 15 - M, e B A taxicab charges a dollars for the first mile
- _E 10— A | traveled and b dollars for each additional mile. If
E = 5l a particular passenger traveled more than one
- . 1| mile during a ride that cost $24, which of the
& 0 10 20 30 4ﬂ 50 60 following represents the distance, in miles, the
Time (minutes) passenger traveled during the ride?
D) Ay S8 b
: b
§ T B A
E E i % Q) Mta—9
u E |u| 1 b
5 !___. ST N— M—-n
% U"' !._* .......... D) ']
- 010 20 30 40 50 60
Time {(minutes)
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Mark started working as an inspector for a large To move into a new studio space, the m members
construction company on June 1, 2019, of an art club agreed to split the first month’s
According to his contract, his annual salary will rent of r dollars equally among themselves. If &
increase by $15,000 on the first day of June each of the members fail to pay their share, which of
vear. Which of the following graphs could the following represents the additional amount,
model Mark’s annual salary, in dollars, ¥ vears in dollars, that each of the remaining members
after June 1, 20197 must pay to cover the first month's rent?

— m-—k

£

= ¥ B) kr

= m—k

H ) F’“—'r'"— .

7

< D) kr

E .Y m{m —k)

< 123456

B)

Annual Salary (dollars)
L \

X
1 234508

)

e

EJ

=]

=,

e

g |

7

=

5

5 . x

< 123 456
)

fa

=

: 2

ol —

] —

:E —0

=

£ . ¥

2 123456



Manipulating &
Solving Equations

OUn the EST there is a huge emphasis on equations. To get these types of questions right, you must learn how
to isolate the variables and expressions you want. First, we'll cover several useful techniques in dealing with
edquations that you may already be familiar with.

1. Don’t forget to combine like terms

You should be ruthless in finding like terms and combining them. Doing so will simplify things and allow you
to figure out the next step,

EXAMPLEL: i 2{a+b+2c+3d + 1) = 3a + 2b + 4¢ + 6d, find the value of a.

The same four variables are on both sides of the equation, 4, b, ¢ and d. That should tell you to distribute on the
left side first and then combine like terms, Sounds simple but you won't believe how many students forget to
do this, 1.‘.\-[1-.‘|.'1-I|||‘_-' in the middle of a more L'i1r||F‘l|i‘3~. i‘ll'UL"h'rT].

:I.'J t .F’ + :i r J'I:Jl t 1 .-"H f lll‘ - dg 4 rhil
The b, ¢, and d variables cancel quite nicely.

20+ + A+ + 2= 3a+ 204 3+ ol
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2. Square equations correctly

When squaring equations to remove a square root, the most important thing to remember is that you're not
squaring individual elements—you're squaring the entire side.

EXAMPLE 2:
Vvab=a—b

la > 0and b > 0, the equation above is equivalent to which of the following?

Ayab=g> =  Blab=a*+F CQab=a-p D)3ab=s*+F

The square root in the problem should scream to you that the equation should be squared. Most students know
the square root should be eliminated, but here’s the common mistake they make:

ah =a* b’
They square each individual element. However, this is WRONG. When modifying equations, yvou must apply
any given operation to the entire SIDE, like so:
(Vab)? = (a—b)?

If it helps, wrap each side in parentheses before applving the cperation. By the way, the same holds true for
all other operations, including multiplication and division. When you multiply or divide both sides of an
equation, what vou're actually doing is wrapping each side in parentheses, but because of the distributive
property, it just so happens that multiplying or dividing each individual element gets you the same result. For
example, if we had the equation

T+2 -y

and we wanted to multiply both sides by 3, what we're actually doing is
3(x+2) =3y

which furns out to be the same as
3x+6 =3y

Anvway, back to the problem:

(Vab)? = (a — b)*
ab — a* — 2ab + b*
Jab — a* | B

The answer is | [ D) i

Another common mistake is squaring each side betore the square root is isolated on one side. For example,
let’s say we wanted to find the solutions to the following equation:

Vi+5+1=x

We can't square each side right away to get rid of the square root. We first have to move the “1” from the left
side to the right side:

vid+i=xr-1
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And now we can square both sides.

(Vx+5)P = (x-1)?
t45=x¥-2x+1

0=x>—3x—4
0= (x—4){x—+1)
r=-1,4

So, the solutions are — 1 and 4, but hold on! We're actually not done yet. When there are square roots in the
original equation, we have to check for false solutions by testing each of our values in the original equation.
50 when x = —1, the left hand side is /1 + 5+ 1 = 3 and the right hand side is — 1. The values don’t match,
s0 — 1 is actually not a solution. When ¥ = 4, the left hand side is v4 + 5+ 1 = 4 and the right hand side is 4.
In this case, the values from both sides match so 4 is a solution.

Why do false solutions occur? Because squaring both sides has the effect of turning negative values into
positive ones, which sometimes causes a mismatch on both sides. If we plug x = —Tinto /x +5 = x — 1 from
above, we can see that the left hand side is 2 and the right hand side is —2. One is positive and the other is

negative, Unce we square both sides, however, this distinction is lost since both sides become 4.

In summary, when you're dealing with square roots in an equation, square the entire sides, which may require
you to move something from one side to the other, and check for false solutions by plugging your results into
the original equation.

This may seem like a lot to watch out for, but for most of the questions involving this type of equation on the
EST you can avoid all the potential pitfalls by plugging in the answer choices (see tip #8) rather than solving
the equation algebraically.

3. Square root equations correctly

Now, when it comes to taking the square root of both sides, most students forget the plus or minus (4). Always
remember that an equation such as x* = 25 has two solutions:

Vil = /25
x==5

However, this only applies when you're taking the square root to solve an equation. By definition, square
roots always refer to the positive root. So, v9 = 3, NOT +3. And V¥ = -3 is not possible (except when
working with non-real numbers, which we'll look at in a future chapter). The plus or minus is only necessary
when the square root is used as a tool to solve an equation. That way, we get all the possible solutions to the
equation,

EXAMPLE 3: If (x + 3)* = 121, what is the sum of the two possible values of x ?

(x+3)* =121
\,KILI+ 3,5& = +4/121
Y4+3==11

r=-3+1

S0 v could be either 8 or — 14. The sum of those two possibilities is |T6 ?
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4. Cross-multiply when fractions are set equal to each other

Whenever a fraction is equal to another fraction,

a_c
b d
you can cross=-multiply: ad = be.
4 10
mﬁ&:lfg.t‘— E,WHatisﬁwﬂlueuF.r"
4 10
573
12x =50
-5
EXAMPLE 5: If ;> — — L — 0, what is'the valise of £ 7
ﬁ 12 = U W 15 the value of x
2 1
: Gy oy T
2, 3
X2ed x+42
Ax+2)=x"-4
¥ 4=x"-4
0=2"-2x-8
0= ({x¥-4d){x+2)
x=4#&-2
If we plug these values back into the original equation, we’ll see that x = 4 is a solution but x = —2is a FALSE

solution because it causes division by 0, Therefore, the answer is L As we learned before, false solutions can
occur when an equation has square roots, but they can also occur whm there are variables in the denominator
of a fraction. Though you won't see false solutions very often on the EST it's a good practice to always confirm
your results in these two cases.
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5. Factoring should be in your toolbox

some equations have variables that are tougher to isolate. For a lot of these equations, vou will have to do
some shifting around to factor out the variable you want.

EXAMPLE 6: p
=3.n+c
Which of the following expresses a in terms of b and ¢ ?
be be 1-3b b +1
A}l—.?vb B]3ir-ii-1 Q [ D) be
a
=% b
Bl3a+c)=a
b+ bc=an
be =a— 3ab
be = a(l =3b)
f-'l'_"
1-3b

See what we did? We expanded everything out and put every term containing a on the right side. Then we

were able to factor out @ and isolate it, The answer is f (A}

EXAMPLE T:
A3 +x4+3=0

What is one possible real value of x for which the equation above is true?

A3+ x+3=0
Tx+3)+(r+3)=0

(r+3(*+1)1=0
r=-3or—1

Once we factored out ¥° from the first two terms, further factoring was possible with the (x + 3) term. How
would vou know to do this? Experience.

61



CHAPTER 8  MANIPULATING & SOLVING EQUATIONS

6. Treat complicated expressions as one unit
EXAMPLE 8:
X
SRR L 2

Which of the following gives m in terms of x ?

i:r‘+x3+xz]'||."x—% 5 x-—% {3'3+12+1'l(1+%)
m = :
5 e e %) R

Aym=

Don't let the big and complicated expressions freak vou out. Treat these complicated expressions as one unit
or variable, like so:

R
A=
Multiply both sides by m.
B
mA = <
o
Divide both sides by A.
- g
TAC
Fimally, plug the original expressions back in.
| |
ny-——
V4

Answer | (D)

a2
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EXAMPLE 9:
(x+124+5x+1)-24=0

If x > 0, for what real value of x is the equation above true? ™"

Treat (x + 1) as one unit and call it A.

(x+1P +5(x+1)-24 =0

A454-29-0

(A+8{A-3)=0

(x+1+8){x+1-3)=0

(r+9)x=21=0
x=-%¢orl

Because the question stipulates that v = 0, the answer is E

7. Be comfortable solving for expressions, rather than any one variable

EXAMPLE 10: If 3x + 9y = 9, what is the value of x + 3y 7

Get in the habit of looking for what you want before you solve for anvthing specific. |5 there anv way lo get
the answer without solving for ¥ and y?

Yes! Dividing both sides of the given equation by 3 gives x + 3y — E

EXAMPLE 11: If ; = 3, what is the.value of % ?

]

1 1 2
A}E B}E C}E

)

Here, we have no choice but to solve for the expression. We're given x over y but we want v over v. We can

flip the given equation to get

w1

v 3
a1 . . i . . i 1 1 S

Then we can divide both sides by 2 to obtain the 5y we're looking for: =33 F Answer ’[T
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8. In some cases, you may need to plug in the answer choices or guess and check

When you can't find a “mathematical” way to get the answer, you have two options: 1) plug in the answer
choices or 2) guess and check. Both are valid strategies that you shouldn't be afraid to use. Not only does a
“brute force” approach often turn out to be quite efficient, but, tor some questions, it is the only way to get the
ANSWET.

EXAMPLE 1Z:
VR2—-x=x-2
What is the set of all solutions to the equation above?

A){-3,13} ®B){-36} {13} D){s6}

We could solve for x by squaring both sides, but plugging in the values from the answer choices is actually
much quicker and easier. We just have to see which of the values (3. 6, or 13) satisfy the equation. When
v = 3, the left hand side is /25 = 5 and the right hand sideis -3 — 2 = -5, s0 — 3 is nof in the solution set.
When x = 6, the left hand side is +/16 = 4 and the right hand side is 6 — 2 = 4, s0 6 is in the solution set. At

this point, we can tell the answer is| (D) | based on the available choices, but let's test x — 13 just to be sure.

When x = 13, the left hand side is +/9 = 3 and the right hand side is 13 = 2 = 11, s0 13 is not in the solution
sl

EXAMPLE 13:
(2 - 4) =4

If x is an integer, what is one possible solution to the equation above?

Azsuming we can't use a calculator, there is no easy way to solve the given equation by hand, and there are no
answer choices to work from. A situation like this calls for guess and check. Typically, you want to start with
small numbers like x = —1,0, 1, and 2.

[ won't work through the guess and check process here since it's obvious what vou need to do. It turns out the

answer is |2 |
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EXERCISE 1: Isolate the variable in bold. Answers for this chapter start on page 287.

. A=nr?
2. C=2nr
3. A= Lk
. A= i ]
4. V = lwh
5. V=nrih
6. V = nrth
7. 2=+ b
B V=g
9. § = 2nrh + 2ar°
it C
we=3
a ¢
N o=a
1. y=mx+b
5 =20
X2 —Xy
i =N
X3 —xy
15, o = u® + 2as
i ¥
m.-f-,_!-“2
17. 1 ZEHJ?:
g
18. A = rrr,..r’;': :I'.-Ii
19,1 X - f:;,ﬁndxin terms of Y and Z.
20. 1 x(y+2) =y, find y in terms of x.
H.H;:i%Lﬁﬂanmwﬂhmda

24,

| 2.

3L

J2

J = %nx,ﬁndn:rinte'nnsnﬂ.

3
. 1f 3x + 6y = 7z, find x + 2y in terms of z.
If ¥+ 5=2h, find 2% + 10 in terms of b,
a1 ;
If = =% find 44 in terms of a.
e A
Worn ="y
1f 5 = 2 find tin terms of

If x¥ = z, then find 52 in terms of z.

4! 5 i i
If = p{x% — %), what is p in terms of x 7
& i plx ) P

1 1 ;

o= =) =mix? + 1) - —, what is m in
If (:.' r) mix* 4+ 1) g what is m
termsof x 7

"
|f""{+l-—r’:i.whatlsnintemmsur:r?

Bxr -3 nx
Ha(h? +2)+¢="5{c+ 1)*, what is a in terms of
bande?

2

k(X +4) +ky = ?I;E,whatiskintermsuf

xandy?

a4+ 32+ x+3=0D0 whatis x in terms of o

and ?
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CHAPTER EXERCISE: Answers for this chapter start on page 287,

A calculator should NOT be used on the | T =L e e
following questions. 1 8
R R A S
A |
fa+b=—2 then (a+b)* = ) &
A) 4 B) :
B) O 5
.
E D 6

_ _
Foihat velie B iy AP = o478 If 3% + 1 = ~8, what is the value of (x +2)* 7
A) -1
B) 1
C) 8
D) 125

4
lf; % ﬁ = 1, whatisthevalueof b - ac?

i k+2 3
A] -3 | of x?
B) 0 A) E_';E?'F
<) 2 ) 12+ 2x
D) It cannot be determined from the B) 5
information given, X
2 12 4 2x

ISy D) 120 2
i, i e & ~-ieS 1=~ S

A) =bH

By --21 If (x — 3)° = 36and x < 0, what is the value of
C) -30 ' x?
D) -37
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(1+i)" =1 | Wy -
.f:P( i' ) Ify > 0and (2) 32..'I.l'-l'l'ultm:;tl't-tﬂ.rél,luua-l.‘ﬂ;,l'?
The formula above gives the future value f of an
annuity based on the monthly payment p, the
interest rate 1, and the number of months n.
Which of the following gives p in terms of f, 1,
andn ?
N L
M i VSR ) P
(1+4)" -1 vX+a
B —— It 2”;31_4 — 6and x > 0, what is the value
f=i ofx?
Q (1+i)y=1
D) fi+1-(1+i)" |
|
|
m "
e i iF o
If n 2, what is the value of el
A) 1 | 2
8 0-Vx=3Vx+10
1 |
B) 4 1f ¥ = 0, for what value of x is the equation
1 above true?
C) =
2
D)1

Y isr-24=0

If k is a solution'of the equation above and k < 0, | |

what is the value of [k 7 ————.
If x + v = /3% + y* + 16, what is the value of

ay?
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A calculator is allowed on the following
2x-1 x-2 questions.

2 | B TS T

What is the solution sel to the equation above?

v+ 2%y =kx*+5

A) {-10,0)
B) {-10, -4} In the equation above, k is a constant. If y = 23
C) {0,8) when v = 3, what is the valug of £ 7
D) {-4,8) Ky <6
B) 3
C) 6
| RS RS S e by 3

If x > 0 and (g)z - 2(5) ~ 15 = 0, what is the

i
value of ¥ ? | [WSERSER e . i T Ren

r x+12 ! &
PR A B 1 2o
lfﬁ m ,whatﬁthevalueafx.
1
Ay
LA
By 2
[ i |
| TSN S S e e D)y 6
2 1
X —-t.r~1e.‘-'.l:4 I
~x—1 T T e e S S |
What is the solution to the equation above? g
d:"(‘ﬁ)

Doctors use Cowling's rule, shown above, to
determine the right dosage d, in milligrams, of
medication for a child based on the adult dosage
a, in milligrams, and the child’s age ¢, in years.
Ben is a patient who is in need of a certain
medication. If a doctor uses Cowling’s rule to

_ prescribe Ben a dmgﬂ that i= half the adult

dosage, what is Ben's age, in years?
' -9) =82 & geiny

A) 7
If ¥ = 0, for what real value of 1 is the equation B) 9
above true?

C) 11

D) 13
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A

Questions 23-24 refer to the following
information.

In the figure above, two objects are connected by a-
string which is threaded through a pulley. Using its
weight, object 2 moves object 1 along a flat surface.
The acceleration g of the two objects can be
determined by the following formula

ni2g — s
my + mz

where my and m2 are the masses of object 1 and

object 2, respectively, in kilograms, g is the
acceleration due to Earth's gravity measured in

m ; ’
—, and p is a constant known as the coefficient of

friction.

Which of the following expresses y in terms of
the other variables?

= Al hita)
il e

B) = ajmy + ma)
m2g = mg

C) p= mag — aim + )
mg

D) = ity + mia) — mag
My

If the masses of both object 1 and object 2 were
doubled, how would the acceleration of the two
objects be affected?

A) The acceleration would stay the same,

B) The acceleration would be halved.

C} The acceleration would be doubled.

D) The acceleration would be quadrupled
{multipled by a factor of 4),

A

I 3(x — 2y} — 3z = 0, which of the following
expresses ¥ in terms of y and 2 ?

A) l_u;Sz

B) 2y+z
Cy y+2=
D) 6y + 3z

[x+1}x=2)=7x-18

It x is the solution to the equation above, what is
the valugof 7y — 187

2Vx=x-3

Which of the following represents all the
possible values of x that satisfy the equation
above?

A) land 9

B) land4

C) 4

D9
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Questions 31-32 refer to the following
information.

4
SO v A= .
2 —6x+9

Based on the equation above, which of the
following could be the valueof xr — 37

_‘ v
V=prQ1-r)

The value V of a car depreciates over { vears

according to the formula above, where P 1s the

A) 2 original price and r is the annual rate of

3 depreciation,

3 .
B) 5
) 2 |

3

9 Which of the following expresses r in terms of
D] -2 Vl F. aﬂd ! ?

v
A = _V’_
) r=1 p

B) rvt+ﬁ
Vi—10=x -2 P
In the equation above, what is the value of C) r:ﬁ_l
V-10? P
A) V6 D) r=1- %
B) 2v2

C) 342
D) 14 [ . PECERESSRE S e RS S
If a car depreciates to a value equal to half its

El | original price after 5 years, then which of the

following is closest to the car’s annual rate of

w+x-P-1=0 depreciation?
If the equation above is true for all real values of A) 013
y, what must the value of ¥ be? B) 0.15
C) 016
Dy 0.2




More Equation Solving
Strategies

In this chapter, we’ll touch on two equation solving strategies that are necessary for certain types of questions
involving equations.

1. Matching coefficients

EXAMPLE1: If (x 4+ @) = x* + 8x + b, what is the value of b 7

It’s hard to see anything meaningful nght away on both sides of the equation. So let's expand the left side first
and see if that takes us anvwhere

fx +a) r+ajly+a X<+ Jix+ a°

=0 now we have

Ci2ax+ad =2 +8x4 b
S0,
2n =8
1'1 b
Solving the equations, @ = 4 and b 16
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Another way that the EST tests this “matching coefficients” strategy is to phrase the question in the context
of infinitely many solutions for a single equation (we‘ll talk about infinitely many solutions for a system of
equations in the next chapter). A single equation has infinitely many solutions only when both sides of the
equation are equivalent. For instance,

3x+6=3xr+6

has infinitely many solutions because no matter what the value of v is, the equation is alwavs true (v = 1 is
a solution, x = 2 is a solution, ¥ = 3 is a solution, ...) Notice that the equation boils down to 0 = 0, which,
again, is always true.

Equations like 3x + 6 = 3x + 6 are a bit weird because what's the point of dealing with them in the first place?
Of course 3x + 6 is equal to 3x + 6! But keep in mind that these equations are not meant to be solved; they're
meant to demonstrate the concept of infinitely many solutions. Let's take a look at how this concept might
appear in an EST question.

EXAMPLE 2:

a(x* = 2b) = 4x* - 12
In the equation above, @ and b are constants. If the equation has infinitely many solutions, what is the
value of b ?

Just like in Example 1, we expand the left side and match the coeflicients so that both sides are equivalent.
Only when both sides are equivalent does the equation have infinitely many solutions.

alxrt —2b) =4 —12
axrs —2ab =4x° =12

Comparing the coefficients, @ = 4 and —~2ab = - 12. Now we can solve for b.

-Zab=-12
—2(41b= -12
=
b=—F =115]

EXAMPLE 3:
kx+4+3(5-2x) =15

In the equation above, k is a constant. If the equation is true for all values of x, what is the value of k ?

This question is just another way of testing you on the infinitely many solutions concept.

kx4+3(5-2x) =15
kx+15—6x =15

Since the right side is just a constant of 15, we need to cancel out the x terms on the left side in order for both

sides to be equivalent. It's easy to see that k = E: does the job. 1f it helps, you can think of the right side
as having a Orx term. The end result is that no matter what the value of x is, 15 equals 15. Yes, | know these
equations are weird, but that's how you get infinitely many solutions.
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Mow the opposite of infinitely many solutions is no solutions. When an equation has no solutions, there are
no values of x that satisfy it. To illustrate, the equation

3x46=3r410

has no solutions because there is no value of x that can ever make 3x + 6 equal to 3x + 10. The equation itself
is a contradiction. This is even more obvious if we subtract 3x from both sides: we're left with 6 = 10, which is
fundamentally false.

Now in the equation 3x | 6 — 3x 4 10, notice that the x terms an each side have the same coefficient of 3, but
the constants of 6 and 10 are ditferent. For an equation to have no solutions, the coefficients of the x terms
must be the same on both sides, but the constants must be different.

EXAMPLE &
3ox—4(xr+1)=2(x—1)
The equation above has no solutions, and ¢ is a constant. What is the value of ¢ 7

Expanding each side,

Jey —4x+ 1 =2(x-1)
Jox 4x -4=2x-2
Jx—4=06x<2

The constants are different, so we just need to get the coefficients of x to match. Very ssmply, 3¢ — 6and ¢ - EI
2. Clearing denominators

N | 1 - . . . .
When you solve an equation like ¥+ 3% =10, alikely first step is to get rid of the fractions, which are harder

to work with. How do we do that? By multiplving both sides by 6. But where did that 6 come from? 2 times
3. 50 this is what you're actually doing when you mulliply both sides by &:

%T-I:E-?!:I | ;1-12-3}= - (23]
lr-l’}f-S‘- - 11‘ (2-31=10-(2-3)
I A g '3‘ E =

dr+ 2x — &l

We got rid of the fractions by clearing the denominators. Here's the takeaway: we can do the same thing even
when there are variables in the denominators,
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EXAMPLE 5:

3 5
R R

If x is a solution to the equation above and ¥ > 0, what is the value of ¥ ?

In the same way we multiplied by 2 - 3 before, we can multiply by x(x + 2) here.

5
x+2

-a’{r*z}v;f;;-xw:zm L2)

-

vx{x+2) =2-x{x+2)

X+ 2) 4+

] =

3(x +2) + 5% = 2x% 4 4x
3x + 6+ 55 = 22" + 4x
0=27-dx-6
0=x*-2x-3
0= (x-3)(x+1)

¥ =3orx = —1but because x > 0,x = |3,
Here's one final example that showcases both of the strategies in this chapter.

EXAMPLE 6:
3x 5 _ —6411x+5

1 Ttz GFi)Ex+2)

In the equation above, x # H% and a is a constant. What is the value of a ?

A)-6 B-2 Cz2 D)6

Let's clear the denominators by multiplying both sides by (x + 1){ax + 2):

-6 +11x+5

x4+ 1)ax+2) 4 vir+1)ax +2) = x4 1)lax + 2)

¥+ 1 ax+ 2

(x+1{ax+2)

A ' » 5 _ _ —ﬁr’;1|r+5l
o N o o aer = T i)

Ielax +2) +5(x+1) = =6 + 11x +5

SHI:""?I +Br4+5= 6+ 11x + 5

Comparing the coetficients of the 1% terms, 3a = —6. Therefore, 4 = — 2. ﬂmwerl@.
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CHAPTER EXERCISE: Answers for this chapter start on page 293.

A calculator should NOT be used on the
following questions.

30 (.'r" + E{I! + gt) =ax +bx* +cx

In the equation above, a, b, and ¢ are constants. If
the equation is true for all values of x, what is
the valueof g ~ b+ ¢?

2 8
éﬂ‘.r+3—§‘

In the equation above, 2 and b are constants. [
the equation has infinitely many solutions, what

x+9h

is the value of E ?
A

B)

C)
D)

ax—=0=32x+1)

In the equation above, @ and b are constants, 1f
the equation has no solution, which of the
following could be the values of 4 and b ?

A) a=2andb= -3

B a=2and b =3

C)a=6andb= -3

D'I i=5H and |'J' =153

- i
P Wik e

18x” — 8 = 2(ax + b)(ax — b)

In the equation above, a and b are constants,
Which of the following could be the value of ab ?
A) 6
B) 9
C) 12
Dy 36

1
2
How many solutions are there to the equation
above?

A) The equation has no solutions.

B) The equation has infinitely many solutions.

C) The equation has exactly 1 solution.

D) The equation has exactly 2 solutions,

¥

(3z+8) = 2(2 - _%x)

Ix+0(3-2r)=12-7x

In the equation above, a is a constant, [f the
equation has no solutions, what is the value
ofa?

A) —2

B) 2

C) 4

D) 5

If (2x + 3)(ax —5) = 1207 + bx — 15 forall
values of x, what is the value of b ?

A) 6

B) 8

C) 10

Dy 12
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If (x + 3u)* = x* + 9y* + 42, what is the value of Ifn < 0and 4x2 + mx +9 = (2r + n), what is
2 the value of m + n ?

A) =13

B) -9

C) -3

D) 12

I
i is ¥ i ?
s 2 < B0 — 1 ll:‘,+.I|r F,Whahs:nntmnso!pandy.
In the equation above, i is a constant. 1f the A) p-y
equation has infinitely many solutions, what is o
the value of n ? , L
4 !
A) 3 y L
' 9y
1
|l
4
O 3
5 I T s e i 0 T
B 3

! (P 4k =W (x-D=x*+7 182 -3x +6

B s e I LS R In the equation above, k is a constant. If the

equation is true for all values of x, what is the

If E-E—ﬂ - E + 5 for all values of b, what is the value of k ?
value of a ? A) -9
I B) 5
cy 7
' D) 9

—
—
e

k. = 1, what is the value of x 7
x—4
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3 2 ar —fh

Y+3 x-2 (x+3)(x-2)

The equation above is true for all ¥ > 2, where g
and b are constants. What is the valupof g + b 7

A) 7
B) 13
) 19
D} 21

4 2 35

o1l xr+1 xi-]

If x = 1, what is the solution to the euation
above?

The equation (2y — b)(7x + b) = 14x° - cx = 16
is true for all values of ¥, where b and ¢ are |
constants, If & = 0, what is the value of ¢ 7 |

Ay =20
B) 20
) 28 i
D) 3 ‘
3 2n
r-r—'.|+?1'+-1 =3

If 1 == 0, for what value of i is the equation
above true?



Systems of Equations

A system of equations refers to 2 or more equations that deal with the same set of variables.

There are two main ways of solving systems of 2 equations: substitution and elimination

Substitution

Substitution is all about isolabing one variable, either ¥ ar v, in the fastest wav possible.
4 L b

laking the example above, we can see that it's easiest to isolate y in the first equation because it has no
coetficient. Adding 5x to both sides, we get

¥ = bi i

We can then substitute the  in the second equation with 5x — 7 and solve from there.

Jxr—-2{3x-7)=-12
3y — M+ 14 = =12
13x 26

Substituting v — 2backintey — 5x -7,y = 5(2) -7 =13

The solution is ¥ — 2, i = 3, which can be denoted as (2, 3).
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Elimination

Eliminatian is about getting the same coefficients for one variable across the two equations so that you can add
or subtract the equations, thereby eliminating that variable.

Using the same example, we can multiply the first equation by 2 so that the y's have the same coefficient (we
don’t worry about the sign because we can add or subtract the equations).

—10x 4+ 2y = —14
=3r-2y=-12

To eliminate y, we add the equations.

—10x + 2y = —14
=3y =2y = -12
137y = -2a

MNow, we can see that x = 2. This result can be used in either of the original equations to solve for . We'll pick
the first equation.

—10{2) + 2y = — 14

—2W0+2y — —14
2y =6
¥=3

And ﬁnallj,.f,. we get the same solution as we got using substitution: x = 2, =23

When solving systems of equations, vou can use either method, but one of them will typically be faster. If
you see a variable with no coefficient, like in =5x + v — =7 above, substitution is likely the best route. [f
vou see matching coefficients or you see that it's easy to get matching coefficients, elimination is likely the best
route, The example above was simple enough tor both methods to work well (though substitution was slightly
faster). In these cases, it comes down to your personal preference.

Mo solutions

In the previous chapter, we saw that a single equation has no solutions when both sides of the equation are the
same except for the constants.

In similar fashion, a system of equations has no solutions when the two equations are the same except for their
constants. For example, the system

Ix=2y=>5

Jx -2y — —4
has no solutions since the different constants (5 vs. —4) result in equations that contradict each other. There
ism’t an ¥ and a y that can poszibly satisty both equations at the same time. INote that the system

Jx+2y =23

6x 4+ 4y = —8

also has no solution. Why? Because the second equation can be divided by 2 to get the contradictory equation
we had before.
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EXAMPLE 1:
—ax—12y =15
4x+43y=-2

If the system of equations above has no solution, what is the value of a 7

Wi must get the coefficients to match so that we can compare the two equations. To do that, we multiply the
second equation by —4:
ax — 12y = 15
-l6x — 12y =8
See how the —12's match now? Now let's compare. lf @ = | 16, then we get our two contradicting equations

with no solution. One constant is 15 while the other is 8,

Infinite solutions
In the previous chapter, we learned that a single equation has infinitely many solutions when both sides of the
equation are the same,
Similarly, a system of equations has infinitely many solutions when both equations are essentially the same:
I +24=75
Ix+2y =75
(1,1),13, =2}, (5, —5) are all colutions to the system above, to name just a few. Note that the system
6x +4y =10
2y =35

also has infinitely many solutions. The first equation can be divided by 2 to get the second equation. They're
still essentially the same equation.

EXAMPLE 2:
3x—5¢y=8
mx —ny = 32

In the system of equations above, m and n are constants. If the system has infinitely many solutions, what
is the value of m + n ?
Both equations need to be the same for there to be infinitely many solutions. We multiply the first equation by

4 to get the right hand sides to match:

12x — 20y = 32
mx —ny =32

MNow we can clearly see that m = 12 and n = 20, Therefore, m + n = ._EEJ
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Word problems

You will most definitely run into a question that asks you to translate a situation into a system of equations.
Here's a classic example:

EXAMPLE 3: A group of 30 students order lunch from a restaurant. Each student gets either a burger or
a salad. The price of a burger is $5 and the price of a salad is $6. If the group spent a total of $162, how
many students ordered burgers?

Let ¥ be the number of students who ordered burgers and v be the number who ordered salads. We can then
make two equations:

x+y=230
5r+ 6y = 162

Make sure you completely understand how these equations were made. This type of question is guaranteed
to be on the test.

We'll use elimination to solve this system. Multiply the first equation by 6 and subtract:

6x + 6y = 180
Sx 4+ 6y = 162

v (18]

18 students got burgers,

More complex systems
You might encounter systems of equations that are a bit more complicated than the standard ones vou've seen

above. For these systems, substitution and some equation manipulation will typically do the trick.

EXAMPLE 4:
y+3r=0

P42 =76
If (x,y) is a solution to the system of equations above and y > 0, what is the value of y ?

In the first equation, we isolate y to get y = —3x. Plugging this into the second equation,
¥ +2(-3x) =76
2+ 2(9%) =76

¥ 418y = 76
19x% = 76
=4
¥==+2
x =2 theny = -3(2) = 6. If x = -2, theny = —3{-2) = 6. Because y > T —|E

81
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EXAMPLE 5:
w+y=2

ERNERRE

If (x, ¥) is a solution to the equation above, what is a possible value for |y| ?

Notice the (x + 2)’s lyving around in both equations, This is a hint that there might be a clever substitution
somewhere, especially for a problem as complicated as this one, Isolating v in the first equation,

xy+2dy =1
yx+2)=2
it
Y= raz
From here, g = +2 Why would | want this form? 5o | can substitute = :_2- in the second equation with ;
X

As you do these tougher questions, you must keep an eye out for any simplifying manipulations such as this
one.

Substituting, we get

(.112)2 H(aa) =80
(3 () oo

¥ +2y-24=0
(v+6)(y—4)=0

Finally, y = —6 or 4, and |y| can be either ﬁm‘sll.

How will you know whether there's a clever substitution or “trick” you can use? Practice. And even then,
you won't always know for sure. Just keep in mind that EST questions are designed to be done without a
crazy number of steps. So if you feel like you're running in circles or hitting a wall, take a step back and try
something else. To get a perfect score, you must be comfortable with trial and error.

EXAMPLE 6: If xy = 8, xz = 5, and yz = 10, what is a possible positive value of xyz ?

Here's the trick. Multiply all three equations. Multiply the left sides, and multiply the right sides. The result
is

Square root both sides,

Since the question asks for a positive value, the answer is @J Notice how we were able to get the answer
without knowing the individual values of x, y, or z.
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Graphs

Learning a bit about equations and their graphs will inform our understanding of systems of equations.

The solutions to a system of equations are the inlersection points of the graphs of the equations, Therefore,
the number of solubions to a system of equations is equal to the number of intersection points.

Take, for example, the system of equations at the beginning of this chapter:

—Sx+y—= -7
-3x -2y — 12

We can put both equations into y = mx 4 b form (we won’t show that here) and graph them to get the following
lines.

—— N

The solution to the system, (2,3), is the intersection point. There is only one intersection point, so there is only
one solution.

What about graphs of systems that have infinite solutions or no solutions?

Graphing the following system, which has no solution because its equations contradict each other,

y—2dx =1
y—2x = -3
we ret
¥

What do you notice aboul the lines? They have no intersection points. They're parallel. Makes sense,
right?
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And for a system with infinite solutions?

-

It's just one line! Well, actually it’s two lines, but because they're the same line, they overlap and intersect in
an mfinite number of places. Hence, an infinite number of solutions.

EXAMPLE 7: In the xy-plane, the lines y = 3x — 5and v = —2x + 10 intersect at the point (&, k). What is
the value of k ?

As mentioned earlier, the solutions to a system of equations are the intersection points of the graphs of those
equations, and vice versa. 5o to find the point{s) where two graphs intersect, solve the system consisting of
their equations. In this problem, that system is

p=3x—-5
y=-2x+10
Substituting the first equation into the second, we gel

Jx-5=-2x+10
5r=15

y=13

When x = 3, v = 3(3) — 5 = 4 S0 the two lines intersect at (3,4) and k = ljl__-.
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EXAMPLE 8:

y= X’ —5x+6

y=x+1
The system of equations above is graphed in the xy-plane. If the ordered pair (x, y) represents an intersection
point of the graphs of the two equations, what is one possible value of y 7

The solutions to the system are the intersection points, so let’s solve the system. Substituting the first equation
into the second, we get

2 -
Y =-5+6=x+1

Yoty +5=0
(z—=1){x=5)=0
r=1ard

Whentr=1y=141=2 Whenx =35y =5+1 = 6. 50 the graphs of the lwo equations intersect at (1,2)

and (5,6), which means the possible values of y are| 2 and |6 .

EXAMPLE %:
y":x-l-?e

y = |z

Uy

L 3

Asysmmuimﬂequnﬁuﬁmdﬂwirgmphsm&mxy-phmmmm.Hnwnunysuluti—:msdues
the system have?
A)One B)Two C)Three D) Four

Simple. The graphs intersect in two places so there are two solutions. Answer | (B) I‘

B5
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CHAPTER EXERCISE: Answers for this chapter start on page 296.

A calculator should NOT be used on the
following questions.

3x —5Sy=—11
x=1-3p

What is the solution (x,v) to the system of
equations above?

A) (-5,2)

B) (-2,1)

) (10)

D) {4, -1)

v+ 2x =20
6y - 5y = 12

What is the solution (x,y) to the system of
equations above?

A) (—7,6)

B) (-6,7)

C) (6,7)

D) (7.6)

3x —dy =21
dx — 3y = 14
If (x, ) is a solution to the system of equations
above, what is the value of y — x 7
A) =IB
B) =5
) 5
Dy 8

2.1-!-55!724
x+4y=15

If (x, y) satisfies the system of equations above,
what is the value of ¥ + y 7

A) 7
B) &
C) 9
D) 10

I+y=-2x+8
=3x+2y = =10

If {x,¥) is a solution to the system of equations
above, what is the value of xy ?

A) =16
B) -8
C) -4
Dy 4
G e B e T
y=ax+bh
y=—bx

The equations of two lines in the xy-plane are
shown above, where g and b are constants, If the
two lines intersect at (2, 8), what is the value
ofa?

A) 2

B) 4

C) 6

D) 8
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_u=.t=-e-1
y=x-1
L

d

A system of two equations and their graphs in
the xy-plane are shown above. How many
solutions does the system have?

A} Lero
B) Ome
) Two
) Thres

—Sr=y+2
2y -1)=3-y

What is the solution (X, y) to the system of
equations above?

A) (-2,8)

B) {—1,3)

)y 11.-7)

D) (3.-17)

87

2x—4y =28
Y+2y=4

How many solutions (x, v} are there to the
system of equations above?

A) Zero

B) One

C} Two

D) More than two

21—-3y=a
bx+ 10y = —8
In the system of equations above, @ and b are

constants. If the system has infinitely many
solutions, what is the value of a 7

A) —4
|
B) 3
C) 4
L) 16
ax+2y=>5
Ax —6y =20

In the system of equations above, a is a constant.
If the system has one solution, which of the
following can NOT be the value of a ?

A) =1
B)

<)
D)

I T ]
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4 — —y =8 Ix-6y=15
3 —2x +4y = —10
y=4x+16
How many solutions (x, v) are there to the

What is the solution (x, y) to the system of system of equations above?
equations above? A) Zer

A) (-2.8) B) One

B) (—1,12) C) Two

<) (1,20) D) More than two

D) (3,28)

mx =6y = 10
y=05x+14 -y =5
x—y=-18
In the system of equations above, m and n are
According to the system of equations above, constants, If the system has infinitely many
what is the value of y ? solutions, what is the value of ’:—: ?
1
N, 13
| 1
| o 3
. 4
) 3
| e 2 ] D) 3
1 1
3t et Bl AT RS ke .
bx —ay =8
¥= J_'I:' +3
In the system of equations above, 4 is a constant. T

If the system has no solution, what is the value

L If {x, y) is the solution to the system of equations
A) : above, what is the value of ¥ 7
3
B) 1
C).a
) 6
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A calculator is allowed on the following
questions.

A local supermarket sells jelly in small, medium,
and large jars, Sixteen small jars weigh as much
as two medium jars and one large jar. Four small
jars and one medium jar have the same weight
as one large jar. How many small jars have the
weight of one large jar?

Ay 7
B) 8
) 9
Dy

On a math test with 30 questions, 5 points are
rewarded for each correct answer and 2 points
are deducted for each incorrect answer. If James
answered all the questions and scored 59 points,
solving which of the following systems of
equations gives his number of correct answers,
x, and his number of incorrect answers, v, on the
math test?

A) x+y=3
Sx-2y=20

By x+y=30

Sx+2y =359
) x+y=30
x-Sy =59
Dy x+y=30
Sr=—2y=359

A game of darts rewards points depending on
which region is hit. There are two regions, A and
B, as shown above. James throws 3 darts, hitting
region A once and region B twice, for a total of
18 points. Oleg also throws 3 darts, but hits
regions A twice and region B once for a total of
21 points. How many points are rewarded for
hitting region H once?

A restaurant has two types of tables, rectangular
ones that can each seat 4 people and circular
tables that can each seat 8 people. If 144 people
are enough to fill all 30 tables at the restaurant,
how many rectangular tables does the restaurant
have?

A} 12
B} 16
C) 20
D) 24
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In the yy-plane, the graphof y = x* — 7x + 7
intersects the graph of y = 2x — | at the points
(1,1} and (p,q). What is the value of p 7

¥-2Zx=y-1
==y =]
A system of two equations is graphed in the ) .
vy-plane above. Which of the following is the If {x, v} is a solution to the system of equations
solution (x, y) to the system? above, what is one possible value of y ?
A) (0,-6)
B) (-3,-3)
5 3 ) ‘
LR o
9 (-3 |
)
1
RN . )
ol A 7
x=2y=40

If the ordered pairs (x1.4) and [Iz,y:} satisfy
the system of equations above, what are the
values of yy and vz ?

|
A) %amd;
R
) —‘Iiamd;li
) éandé
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Inequalities

lust as we had equations and systems of equations, we can have inequalities and systems of inequalities.

The 1.1'[1-|‘_|.' difference is that VOou must reverse the sign every time yvou either ml.lll:lrlij.-' or divide both sides by a
negative number.
For example,

2x4+3 <9

Do we have to reverse the sign at any point? Well, we would subtract by 3 to get 21 < 6 and then divide by
210 }';L't v < 3. Yes, we did a subtraction but at no pniul did we 1]1[]]|ip|".l' or divide l“l. a 111..'}_!"4.1“1.':‘ number,
Therefore, the sign stays the same

Let’s take another example:
Jx+5<4x+4

The first step is to combine like terms. We subtract both sides by 4x to get the ¥'s on the left hand side. We then
subtract both sides by 5 to get the constants on the right hand side:

ir—4x <4 -5

Notice that the sign hasn’t changed vet. Now, to get rid of the negative in front of the x, we need to multiply
both sides by — 1. Doing so means we need to reverse the sign

v >

This concept is the cause of so many silly mistakes that it's important to reiterate it. Just working with negative
numbers does NOT mean you need to change the sign. Some students see that they're dividing a negative
number and impulsively reverse the sign. Don't do that. Only reverse the sign when you multiply or divide
both sides hj." a rwp;.ltn'u ntmber

E |
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EXAMPLE 1: Which of the following integers is a solution to the inequality —3x —7 < —7x - 27?
A)-6 B)-3 Q)1 D)4

At no point did we multiply or divide by a negative number so there was no need to reverse the sign. We
divided a negative number, 20, but we did so by a positive number, 4.

The only answer choice that satisfies x < —5is —6, answer! (A} I.

EXAMPLE 2: If —7 < —2x 4 3 < 15, which of the following must be true?

A)5<x<é6 By—-6<x< -5 C)—6<x<5 D)-5<x<6

So how do we solve these “two-inequalities-in-one” problems? Well, we can split them up into two inequalities

that we can solve separately:
7< =2¢ 43

-2v4+3<15
Solving the first inequality,
243
-2x
X

1l

w o
IV A

Solving the second inequality,
3y +3<15

-2y < 12
x> —6

Putting the two results together, we get —6 < x < 5. Answer | (C) |

EXAMPLE 3: To follow his diet plan, James must limit his daily sugar consumption to at most 40 grams.
One cookie has 5 grams of sugar and one fruit salad contains 7 grams of sugar. If James ate only cookies
and fruit salads, which of the following inequalities represents the possible number of cookies ¢ and fruit
salads s that he could eat in one day and remain within his diet’s sugar limit?

A}§+§:4ﬂ BJ§+§-5+[I C)Sc+7s<40 D)5c+7s<40

The total amount of sugar he gets from cookies is 5¢. The total amount of sugar he gets from fruit salads is 7s.
So his total sugar intake for any given day is 5¢ + 75, and since it can’t be more than 40 grams, 5c + 7s < 40.

Answer| (D) |

o2
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From a graphing standpoint, what does an inequality look like? What does it mean fory > —x - 17

w|mnh
|II

L

As shown by the shaded region above, the inequality ¥ > —x — 1 represents all the points above the line
¥ = —x— L If you have a hard time keeping track of what's above a line and what’s below, just look at the
y-axis. The line cuts the y-axis into two parts. The top part of the y-axis is always in the “above” region. The
bottom part of the y-axis is always in the "below” region. If the graph deesn't show the intersection with
the y-axis, you can always just draw your own vertical line through the graph to determine the “above” and
“below” regions.

Also note that the line is dashed. Because y > —x ~ 1 and NOT y = —x = 1, the points on the line itself do

not satisfy the inequality. If the equation were y = —x — 1, then the line would be solid, and points on the line
would satisfy the inequality.

But what about a system of inequalities? For example,
y<-x+4

y2sx—3

fod | ===

When it comes to graphing, the goal is to find the region with the points that satisfy both inequalities. In this

case, we want the points that are below ¥ = —x + 4 but above v = ;J ~ 3. To locate this set of points, we can

: x — 3 and see where the regions overlap.

shade the regions below v = —x + 4 and above ¥ = 3

The overlapping region on the left contains all the points that are solutions to the system.
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Now if we solved the system as if it were a system of equations instead of a system of inequalities, we would
get the ntersection point of the two lines, which, in this case, happens to be the solution with the highest value
of x. As an exercise, let's find this solution. Substituting the first “equation” into the second, we get

v h-l:i.t 3
-2¢ 4B =x—6
-Jx =14
—~14

¥ = -5 == 4.66

Atx = 466, ¢ = —4.66 +4 = —10.66 (we gel this from the first equation). Therefore, (4.66, -0,66) is the solution
with the highest value of x. There are no solutions in which x is 5, 6, or larger.

While finding the intersection point in this example may have seemed a bit pointless (haha!), these points can
be very important in the context of a given situation, such as finding the right price to maximize profit or
figuring out the right amount of materials for a constructon project.

EXAMPLE 4:

m w
L]

The following system of inequalities is graphed in the xy-plane above.

yz-3x+1
y=22x-3

Which quadrants contain solutions to the system?
A)Quadrants land [I B} Quadrants [and IV C) Quadrants Il and [V D) Quadrants 1, I1, and IV

First, graph the equations, preferably with vour graphing calculator. Then shade the regions and find the
overlapping region.

As you can see, the overlapping region, which contains all the solutions, is the top region. It has points in
quadrants |, I and IV, Answer | (D) Ir
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EXAMPLE 5: Ecologists have determined that the number of frogs ¥ must be greater than or equal to three
times the number of snakes x for a healthy ecosystem to be maintained in a particular forest. In addition,
the number of frogs and the number of snakes must sum to at least 400.

PART 1: Which of the following systems of inequalities expresses these conditions for a healthy ecosystem?
A)  y=23x B) y=3x O yz3x D) v<k

y—x>40 ¥ x =400 ¥ +x > 400 y+x <400

PART 2: If the forest currently has a healthy ecosystem, what is the minimum possible number of frogs in
the forest?

Part 1 Solution: The number of frogs, v, must be at least three times the number of snakes, x. So, v > 3x. The
number of frogs and the number of snakes must sum to at least 400, so v + x = 400. Answer | (C] .

Part 2 Solution: In these types of questions, the strategy is to look for the minimum in the graph of the
inequalities. The minimum (or maximum) will typically occur at the intersection point. To show you what |
mean, let’s first put the second inequality in y = mx + b form.

y=3x
Yy = —x+400

Now we can graph the inequalities using a calculator.

The graph confirms that v, the number of frogs, is at a minimum at the intersection point. After all, the
overlapping region (the top region) represents all possible solutions and the intersection point is at the bottom
of this region, representing the solution with the minimum number of frogs.

We can find the coordinates of that intersection point by solving a system of equations based on the two
lines.

iy = Jdx
y= -1+ 400
Substituting the first equation into the second,
Jr=-x+400
4y = 400
xr =100

So, 100 is the r-coordinate. The y-coordinate must then be y = 3x = 3(100) = 300. Given these values, the

intersection point is at (100,300) and the minimum possible number of frogs is 300 | when the forest has a
healthy ecosystem,



CHAFTER 11 INEQUALITIES

CHAPTER EXERCISE: Answers for this chapter start on page 299,

A calculator is allowed on the following
questions.

Which of the following is a solution to the
inequality —x -4 > 4x - 14?7
A) -1 |
B) 2
C) 5
o 8

Which of the following systems of inequalities

| S e e could be the one graphed in the xy-plane above?

5 . 3 . | A) ¥>3

IFEI—-i}i.t - 10, whach of the following y>x
must be true? ‘

A) x<24 B) ¥<3

B) x>24 YA

C) x< -4 C) v<3

D) x> -24 y>x

‘ D) y=3

y<x

W= —e—— o

Jerry estimates that there are m marbles in a jar.
Harry, who knows the actual number of marbles
in the jar, notes that the actual number, v, is
within 10 marbles (inclusive) of Jerry’s estimate.
Which of the following inequalities represents
the relationship between Jerry’s estimate and the
actual number of marbles in the jar?

A) n+10<pr<n-10
By m-10<n<m-+10
Cy < m< 10n

m
e = L
) g S 10m
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A manufacturer produces chairs for a retail store ¥

according to the formula, M = 12P — 100, where

Al 1s the number of units produced and P is the

retail price of each chair. The number of units

sold by the retail store is given by

N = —3P + 970, where N is the number of units x
sold and P is the retail price of each chair. What

are all the values of P for which the number of

units produced is greater than or equal to the .

number of units sold? '

A} P =58 The graph in the xy-plane above could represent
B} P <58 which of the following systems of inequalities?
Cy P=55 Ay y=3
D) P <35 y< 3
By y=3
B R R o Sl y> -3
If iz an integer and 3(n — 2) = —4(n — 9), whal C) >3
is the least possible value of 0 ? A
r=-3
oy x=<3
¥r> -3

Ta get to work, Harry must travel 8 miles by bus
and 16 miles by train everyday. The bus travels
at an average speed of © miles per hour and the
train travels at an average speed of y miles per
hour. If Harry's daily commute never takes more
than 1 hour, which of the following inegualities

| represents the possible average specds of the bus

i and train during the commute?

Mallﬁﬁﬂ
o

! BJE.,.%{I
x ¥
N

Ljﬂ_+ﬁ£1

) Bx 16y <1

97
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An ice cream distributor contracts out to two
different companies to manufacture cartons of
ice ecream. Company A can produce 80 cartons
each hour and Company B can produce 140
cartons each hour. The distributor needs to fulfill
an order of over 1,100 cartons in 10 hours of
contract time. It contracts out x hours to
Company A and the remaining hours to
Company B. Which of the following inequalities
gives all possible values of x in the context of
this problem?

80 140

L B e

B) 140x +80{10 — x) > 1,100
C) 80y + 140(10 - x) = 1, 100
D) 80x + 140(x - 10) > 1,100

= 1,100

y>15x+a
y<5r+b

In the system of inequalities above, a and b are
constants. If (1,20} is a solution to the system,
which of the following could be the value of
h—a?

A) b

B) 8

) 10

D12

Which of the following graphs in the ry-plane
could represent the system of lnequalities above?

A

B)

<)

L)
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s S - 50 | B o TR e S
Tina works no more than 30 hours at a nail salon If - & < =244 < —E. what is one possible
each week. She can do a manicure in 20 minutes Vﬂh::ufr--i? €
and a pedicure in 30 minutes. Each manicure y
earns her $25 and each pedicure earns her 40,
and she must earn at least $900 to cover her
expenses. If during one week, she does enough
manicures m and pedicures p to cover her
expenses, which of the following systems of
inequalities describes her working hours and her
earnings?

A) 3ms2p<3 - DEEER R R TR NS I SSNE-SE
£p1 90pi= 00 Joyee wants to create a rectangular garden that
has an area of at least 300 square meters and a

b AP perimeter of at Jeast 70 mﬁm If the length of

the garden is x meters long and the width is v

meters long, which of the following systems of

25m + 40p > 900

C) ; 4 %’ <30 inequalities represents Joyce's requirements?
25m + 40p =900 Ay =270
x4y =300
n
P F+5e By ay>150
25m + 40p < 30 x+y=270
<) vy = 300
e s e e Xy 270
Itk < x < 3k + 12, which of the following must D)y xy=300
be true? xiy235
Lox=12<3
k2 -6 I i e i S|
M. x=k=>0
A) lonly ‘ Ifa < b, which of the following must be true?
B) land Il only Latel®
C} 1and 11l only . 22 < 2b
D) 111, and 11} . —b<-a
A) llonly
B) land 11 only

C) Iland Il only
) 111, and M1
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Word Problems

For many students, solving word problems is a frustrating experience. They require you to translate the
question before you can even do the math. The examples and the exercises in this chapter will show you how
to handle the full range of word problems that are tested. You will develop an instinct for translating words
into math, setting the right variables, and finally solving for the answer. Experience is the best guide.

EXAMPLE 1: The sum of three consecutive integers is 72. What is the largest of these three integers?

The most important technique in solving word problems is to let a variable be one of the things you don't
know. In this problem, we don’t know any of the three integers, so we let the smallest one be x. It doesn’t
matter which number we set as x, as long as we're consistent throughout the problem.

Soif x is the smallest, then our consecutive integers are

st

T, r+ 1.1

Because they sum to 72, we can make an equation:

Because ¥ is the smallest, our three consecutive integers must then be 23, 24, and | 25 | (the largest)

But what would the selution have looked like if we had let v be the largest integer? Our three integers would 've

been
r—2.xr—1.x
And our equation would've been
(x—2)+({x—1)+x=72
Ix-3=712
W 7o
r=125

And because x was set to be the largest of the three integers in this scenario, we're already at the answer!
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The lesson here is that you should think about which unknown you want to set as the variable. Often times, that
unknown will be what the question is asking for. Other times, it will be an unknown you specifically choose to
make the problem easier to set up and solve. And sometimes, as was the case in Example 1, it doesn’t matter
which unknown yvou pick; you'll end up with the same answer with the same amount of effort,

EXAMPLE 2: One number is 3 times another number. If they sum to 44, what is the larger of the two
numbers?

In this problem, we want to set 1 to be the smaller of the two numbers. That way, the two numbers can be
expressed as
yand 3x

If we let x be the larger of the two, we would have to work with

¥ and 3
and fractions are yucky.
Setting up our equation,
x+dv =44
=4

X =19

Be careful—we're not done yet! The question asks for the larger of the two, so we have to multiply x by 3 to
get[33]

EXAMPLE 3: What is a number such that the square of the number is equal to 2.7% of its reciprocal?

Let the number we're looking for be x.

Multiply both sides by x to isolate it.

Cube root both sides.
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EXAMPLE 4: Albert is 7 years older than Henry. In 5 years, Albert will be twice as old as Henry. How old
is Albert now?

Let x be Albert’s age now. We could've assigned x to be Henry's age, but as we mentioned earlier, assigning the
variable to be what the question is asking for is typically the faster route. Now at this point, some of you might
be thinking of assigning another variable to Henry’s age. While that would certainly work, it would only add
more steps to the solution. Try to stick to one variable unless the question clearly calls for more.

If Albert is x years old now, then Henry must be x — 7 years old.
Five years from now, Albert will be x + 5 and Henry will be x — 2 years old.

x+5=2(x—12)
I+5=2x-4

x=|9]

EXAMPLE 5: Jake can run 60 yards per minute. Amy can run 120 yards per minute for the first 10 minutes
but then slows down to 20 yards per minute thereafter. If they start running at the same time, after how
many minutes ¢ will both Jake and Amy have run the same distance, assuming t > 107

The problem already gives us a variable t to work with. We want to equate Jake's distance run with Amy’s,

Jake's distance: 604
Amy's distance: 120(10) + 20(¢ - 10)

60l = 120(10) +20(¢ — 10)
60 = 1,200 420t — 200
40t = 1,000

f=25

After E minutes, they will have run the same distance.

EXAMPLE 6: At a pharmaceutical company, research equipment must be shared among the scientists,
There is one microscope for every 4 scientists, one centrifuge for every 3 scientists, and one freezer for
every 2 scientists. If there isa total of 52 pieces of research equipment at this company, how many scientists
are there?

X

. I
i the number of centrifuges is -, and

Let x be the number of scientists. Then the number of microscopes is 3

the number of freezers is ; ;

= 52

]
IR
)=

Multiply both sides by 12 to get rid of the fractions,

I +dy+br=0582-12
13x = 624

v =48]
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EXAMPLE 7: A group of friends wants to split the cost of renting a cabin equally. If each friend pays $130,
they will have $10 too much. If each friend pays $120, they will have $50 too little. How much does it cost
to rent the cabin?

We have two unknowns in this problem, We'll let the number of people in the group be n and the cost of
renting a cabin be ¢. From the information given, we can come up with two equations (make sure you see the
reasoning behind them):

13— 10 =¢
120+ 50 =¢

In the first equation, 130n represents the total amount the group pays, but because that's 10 dollars too much,
we need to subtract 10 to arrive at the cost of rent, ¢. In the second equation, 1201 represents the total amount
the group pays, but this time it's 50 dollars too little, so we need to add 50 to arrive at ¢. Substituting ¢ from
the first equation into the second, we get

120n +50 = 130n - 10
-1 = —60
H=t

S0 there are 6 friends in the group. And
¢ =130n-10=130-6 10 =770
Thee cost of renting the cabin is [T.?E

EXAMPLE 8: Of the 200 jellybeans in a jar, 7(0f% are green and the rest are red. How many green jellybeans
must be removed so that 60% of the remaining jellybeans are green?

The answer is NOT 20, You can't just take 10% of the green jellybeans away because as you do that, the total
number of jellybeans also goes down. We first find that there are Ij::] * 200 = 140 green jellvbeans. We need to
remaove x of them so that 60'% of what's left is green:

green jellybeans left
L]

total jellybeans left
40-x 6
200-x 10

Cross multiplying,

10(140 — x) = 6{200 — x)
1,400 = 10x = 1,200 — bx
200 = 4x
¥=30

[."';f green jellybeans need to be removed. This type of word problem with percentages is very common in
chemistry and is typically known as a “mixture” problem.
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Our next example is the classic area/ perimeter word problem.

EXAMPLE 9: A rectangle has a width that is 3 inches shorter than its length. If the area of the rectangle is
108 square inches, what is the perimeter, in inches, of the rectangle?

e

!

IF we let the length be [, then the width wis | — 3. Since a rectangle’s area is equal to the length times the width,
we can set up the following equation:

I = 108
Il —3) = 108
P -31-108=0

(1 =12)({ +9) =0

Since the length of a rectangle has to be positive, | = 12, The width is then | - 3 = 12— 3 = 9. Finally, the
perimeter is 21 + 2w = 2(12) + 2(9) = 42|

Never forget that the perimeter of a rectangle 15 twice the length plus twice the width. I've seen too many
students just add the length and the width without thinking it through.

EXAMPLE 10: When Alex and Barry work separately from each other, Alex can paint a house in 6 days,
and Barry can paint a house in 12 days. Assuming that they each work at a constant rate, how many days
will it take Alex and Barry to paint a house if they work together?

This is the typical “work-rate” problem that involves two individuals who work at different rates. The general
approach is to use the formula W = rf, where W is the amount of work done, r is the overall rate at which
work is being done, and | is the time spent. The key thing to note is that the overall rate, r, can be found by
summing up the individual rates.

Since Alex can paint a house in 6 days, his rate is z of a house per day. Since Barry can paint a house in 12

days, his rate is I!Z of a house per day.

3
ke L - of a house per day. Now we can use W = i,

Working together, they can paint 6 12 12712 12 4

where W = 1 {ie. | house)and r = I—, to find the Hime it will take them to paint one house.

4
W=n
1
1=-1
4
g =

Therefore, it will take Alex and Barry |4_ﬂ days to paint one house, This answer makes sense because if Alex

can finish a house in 6 days by himself, then it should take less than & days if Barry is working alongside
him.
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CHAPTER EXERCISE: Answers for this chapter start on page 301,

A calculator should NOT be used on the [

following questions.
| A rectangular monitor has a length of x inches
IR DS N oo M and a width that is one-third of its length. If the
perimeter of the monitor is 48 inches, what is the

Which of the following represents the square of valueof £ ?

the sum of x and v, decreased by the productof

yand y? |
A) 13+y3 - XU |
B) riy? — xy [
C) (x+w) - (x+v) |
D) (x+w)*—xv

Susie buys 2 pieces of salmon, each weighing x

On a 100 cm ruler, lines are drawn at 10, X, and pounds, and 1 piece of trouth; weighing v
98 ¢m. The distance between the lines at X and pounds, where x and y are integers. The salmon
98 cm is three times the distance between the cost $3.50 per pound and the trrnut cost §5 per
lines at X and 10 cm. What is the value of X ? pound. If the total cost of the fish was 577, which
' of the following could be the value of v ?
'S A) 4
B) 5
C) 6
D) 7

If5 is added to the square root of x, the result is A 20% nickel alloy was made by combining 2
9. What is the value of x + 27 grams of a 35% nickel alloy with 6 grams of an
¥ nickel alloy. What is the value of x ?

A grocery store sells tomatoes in boxes of 4 or 10.
If Melanie buys x boxes of 4 and v boxes of 10,
where ¥ = 1 and v = 1, for a total of 60
tomatoes, what is one possible value of x ?
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At a Hong Kong learning center, ; of the

A calculator is allowed on the following
questions,

1f 8 + 5x is twice x — 5, what is the value of ¥ ?

students take debate, :—; of the students take

1
writing, and 8 of the students take science. The

™ 0 rest take math. If 33 students take math, what is
B} =3 the total number of students at the learning
7 center?
Q) -3
) A) 60
. he B) 66
Cc) 72

_| D) 78

If 75% of 68 is the same as 85% of n, what is the

value of n ? | _

I lan has 20 football cards, and Jason has 44

baseball cards. They agree to trade such that
Jason gives lan 2 baseball cards for every card
lan gives to Jason. After how many such trades
will lan and Jason each have an equal number of

cards?

= - ST e T e o A) 9
I B) 10

The Pirates won exactly 4 of their first 15 games. ) 1
They then played N remaining games and won D) 12

all of them. Il they won exactly halt of all the
games they played, what is the value of N 7

If 3 is subtracted from 3 times the number x, the
result i= 21, What is the result when 8 is added to

half of x ?
A) 1
[ SR, S e
C) 8
Alice and Julie start with the same number of | D) 12

pens, After Alice gives 16 of her pens to Julie,

Julie then has two times as many pens as Alice |
does. How many pens did Alice have at the

start?
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At a store, the price of a tie is k dollars less than Mark and Kevin own -]i and ~ of the books on a

- ; 3
three times the price of a shirt. If a shirt costs 540 shelf, respectively. Lori owns the rest of the

and a tie costs $30, what is the value of k7 | Eiks 1F Eavta ouras J s bonlks: thir NV
how many books does Lori own?

A wooden board in the shape of a rectangle has
a length that is twice its width. If the area of the
board is 128 square feet, what 15 the length, in
teet, of the board?

A bakery gave out coupons to celebrate its grand
opening. Each coupon was worth either $1, 53,
or 85. Twice as many $1 coupons were given out
as $3 coupons, and 3 times as many $3 coupons
were given out as $5 coupons. The total value of
all the coupons given out was $360. How many
$3 coupons were given out?

A) 40
B) 45
| e s & TR
D) 4
Alex, Bob, and Carl all collect seashells. Bob has
half as many seashells as Carl. Alex has three
times as many seashells as Bob. [If Alex and Bob B e SN e < R
together have 60 seashells, how many seashells
does Carl have? A water tank is connected to two pipes, Pipe A
and Pipe B. It takes 4 hours to fill the tank when

a3 only Pipe A is in use, and it takes 6 hours to fill
v the tank when only Pipe B is in use. If it takes m
€) 30 minutes to fill the tank when both Pipe A and
D) 40 Pipe B are in use, what is the value of m ?
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Yoona runs at a steady rate of 1 yard per second. Terry is hired to pave a parking lot and finishes
Jessica runs 4 times as fast. If Jessica gives Yoona 1 "

a head start of 30 yards in a race, how many 3 of the parking lot before Andy is hired to work
vards must Jessica run to catch up to Yoona? alongside him. They each work at a constant

rate, but Terry works twice as fast as Andy does.
1,1 2
9(3 455 ) = 3 canbeuse
The equation z T 3 can be used to
find the total number of days x it would have
taken Terry to pave the entire parking lot by
' himself. Which of the following is the best

interpretation of the number 9 in the equation?

_ A) The number of days it would have taken

Terry and Andy to pave the entire parking

Nicky owns a house that has a patio in the shape lot if they had worked together from the
of a square. She decides to renovate the patio by start.

increasing its length by 4 feet and decreasing its B) The number of days it will take Terry and
width by 5 feet. If the area of the renovated patio Andy to pave the remainder of the parking
is 90 square feet, what was the original area of lot working together.

the patio, in square feet? C) The number of days it would take Andy to

pave the remainder of the parking lot if he
were working alone.
D) The number of days it would take Terry to
pave the remainder of the parking lot it he
, were working alone,
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Minimum & Maximum
Word Problems

Minimum and maximum word problems require a bit of logic and an understanding of rates and inequalities
(chapters 4 and 11}, One of the most common issues students have is that they're unsure of whether to round
up or down. The examples in this chapter will address this issue and illustrate the strategies vou'll need to
solve these types of problems,

EXAMPLE 1: Corinne is a graphic designer who earns $275 for every logo she designs. What is the
minimum number of logos she would have to design to earn at least $4.000 7

(M

e
L =

-

To earn at least 34,000, Corinne would have to design at least = 14.5 logos. That's 14 logos and half a
logo. But because it's implied that a fraction of a logo cannot be designed and sold, we have to round up to
15 | logros

When a whole number answer is implied, the minimum generally requires that we round up.

EXAMPLE 2: A pallet truck can move up to 3 tons in a single trip. If the truck is to be used to move
320-pound pallets, what is the maximum number of whole pallets the truck can move in a single trip?
(1 ton = 2,000 pounds)

A6 B8 19 D)106

é, 00

Since 3 tons is equivalent to 3 = 2,000 = 6,000 pounds, the truck can move 20

18.75 pallets. However,

the question specifically states whole pallets, so we have to round down to 18| pallets. If we rounded up, the
weight would be above what the truck can handle

When a whole number answer is implied, the maximum generally requires that we round down.
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EXAMPLE 3: If one tray of flatbread can be made from 8 cups of flour and 6 cups of greek yogurt, what
is the maximum number of whole trays of flatbread that can be made from 150 cups of flour and 100 cups

of greek yogurt?

In these types of questions, one of the resources (either flour or greek yogurt) will be used up betore the other,
and that resource will limit the amount that can be produced. Therefore, the best way to approach these
questions is to consider each resource separately.

)
. 18.75 trays of flatbread can be made. If we only consider the

greek yogurt requirement, %1 == 16.7 trays of flatbread can be made. Since the amount that can be produced

If we only consider the flour requirement,

from the greek yogurt is less than the amount that can be produced from the flour, the greek yogurt is a limiting
factor. There isn't enough of it to use up the flour, so we're limited to 16.7 trays of flatbread. As a result, the

maximum whole number of trays that can be made is -_I%uH Remember that we round down when finding the
maximum,

EXAMPLE 4:
C = 18fw + 1,050

An appliance manufacturer uses the equation above to calculate the total cost C, in dollars, of producing
a shipment of f toasters that each weigh w pounds. If the manufacturer can spend no more than 521,000
producing the next shipment of toasters, and the weight of each toaster will be 6 pounds, what is the
maximum number of toasters that can be produced for the next shipment?

Let's solve this question by setting up an inequality;

C < 21,000
18w + 1,050 < 21,000
181(6) = 19,950

108t < 19,950

i< 184.72

Since it's implied that toasters are produced in whole numbers, the maximum number that can be produced
for the next shipment is |_IE.-I |



THE COLLEGE PANDA

EXAMPLE 5: A deck of 48 cards consists of only red cards and black cards. If the number of red cards
is less than twice the number of black cards, what is the minimum possible number of black cards in the
deck?

Let r be the number of red cards and b be the number of black cards. Using these variables, we can set up a
system thal consists of an equation and an inequality.

F+bh=48
F < 2h

Since the question is asking about the black cards, our goal should be to get rid of r so that we end up with an
inequality in terms of b only. To do so, we isolate r in the equation to get r = 48 — b. Now we substitute 48 — b
tor r in the inequality:

8-bh<2h
48 < 3b
6<h

Based on this resulting inequality, the minimum possible number of black cards is E

EXAMPLE 6: An art teacher needs to buy a total of 36 paintbrushes for a painting class. Each paintbrush
must be either an acrylic brush, which costs $5, or a watercolor brush, which costs $3. If no more than
§150 can be spent on the paintbrushes, what is the minimum number of watercolor brushes the art teacher
can buy?

Let @ be the number of acrylic brushes and w be the number of watercolor brushes. Now we can set up a
system of an equation and an inequality just as we did in Example 5.

A4+w=236
S+ 3ur < 150

Qur goal is to get the inequality in terms of w only, so let's first isolate 4 in the equation to geta = 36— w. Now
we can substitute for a in the inequality:

5(36 —w)+ 3w < 150
180 - 5m + 3w < 150
180 — 2w <130
2w < —30

w=>15

Based on this resulting inequality, the minimum number of watercolor brushes that can be bought is lEj.
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EthPLE?:Ehﬂw:nlhchbasdm]lmMshtmmHhmguhrpmhmdpmﬂmpadm Two rare
cards can be found in every regular pack and three rare cards can be found in every premium pack. If
Shahar wants to add at least 30 rare cards to his collection by buying no more than 12 packs of baseball
cards, what is the least number of premium packs he could buy?

Again, let’s set up a system with £ as the number of regular packs and p as the number of premium packs.

r+p<12
2r<3p =30

Since we have a system of two inequalities, we can’t just do what we did in Examples 5 and 6. Instead, we need
to rely on the following trick: inequalities can be added together if their signs point in the same direction.
Note that inequalities should never be subtracted from one another; only think in terms of addition. So to get
the signs to point in the same direction, we can multiply the first inequality by ~2. This will switch the sign
and get the coefficients of r to match up.

-2r—-2p> -24
Zr+3p>30
Now we can add the inequalities together to get
p=6

Based on this result, the minimum possible value of pis @.

Another valid way to approach this problem is guess and check. For example, we can start with p = 0 and
r = 12 Given those values, is 2r + 3p at least 307 If not, repeat the process with p = 1 and r = 11, and etc.
Soon enough, you'll arrive at p = 6. Guess and check tums out to be quite efficient in many cases, so don't

give up on it too early.
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CHAPTER EXERCISE: Answers for this chapter start on page 304,

A calculator is allowed on the following - IR el e et

questions.
. A gift shop held a weekend sale with the goal of
D )i o least $5,000 worth of greeting cards

and gift boxes. Each greeting card was sold for

Katherine has 28 classroom calculators that r.-a_ch $5, and each gift box was sold for $7. 1f no more
require a set of 4 batteries. If her school supplies than 400 gift boxes were sold during the sale due
her with batteries in packs of 6, tlu'hat is the least to limited inveritory, what is the minimum
number of packs needed to provide every number of greeting cards the shop could have
classroom calculator with a complete set of sold to meet its goal?
batteries?

A) L0

B) 1,160

C) 1,280

D) 1400

To restock supplies, a nail salon purchases

Mﬂrt-hn is wnrking ona dﬁigﬂ Pﬂ‘iﬁt l_h.-l_t h.“.ﬂk!lﬁ tha! E'ﬂl:'h il‘lﬁ'ludﬂ‘ M nﬂ" HIES ﬂI‘Id lm
requires 16 ounces of glue. The glue gun she is nail buffers. If the nail salon needs to restock at
using comes preloaded with a glue stick that least 1,800 nail files and at least 4,000 nail
provides 2.5 ounces of glue. The only additional buffers, what is the minimum number of toolkits
glue sticks Martha can purchase are ones that the salon can purchase?

each provide 1.75 ounces of glue, Assuming that
the glue sticks can only be purchased in whole
numbers, what is the minimum number of glue
sticks Martha must purchase for her project?
A) 6
By 7
" D i i e
oy 9
Ome liter is equivalent to approximately 33.8
ounces. Mark has plastic cups that can each hold
12 ounces of liquid. At most, how many of these
plastic cups could a two liter bottle of soda fill?
A} 5
B) 6
<) 7
D) 8
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In one hour, Jason can install at least 6 windows During a week-long fishing trip, Ashleigh
but no more than 8 windows. Which of the caught nine less than three times the number of
following could be a possible amount of time, in fish Naomi caught. If they caught at least 45 fish
hours, that Jason takes to install 100 windows in combined, what is the minimum number of fish
a home? that Naomi could have caught?

A) 12

B) 16

<) 17

D) 18

i - 29,6 millilite
hiflukLoupce = SLO MRS Ajar is filled with black pebbles, white pebbles,

1 cup =16 fluid ounces and jade pebbles. The number of jade pebbles is
g i olann ; greater than half the number of black pebbles,
S cliruuiitey Naghot s B 0000 ke and the number of white pebbles is less than

exprt ki which each student st measure twice the number of black pebbles. If there are

out 100 milliliters of vinegar in a graduated 32 jade pebbles in the jar, what is the maximum

ﬂlﬁn Jf:r ';;lzi i:}g:::ﬂ;: ﬂf:’:;: : number of white pebbles that could be in the jar?

the maximum number of students who will be
able to participate in this experiment?

Giovanni works as a waiter at an ltalian
restaurant. For every table that he serves, he
eamns a 15% tip on the bill. During lunch, he
served 12 tables and each table had an average
bill of $25. 1f each table during dinner will have
an average bill of $45, what is the least number
of tables Giovanm must serve during dinner to
earn at least $180 tor the day?

A) 3
B) 16
C) 18
D) 20
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A pharmacy produces a certain medication in a ‘ As part of a marketing campaign, a restaurant is
daytime variety and a nighttime variety. A bottle | offering 4 free tacos for every burrito a customer
of the daytime variety contains 2 ounces of the buys. If the restaurant would normally sell the
active ingredient and 6 ounces of flavored syrup. ‘ tacos for $2.60 each, what is the minimum

A bottle of the nighttime variety contains 3 number of burritos a customer would have to
ounces of the active ingredient and 5 ounces of | buy to receive at least $140 worth of tacos for
flavered syrup. The pharmacy currently has no free?

more than 385 ounces of the active ingredient |
and no more than 850 ounces of flavored syrup
available. If at least 65 bottles of the daytime |
variety must be filled, what is the maximum
number of bottles of the nighttime variety that I
can be filled?

A) 7B

B) 85 e N e SN

&% Ava is decorating two-tier and three-tier
D) 106 wedding cakes. It takes her 20 minutes to
decorate each two-tier wedding cake and 35
_ minutes to decorate each three-tier Wi’.'ddil'lg
cake. If Ava needs to decorate at least 14
wedding cakes today, and she can spend no

more than 6 hours doing so, what is the
maximum number of three-tier wedding cakes

A banguet hall has a maximum seating capacity
of 168 people. For a particular event, the banquet
manager must use an arrangement of short ,

tables and long tables to ensure that there is $1iE o doctee ey
enough seating to meet that capacity. Each short A) 4
table seats 4 people and each long table seats 8 B) 5
people. If no more than 32 tables can be placed C) 6
inside the banquet hall, what is the maximum D) 8

number of short tables that can be used?

A) 10 '
B) 14

C) 18 '
Dy 22
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Lianne wants to make a seasoning that consists
of 75% sea salt and 25% black pepper. If sea salt
costs $2 per pound and black pepper costs $8 per
pound, and Lianne can spend no more than $210
on these ingredients, what is the maximum
number of pounds of seasoning that she will be
able to make?

A) 42
B) 50
C) 56
D) 60

A toy company ships its products in small,
medium, and large boxes. Last month, the
company shipped a total of 250 boxes, of which
70 were medium boxes. The number of large
boxes shipped was more than the sum of the
number of small boxes shipped and the number
of medium boxes shipped. What is the greatest
possible number of small boxes the company
shipped last month?
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The formula above can be used to determine the
volume percent concentration C of an ethanol
solution containing » ounces of ethanol and @
ounces of water. A chemist wants to use the
formula to create an ethanol solution with a
volume percent concentration of no more than
16%. If the chemist will mix 10 ounces of ethanol
and x cups of water to create the desired
solution, what is the minimum possible value of
x, assuming that x is a whole number?

(1 cup = B ounces)



Lines

Lines are just functions in the form of f(x] = mx + b, which is why they are often referred to as linear functions
We'll cover functions as a whole in a future chapter; we're covering lines first because they present some
concepts that don’t apply to other functions, The EST tests these concepts so frequently that they deserve their
own chapter. Let’s dive in!

Given any two points (¥, ¥ ) and (x2, ¥z} on a line,

: rise 4o — W
Slope of line .= :
rim ra g1

The slope is a measure of the steepness of a line—the bigger the slope, the more steep the line is, The rise is the
b BE : f

distance between the v coordinates and the run is the distance between the ¥ coordinates. A slope of 1 means
]
the line goes 2 units up for every 1 unit to the right, or 2 units down for every 1 unit to the left. A slope of

means the line goes 2 units down for every 3 units to the right, or 2 units up for every 3 units to the left.

Lines with positive slope always go up and to the right as in the graph above.

i

.

rise

run

Lines with negative slope go down and to the right
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EXAMPLE 1:

The line shown in the xy-plane above passes through the origin and point (a,b), where a > b. Which of
the fallowing could be the slope of the line?

1 3 3

First, notice that the slope is positive. The slope, ::—: is also equal to i

W

3
Since a > b, 'I—: is always less than 1. Forexample, if a = 5 and b = 3, the slope would be 5 The only choice
i -

that's both positive and less than 1 is answer | (8) ].

—

EXAMPLE 2: Line m passes through points (k,7) and (3,k — 4). If the slope of line m is 3, what is the
value of k ?

Slupt'—“._;;‘_ﬁ&;?—il
K=11=33-k)
k-11=9-3k

4k = M)
¢~ 5]

S |
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EXAMPLE 3: If a line has a slope of % and passes through the point (1, —2), which of the following points
also lies on the line?

A)(-2-5) B)(-2-1) CQ(4-1) D)(410)

|
A slope of 5 means T up for every 3 to the right, or | down for every 3 to the left. If we go 3 to the left, the point

we get to on the lineis (-2, - 3). Ifwe go 3 to the right, the point we get to on the line is (4, — 1), answer | (C)

In this case, we got to the answer pretty quickly, but if we hadn’t, we would have continued moving right or
left until we found an answer choice that matched. On the EST it shouldn’t ever take too long to arrive at the
answer for a question like this.

In addition to slope, you also need to know what x and y intercepts are. The x-intercept is where the graph
crosses the x-axis. Likewise, the y-intercept is where the graph crosses the y-axis.

Let's say we have the line

2r+3y =12
To find the y-intercept, set y equal to 0.
2y +3(0) = 12
Zx =12
xX=6
The x-intercept is 6.
To find the y-intercept, set ¥ equal to 0.
2(0) +3y =12
Jy=12
y=4

The y-intercept is 4.

EXAMPLE 4: If the line ax + 3y = 15, where a is a constant, has an x-intercept that is twice the value of
the y-intercept, what is the value of a ?

First, set x = [ to find the y-intercept:

a(0) + 3y = 15
Iy =15
v=>5

The y-intercept is 5, which means the v-intercept must be 5 x 2 = 10. Plugging in x = 10,y = 0,

@(10) +3(0) = 15
10a = 15

o =[13]
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All lines can be expressed in slope-intercept form:
y=mx+bh

where m is the slope and b is the y-intercept. So for the fine y = 2y — 3, the slope is 2 and the y-intercept is
=&

While all lines can be expressed in slope-intercept form, sometimes it'll take some work to get there. If you're
given a slope and a y-intercept, then of course it’s really easy to get the equation of the line. But what if
we're handed a slope and a point instead of a slope and a y-intercept? Then it'll be more convenient to use
point-slope form:

¥y-wm=mix-x}

where (¥}, v1) is the given point. For example, let’s say we want to find the equation of a line that has a slope
of 3 and passes through the point (1, -2). The equation of the line s then
y={(=2)=3x~-1

Once it’s in point-slope form, we can then expand and shift things around to get to slope-intercept form it we
need to,
y—1{=2) =3{x—1)

v+2=3r—3
y=3r-5
EXAMPLE 5:
¥
: il |
4 I
N 4 S,
gl 10 I
| + | 1

Which of the following could be the equation of the line shown in the xy-plane above?

A)y=-2x+3 B)y= %x+3 CQy= —%I-I-S D)y =2r—3
To get the equation of the line vy = mx + b, we need to find the slope m and the y-intercept b. The line crosses
the y-axisat 3, so b = 3. The line goes downward from left to right, down 1 for every 2 to the right, so the slope

s —%. Therefore, the equation of the line is v = —_1)1' + 3. Answcr! [_C'Jlr
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EXAMPLE 6: A line [ passes through the points (—2,3) and (3, 13). What is the y-intercept of line | ?

: - vr-w 13-3
31::;»3_3:_“ T =T

Using point-slope form, our line is
y—13=2(x—3)

Mote that we could've used the other point (-2, 3]. The result will turn out to be the same.
y=13=2{xr=3)

y=2r—6+13
y=2x+7

After putting the equation into slope-intercept form, we can easily see that the y-intercept is [_Tr'j.

There are a few more things vou need to know about lines.

Two lines are parallel if they have the same slope.

E 3
-

Twao lines are perpendicular if the product of their slopes is 1. In other words, if one slope is the negative

1
reciprocal of the other (eg. 2and - ).

]

-

=
/.
e

121



CHAPTER 14 LINES

EXAMPLE 7: Line m has a slope of gmdpumﬂu'mghﬂ'mpoint {4,3). If line n is perpendicular to line
m and passes through the same point (4, 3), which of the following could be the equation of line n ?

ﬁjy=—§x+9 B}y=-gx—3 ij=—§x+ﬁ D}y:~;x+9

3
Because it's perpendicular to line m, line # must have a slope of — 3" Using point-slope form,

3
== =i
v 5(x—4)
3
=—=x4+6+3
¥="3
3
=-=x+9
|u‘ z

We get the equation into slope-intercept form to see that the answer is | (D] |

| SRR |

Finally, you'll need to know the equations of horizontal and vertical lines. The equation of the vertical line that
passes through (3,0) is v = 3

The equation of the horizontal line that passes through (0.3)isy = 3.
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CHAPTER EXERCISE: Answers for this chapter start on page 307.

A calculator should NOT be used on the W oS =0 e T T

following questions.

IR — " " 2Y-Plone, points (3,5 and (6,8 ieon

line I. Which of the following points is also on

line | ?
What is the equation of the line parallel to the i
y=axis and 3 units to the right of the y-axis? A) (0,6)
AY k= -3 B) (3.8)
B) x=3 C.169:30)
C) g=—3 D) (12,11)
D) v=3 ‘
' |
L] :51r”
.
{—1,1)
L]
-+~ U + |

Note: Figure not drawn to scale. I

In the figure above, the slope of the line through

i1 . i The graph of line [ is shown in the xy-plane
thehwo plotied potsts’s 3 What sl above. Which of the following is an equation of
ofn? a line that is parallel to line | 7
A) 9 2
A) y=—x+2

B) 4 h¥=-3
C) 3 B) y.—gx F 10

'?‘ gy
D) 3 3

. | Cl y=3x-14

D) y=3xr—1

In the xy-plane, a line has an x-intercept of - 2

and a y-intercept of —4. What is the slope of the
line?

A) -

B)

| = b

C)
D)

| 5 T —
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4 v flr) 1 /

w

=3 =z =1 Ur 11 3 Line | in the xy-coordinate system above can be

represented by the equation ¥ = mx + b. Which
of the following must be true?

In the xy-plane above, the graph of the linear
function f is perpendicular to the graph of the

linear function ¢ (not shown). If the graphs of f A) mb >0

dine . 5 ) B) mb <0
and g intersect at the point (l, i)' what is the C) mb =0
value of g(-1)? D) mb =1

The line y = ~2x — 2 is perpendicular to line [. If
| these two lines have the same y-intercept, which
i of the following could be the equation of line | ?

A) yi==2r -2
A calculator is allowed on the following B) y=2v-2
questions. ' ]
IR o TR o b=t
l
y D) y= i]:' —2
i
02) im0
(4,00 The slope of line [ is % and its yw-intercept is 3.,
g <) \.,\' d What is the equation of the line perpendicular to
line I that goes through (1,5) ?
A) y=—2x4+3
What is the slope of the line m in the figure B) g =T8T
above? ; I 4
A) -2 Q) y==sr+is
1
B'. - — D}u_—‘.i-x-r?
] 2 | - -
C) 3
1
(8} 5

124



THE COLLEGE PANDA

A line with a slope of g passes through the In the xy-plane, the line with equation
pi:-.inls (1.4) and [, 10). What is the value of ¥ ? ax - '_Ii‘v = B, where @ is a constant, passes
A) 4 through the point (2,6). What is the
B) 6 . r-coordinate of the x-intercept of the line?
) 8
D) 10
|
[ pay | Averagespeed.s | Numberof || [N
| y (miles per hour) | calories bumed, ¢
Monday | 7.2 616 y = “E" -
Thursday 6.8 584 p
Friday 79 672 | y=-x+c
| Saturday 85 720

The equations of two perpendicular lines in the

On certain days of the week, Elaine runs for an xijplarie are shown above, wheve d, b, c. d, and e

hour on a treadmill. For each day that she ran in p

the last week, the table above shows the average | are constants, If () < b < |1, which of the

speed s at which she ran, in miles per hour, and tollovitio i e

the number of calories ¢ she burned during the | i T "

run. If the relationship between ¢ and s can be Al d e

modeled by a linear function, which of the e

following functions best models the d

relationship? B) -1<=-<0
A) cls) = 30s + 400
B) cfs) = 60s + 210
C) cls) = 80s + 40 D]‘:‘.‘.‘al
D) cfs)=90s 30 "

E’]n{d{l
¢

1£ m and b are real numbers and me > Dand b > 0,
then the line whose equation isy = mx + b
cannot contain which of the following points?

A) (0,1}

BY (1,1)

€ (L1

D) (0,-1)
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Interpreting Linear
Models

On the EST you will encounter linear moxdel questions that are a direct extension of the previous chapter

about lines. You'll have to interpret the meaning of the numbers in these models within a real world context,
applying your understanding of slope and y-intercept to do so.

EXAMPLE 1: The value V, in dollars, of a home from 2006 to 2015 can be estimated by the equation
V = 240,000 — 5,000T, where T is the number of years since 2006.

PART 1: Which of the following best describes the meaning of the number 240,000 in the equation?
A) The value of the home in 2006
B) The value of the home in 2015
C) The average value of the home from 2006 to 2015
D) The increase in the value of the home from 2006 to 2015

PART 2: Which of the following best describes the meaning of the number 5,000 in the equation?
A) The number of homes sold each year
B) The yearly decrease in the value of the home
C) The difference between the value of the home in 2006 and in 2015
D) The yearly decrease in the value of the home per square foot

Part 1 Solution: Many of these questions will give vou an equation in y = mx + b form. The y-intercept b will
typically designate an initial value, the value when v = 0. In this case, the y-intercept is 240,000 and it describes

the value of the home when T = (0, zero vears after 2006, which, of course, is 2006, Answer | (A] |

Part 2 Solution: Again, we're dealing with an equation of the form y = mx + b, The slope m always designates
a rate, the increase or decrease in y tor each increase in . In this case, the .'w'-]url-i' s —5, 000, which means the

value of the home decreases by 5,000 for each year that goes by, Answer| (B
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It's important that you don't get tricked into choosing a rate that looks right but ultimately doesn't fit the
context set by the variables r and y (in this case, T and V). Answer (A) is wrong because we're not dealing
with the number of homes sold; we're dealing with the value of a home. Answer (D) is wrong because the
numbers in the equation aren’t on a per-square-foot basis. Always be aware of the variables you're working
with.

EXAMPLE 2: The maximum height of a plant , in inches, can be determined by the equation h = =,

where x is the amount of fertilizer, in grams, used to grow the plant. ®

PART 1: According to the equation, one more gram of fertilizer would increase the maximum height of a
plant by how many inches?

PART 2: To raise the maximum height of a plant by exactly one inch, how many more grams of fertilizer
should be used in growing the plant?
Part 1 Solution: This question is essentially asking for the change in it for every 1 unit increase in x. This is

4 "
the slope. From the equation, we can see that the slope is 5 or iﬁl To make this even clearer, we can put the

- . 4+ 6L . ; .
equation into v = mx + b form by splitting up the fraction: h = =X+ 5 MNote that when we're dealing with

changes in x and y, the y-intercept b is irrelevant because it's a constant that's always there.

Part 2 Solution: Because this question is asking for the change in x forevery 1 unit increase in i, the reverse of
Fart 1, we need to rearrange the equation so that we have x in terms of I

4x + 6
— =k
5
dr+6="5h
dr =5h -4
51 3
1'_-.'1:I i

: A, e . .
Mow we can see that x increases by 3o 25, when It increases by 1. The answer is just the slope of our new

equation. A shortcut for this type of question is to take the reciprocal of the slope of the original equation. The

i ii4"5
reciprocal of  is 7.

EXAMPLE 3:
T=65—6m

A can of soda is put into a freezer. The temperature T of the soda, in degrees Fahrenheit, can be found by
using the equation above, where m is the number of minutes the can has been in the freezer. What is the
decrease in the temperature of the soda, in degrees Fahrenheit, for every 5 minutes the can is left in the
freezer?

The slope of —6 represents the change in the temperature for every | minute the can is left in the lreezer. S0
for every 5 minutes, the temperature of the soda decreases by 5 « 6 = :m_' degrees Fahrenheit.
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CHAFPTER EXERCISE: Answers for this chapter start on page 309,

A calculator should NOT be used on the IO i~ M S
following questions.

A membership website offers video tutorials on
I | opramming, The number of members, m,
subscribed to the site can be estimated by the

The water level k, m feet, in a large aquarium equation m = 500 + 200n, where 1 is the number

can be modeled by i = 100 - 3d, ulrhere dis the of videos available on the site. Based on the
number of days that have passed since the equation, which of the following statements is
aquarium was last refilled. Based on the model, Yeice?

how does the water level change each day?

A) For every one additional video, the site
A) Decreases by 3 feet "

gains 500 new members.

B) Increases by 3 feet B) The site initially made 200 videos available
C) Decreases by 100 fect to members.
D) Increases by 100 feet C) The site was able to get 500 members

without any available videos.
D) The site gains 500 new members for every
[ T AR P e S 200 addifte hal videos available on the sile.

The number of loaves of bread b remaining in a

bakery cach day can be estimated by the Bl " il it i Vs N

equation b = 200 — 18k, where I is the number

of hours that have passed since the store’s s =102
up_nening;. '!"'u’h:t is the meaning of the value 18 in | K recipe suggests sweetening honey tea with
b equiskion sugar. The equation above can be used to
A) The bakery sells all its loaves of bread in 18 determine the amount of sugar s, in teaspoons,
hours. that should be added to a tea beverage with i
B) The bakery sells 18 loaves of bread each teaspoons of honey. What is the meaning of the 2
hour in the equation?
C) The bakery sells a total of 18 loaves of bread A) For every teaspoon of honey in the
each day. beverage, two more teaspoons of sugar
D) There are 18 loaves of bread left in the should be added.
bakery at the end of each day. B) For every teaspoon of honey in the
beverage, two fewer teaspoons of sugar
should be added.

C) For every two teaspoons of honey in the
beverage, one more teaspoon of sugar

should be added,

D) For every two teaspoons of honey in the
beverage, one fewer teaspoon of sugar
should be added.
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The monthly salary of a salesperson at a used car =100 - 4
dealership is determined |.:F the expression The equation al e I to model the
1,000 + 2,000xc, where x s the salesperson’s number of hours /i until a gallon of milk held at

commission rate and ¢ is the number of cars sold a temperature of 1, in de Celsing —
by the xlespesson. Ihicn of the tollawing Based on the model, which of the following is
statements is the best interpretation of the the best interpretation of the number 4 in the

number 2,000 in the context of this problem? equation?

A) The average price of a used car at the A) Anincrease of 1°C will make a gallon of
dealership milk go sour 4 hours faster.

BT Bt ““‘f“‘h'l" salary of a salesperson at B) Anincrease of 1°C will make 4 gallons of
the dealership milk go sour 1 hour faster.

C) The average monthly commission earned
by each salesperson at the dealership

D) The average number of cars sold by the
dealership each month

C) An increase of 4°C will make a gallon of
milk go sour 1 hour faster.

D) An increase of 4°C will make a gallon of
milk go sour 4 hours faster.

#2000+ 1l | An antique lamp was sold at an auction. The

A state government uses the equation above to price p of the lamp, in dollars, during the
estimate the average population p for a town ' auction can be modeled by the equation
with s schools. Which of the following best , p = 900 — 10t, where | is the number of seconds
describes the meaning of the number 2000 in the | left in the auction. According to the model, what
equation? is the meaning of the 900 in the equation?
A) The average number of students at each A) The starting auction price of the lamp
school ina town B) The final auction price of the lamp
B) The average number of schools in each C) The increase in the price of the lamp per
town second
C) The estimated increase in a bown's D) The time it took to auction off the lamp, in
population for each additional school seconds

D) The estimated population of a town
it Mgl Rt e it R |

v =130y~ 150

A bank teller uses the equation above to
exchange US. dollars into euros, where y is the
euro amount and x is the LS. dollar amount.
Which of the following is the best interpretation
of the 1.50 in the equation?

A) The bank charges 1.50 euros to do the
currency exchange,

B) The bank charges 1.50 U S. dollars to do the
currency exchange,

C) One US. dollar is worth 1.50 euros.
) Oneeuro is worth 1.50 US. dollars.
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Which of the following is the best interpretation
[ TR S N R A R of the y-intercept in the context of this problem?
A) The price of each cake

= Y B) The cost of making each cake

C) The daily costs of running a bakery

D) The daily cost of making the cakes that
weren't able to be sold

A calculator is allowed on the following
questions,

The equation above models the time ¢, in

seconds, it takes to load a web page with x

images. Based on the model, by how many |
seconds does each image increase the load time

of a web page? MRt e S T

What does it mean that (5, 0) 1sa solution to the
equation of the line?

A) The bakery needs to sell 5 cakes per day to
cover its daily expenses.
B) Each cake must be sold for at least 5 dollars

v

to cover the cost of making it.
Questions 11-13 refer to the following C) It costs 5 dollars to make each cake.
information. g »
D) Each day, the bakery gives the first 5 cakes
away for free.
Daily Profit (y)
‘ A
S T = £ 1)
T =56+35h

To warm up his room, Patrick turns on the
heater, The temperature T of his room, in
degrees Fahrenheit, can be modeled by the
equation above, where it is the number of hours
since the heater started running. Based on the
model, what is the temperature increase, in
degrees Fahrenheit, for every 30 minutes the
heater is turmed on?

The relationship between the daily profit v, in
dollars, of a bakery and the number of cakes sold
by the bakery is graphed in the xy-plane above,

What does the slope of the line represent?
A) The price of each cake
B} The profit generated from each cake sold

C) The daily profit generated from all the
cakes that were sold

D} The number of cakes that need to be sold to
make a daily profit of 100 dollars

130



THE COLLEGE PANDA

2y —x = 14

Alice owns a pet frog but would like to add
turtles to the same tank. The local veterinarian
uses the equation above to determine the total
amount of water y, in gallons, that should be
held in the tank for x turtles to thrive alongside
Alice’s frog, Based an the equation, which of the
following must be true?

I. One additional gallon of water can support
two more turtles.
I1. One additional turtle requires two more
gallons of water,
11, One more turtle requires an additional half
a gallon of water.

A 1 anldy
B) Il only
) Tand 1T only
[ 1and 111 only

C=15+25x

A local post office uses the equation above to
determine the cost C, in dellars, of mailing a
shipment weighing x pounds. An increase of 10
dollars in the mailing cost is equivalent to an
increase of how many pounds in the weight of
the shipment?

A) 2
B) 2.5
C) 4
¥ 5
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Functions

A tunction is a machine that takes an input, transforms it, and spits out an output. In math, functions are
denoted by fx), with x being the input. So for the function

every inpul is squared and then added to one to get the output. 1t's important to understand that x is a
completely arbitrary label—it's just a placeholder for the input. In fact, | can put in whatever | want as the
input, including values with x in them

fl2y) = (200" +1
2l
flar) r* I

flPanda) = (Panda)® + 1

Motice the careful use of parentheses. In the first equation, for example, (2117 i not the same as 2v°. Wrap the
I f

input in parentheses and you'll never go wrong,
EXAMPLE 1: If f(x) = (x + 1), then what is the value of f{0) + F(1) + f(2)+ f(3)?

lust plug in the inputs

FIO) + fL1) + FI21 + f13) LIS [ AV 2 1R 17

)
Ted
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EXAMPLE 2:
flx) = _j_"_‘i
x—10x+25

For what value of x is the function f above undefined?
Because we can’t divide by 0, a function is undefined when the denominator is zero, Setting the denominator
to zero,
¥ —10x+25=0

]

[
Il

n

(x—23)

X

The function f is undefined when ¥ = 5.
This would be a good time to talk about domain and range:

s Domain: The set of all possible input values (v) to a function {values that dont lead to an invalid
operation or an undefined output),

* Range: The set of all possible output values () from a function.

In Example 2, x = 5 leads to fix) being undefined. Haowever, all other values of x give real number outpuls.
Iheretore, the domain of f is all real numbers except 5. To verify, we can take a look at the graph of f:

Y
1

e x

w

As yvou can see, the graph has no y-value when v = 5. In fact, ¥ = 5 is like an invisible line that the graph
approaches but never crosses. We call these lines vertical asymptotes. To summarize, the function f has one
vertical asymptote with equation x = 5.

You might've also noticed that the graph never goes below the x-axis. It's another line that the graph approaches
but never crosses. The r-axis, in this case, is a horizontal asymptote. The function f has one horizontal
asymptote with equation v = 0.

Because there are no points on the graph that have a y-value of U or below, the range of f is all positive
real numbers. Put mathematically, f(x) = (. By the way, this makes sense. Because of the square in the

4 —

¥ —10x+25  (x—5)¢

denominatar of f{r) = vou always get a positive output for any value of x in the

domain.

Let’s summarize. To find the domain, start with all real numbers and then exclude the values of x for which
the function is invalid or undefined. For example, the domain of ¥y — /x is ¥ = 0 because we can't take the
square root of negative numbers.

To find the range, graph the function on your calculator and figure out the possible values of i, taking note of
any horizontal asymplotes,
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EXAMPLE 3: If f(x — 1) = 6x and g(x) = x + 3, what is the value of f(g(2)) ?

Whenever you see composite functions (functions of other functions), start from the inside and work YOour way
out. Firsk,
#2)=213=5

Mow we have to figure out the value of 7(5)

Well, wecan plugin v = 6into f(x - 1) = 6x to get (5] — 6(6) = 36|,

EXAMPLE 4: Functions f and g are defined by f(x) = x + 1 and g{x) — ; If f(g(f(k))) = 10, what is
the value of k ?

Again, we start from the inside and work our way out:

Flk)=k+1
) . k-1
gl.k-:—]_}: 2—
E+1y k41
£ 2 ,)__2 H
Finally,
k41
3 1 =10
k+1 -,
2
k+1=18

¢ =[12)

As we've mentioned, a function takes an input and returns an output. Well, these input and output pairs allow
us to graph any function as a set of points in the xy-plane, with the input as x and the output as y. In fact,
¥ = 3"+ listhe sameas f(x) — 41, Both [(x) and y are the same thing—theyre used to denote the output.
The only reason we use v is that it's consistent with the y-axis being the y-axis.

Anytime f(x) is used in a graphing question, think of it as the y. So if a question states that f(x) = 0, all y
values are positive and the graph is always above the 1-axis. It's extremely important that you learn to think
of puints on a graph as the inputs and outputs of a function.
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EXAMPLE 5:

;__rlt /-
. _Y ‘_

¥

y
T f—
1 I !

The graph of f(x) is shown in the xy-plane above. For what value of x is f(x) at its maximum?

Again, when it comes to graphs, think of f{x) as the y. So we're looking for the point on the graph with the
highest y-value, the “peak” of the graph. That point is (5,4), and so the x-value is Eﬂ,

EXAMPLE 6: If the function with equation y = ax” + 3 crosses the point (1,2), what is the value of a ?

Remember—a point is just an input and an output, an x and a v. Because (1,2] is a point on the graph of the
function, we can plug in 1 for ¥ and 2 for .

2-a(1)? 13
2=a+3
= 1

EXAMPLE 7: If the function ¥ = x* + 2x - 4 contains the point (m,2m) and m > 0, what is the value

ofm?
It's important not to get intimidated by all the variables. The question gives us a point on the graph, so let's
plug it in.
W= ¥ o2r—4
2m=m’ < 2m—4
0=m" —4
From here we can see that m = =2, The queston states that i > 0, som = E
The zeros, roots, and x-intercepts of a function are all just different terms for the same thing—the values

of x that make f(x) = 0 {or y = 0). Graphically, they refer to the values of x where the function crosses
the x-axis,
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EXAMPLE 8:

y
by P |
= e e = 7‘
!Iﬂ }\ -l'
] '2..._.\ -T_:f._.
ok N/
—F I
H—t—
The graph of f(x) = x® — 2+ — 5x + 6 is shown in the xy-plane above.

PART 1: How many distinct zeros does the function [ have?

PART 2: If k is a constant such that f(x) = k has 1 solution, which of the following could be the value
of k?

A)-3 Bl Q5 D)9

Part 1 Solution: The graph crosses the x-axis three times, so f has 1 .'3—! distinct zeros. From the graph, we can
see that these zeros are -2, 1, and 3.

Part 2 Solution: This question is quite involved, so don’t panie if you feel lost during the explanation. Read
all the way through and then go back to the bits that were confusing. | promise you'll be able to make sense of
éverything,

To truly understand this question, first realize that a constant is just a function. No matter the input, we always
get the same output. In this question, we can write it as v = kor g{x) = k So let's say k = 3. What does
¥ = —3look like? A horizontal line at —3!

i\

L
]

Now when a question asks for the solutions to f(x) = k, it's merely referring to the intersection points of f{x)
and the horizontal line v = k. In general, if a question sets two functions equal to each other, f(x) = g{x), and
asks you about the solutions, it's referring to the intersection points. After all, it's only at the intersection points
that the value of y is the same for both functions. In this particular case, ¢(x) just happens to be a constant
function, g{x) = k.

The number of solutions is equivalent to the number of intersection points. So if £ = —3 as shown above, there
must be 3 solutions to f(x] = - 3, as represented by the 3 intersection points. The solutions themselves are the
r-values of those points. We can estimate them tobe - 2.2, 1.6, and 2.6,
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Getting back to the original problem, we have to choose a k such that there is only one solution. Now we're
thinking backwards. Instead of being given the constant, we have to choose it. Where might we place a
horizontal line so that there’s only one intersection point? Certainly not at —3 because we just showed how
that would result in 3 solutions.

Well, looking back at the graph, we could place one just above 8 or just below —4. Horizontal lines at these
values would intersect with f(x] just once. Looking at the answer choices, 9 is the only one that meets our

condition. Answer Il.’ D:i !

Let’s take a moment to revisit part 1. In part 1, we found the number of intersection points between fx) and
the x-axis. But realize that the x-axis is just the horizontal line y = 0. In counting the number of intersection
points between f(x) and the horizontal line y = 0, what you were really doing is finding the number of
solutions to f(x) = 0,

If you didn’t grasp everything in this example the first time through, it's ok. Take your time and go through
it again, making sure you fully understand each of the concepts. The EST will throw quite a few questions at
vou related to the zeros of functions as well as the solutions to f(x) = ¢(x).

Hopetully by now, you're starting to see constants as horizontal lines. So for instance, if f(x) > 5, that means
the entire graph of [ is above the horizontal line y = 5. Thinking of constants in this way will help you on a
lot of SAT graph questions.

EXAMPLE 9: Which of the following could be the graphof y = x® + 222 + y + 17

A) B) )
¥ y
. " " Fowa S e .
. 5l > ¥ 3 > e - » X
D)
y
x

Although the given function looks complicated and you might be tempted to graph it on your calculator, this
15 the easiest question ever! All you have to do is find a point that's certain to be on the graph and eliminate
the graphs that don’t have that point. 50 what's an easy pomt to find and test?

Plug in x = 0 to get y = 1. Now which graphs contain the coordinate (0, 1)? Only grnph| |:HJ-|.

By the way, numbers like 0 and 1 are particularly good for finding “easy” points to use for this strategy.
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Function Transformations

Function transformations are changes we can make to the equation of a function to “transform” its graph in
specific ways. The transtormations you might encounter on the EST are reflection across the x-axis, vertical
shilt, horizontal shift, and absolute value. We'll cover the first three here and discuss absolute value transformations
in the absolute value chapter.

Let’s start with the example function f(x) = ¥? + 2x, whose graph looks like

¥

- .Y

To reflect the graph of f{x) across the x-axis (flip it upside down), multiply f(x) by ~1. The resulting equation,
v=—f(x) = —x* - 2r, produces the reflected graph.

y=—fix)

To shift the graph of f(x) up, add a constant to f(x). Forexample, v = f(x) +2 = 1" + 2x + 2 produces a
graph that is 2 units above the graph of f(x).

To shift the graph of f(x) down, subtract a constant from f(x). For example, v = f{x) -2 = ¥ + 2x -2
produces a graph that is 2 units below the graph of f{x).

y=[f(x) +2 y= f(x) -2
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To shift the graph of f(x) to the left by @ units, substitute x + a in for x. For example, y = f(x +1) =
(x+ 1)% 4 2(x + 1) produces a graph that is 1 unit to the left of the graph of f{x).

To shift the graph of f{x) to the right by a units, substitute x — ¢ in for x. For example, y = f(x — 1) =
(x = 1)* + 2(x — 1) produces a graph that is 1 unit to the right of the graph of f(x).

v=flx+1) y=flx-1)

= Y

Here's a trick that | like to use to make sense of horizontal shifts:

For horizontal shifts, find out what value of x makes the substituted expression equal to 0. This value will
tell you what the horizontal shift is. For instance, when we have f{x — 1), what value of x makes x — 1
equal to 07 x = 1. So f(x — 1) is 1 unit to the right of f(x). What about f(x + 4)? Well, x = —4 makes x + 4
equal to 0. Since the value is negative, the graph is shifted 4 units to the left. And what about f(3x — 2)?

What's the horizontal shift in relation to f{x)? A valueof x = %mlm:ﬂx—iqmlmﬂ,mﬂwhm'izmm

shiftis 3 units to the right,

Note that horizontal and vertical shifts are commonly referred to as translations. And the graph of a transformed
function is often called an image of the graph of the original function.

EXAMPLE 10: In the xy-plane, the graph of the function g is the graph of f translated 5 units to the left
and 3 units downward. If the function f is defined by f(x) = (x — 3)® + 1, which of the following defines
glx)?

Aglx)=(x-82-2 Bglx)=(x+2-2 Qglx)=(x-82+4 Dglx)=(x+22+4

A translation of 5 units to the left and 3 units downward means that

glx) =flxr+5)-3
= ((x+5)=3)241-3=(r42)-2
v ]
To summarize, for a function f(x),
& — [(x} results in a reflection across the r-axis

¢ f(x) +a results in an upward shift of @ units; f{x) — a results in a downward shift of @ units

o flx +a) results in a horizontal shift of @ units to the left; f{x — a) results in a horizontal shift of a units to
the right
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CHAPTER EXERCISE: Answers for this chapter start on page 311.

A calculator should NOT be used on the
following questions.

X L
0 20
1 21
3 29

The table above displays several points on the
graph of the function f in the xy-plane. Which of
the following could be f(x) ?

A) flx) = 20x
B) flx)=x+20 The graph of the function f is shown in the
Q) fix)=x-20 x_l..r-ptaru;- above. If f{a) = f(3), which of the
D) f(x) = +20 following could be the value of a 7
A) 4
By -3
cy =2
¥ D) 1
fixl 1 |
L1

3 T A1
- “{ = X

]

In the portion of the xy-plane shown above, for
how many values of 1 does f(x) = g(x)?

A) None
M The function f is graphed in the vy-plane above.
€ T For how many values of x does f(x) =37
By Three A) Twe
B) Three
) Four
D) Five
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For which of the f_nllnwing functions is it true | If f(x) = %%, for which of the following values of
that f{ -3} = fi3)? cis fle) <c?
=2 1
A) flx) = A g
3
B) f1x) = o
3 ) 3
C) flx) =327 +1 2
D) flx)=x+2 Dy 2
The function f is defined by f(x] = 3x 4+ 2 and If the graph of the Ifuncl-im [ has x-intercepts at
the function g is defined by g(x) — f(2x) — 1. -3 am.i 2, and a y-intercept at 12, which of the
What is the Vrﬂ.].t.lE uf g{]ﬂ] ? fﬂ]lﬂwtﬂg could dEﬁﬂE‘f ?

A) flx)=[x+3)3%x-2)
B) flx)=(x+3)(x-2)*
C) flx)=(x=3P(x+2)
D) flx) = (x—3){x+2)°

16+ '1.2 f{r] = .TE +1
If flx) = forall ¥ £ 0, what is the value )
of f(—4)? o) =x -1
A) -8 The functions f and g are defined above. What is
B 4 the value of f(g(2)]?
C) 4 A} 3
D) & B} 5
)10

| D) 17
r o | 1 [ 2] W e R T U TR

fx) | -2 | 3 [ 18

In the xy-plane, which of the following
translations of the graph of y = 2¥* — 2 results in
the graph of y — 2x% + 42

A} A translation 2 units downward

Several values of the function § are given in the
table above. If f(x) = ax? + b where a and b are
constants, what is the value of f(3) 7

A) 23 _

By 0 Bl A translation 6 units upward
O) 43 C] A translabion 2 units to the left
D) 56 D) A translation 6 units to the right
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The graph of the function f and line segment AB
are shown in the xy-plane above. For how many
values of x between — 3 and 3 does f(x) =¢?

| 1 e 1

X fix) |
=3 3
-2 | ‘5
0 2 |
5 .
3 4

~ 4 5

The table above gives some values for the
function f. If g{x) = 2f(x), what is the value of
kifglk) =87

A) 2

B) 3

C) 4

D) 8

142

In the xy-plane, the graph of the function f
reaches its maximum value at the point (3, f(3)).
The function ¢ 15 defined by {x) = flx] + 7. At
which of the following points in the xy-plane
does the graph of ¢ reach its maximum value?

A) (10, f(10) +7)

B) (f(3), f(3)+7)

C) (3, f(10))

D) (3,f(3)+7)

flx)y=vx=2

The function f is defined above for all x > 2.
Which of the following is equal to
F(18) - f(11) ?

A) f(3)

B) fi(5)

C) fle)

D) f(7)

The function f is defined by fx) = (x - 3)7,
and the function ¢ is defined by

g(x) = ¥* 4+ 4x + 4. The graph of g in the
vy-plane is the graph of { shifted k units to the
left. What is the value of k 7
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A calculator is allowed on the following
questions,

Which of the tollowing points in the xy-plane is
NOT on the graph of y ?

1
A) {—2.5!
B) (-10)
C) (0,-1)
D) (1.2)

Let the function g be defined by g(x) = /32 If
£la) = 6, what is the value of ¢ ?

A) 3

B) 6

)9

D) 12

A

Questions 20-21 refer to the following
information.

x | fix) | glx)
2] 3 4
1| 5§ 2
0 | <2 [~=5 |
1 3 5
2 6 T
3 51—

The functions [and g are defined for the six values
of x shown in the table above.

What is the value of flgli—1))?
A) =2
B) 3
) 5
D) &

143

Ifg(c) = 5. what is the value of f(c)?
A) =2

B) 3

C) 5

D) &

ll‘

If f(x) = 3%+ Sand %j[a} — 10, what is the

valueofg ?

A) -8
B) -5
C) 5
12) 8
[ = fx) ]
0 B
i R
2 3
3 6
| 4 4
5 2
6 4
7 - -

Several values of the function [ are given in the
table above. If the function g is defined by
glx) = f(2x — 1), what is the value of g(3) ?

A) 2

B) &

5
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fix)=4x -3 If f{x) is a linear function such that £{2) < £(3),
g(x) =3x+5 f(4) = £(5), and f(6) = 10, which of the
following must be true?
The tunctions f and g are defined above. Which Al F(3) < FIOY < Fl4
of the following is equal to f(8) * Ei ﬁﬂj B El]r'{ V< 4]
A) all) ) £(0) > 10
B) (3] D) f(0) =10
) £(3) '
D) g(8)

Y

The graph of the function g is shown in the
xy-plane above, and the function f {not shown)
is defined by f(x) = x*. If ¢ is defined by

six) = flx+a) + b, where g and b are constants,
what is the valueofa + b7

The graph of f{x) is shown in the xy-plane
above. If g{x} = (x + 3)({x — 1), for which of the
following values of x5 f(x) = glx) ?

A} —3 | A) =5
B) -2 i B} -1
C)ol | <yl
Oy 2 [ oy 5

In the xy-plane, the graph of the function g is the
image of the graph of the function f after a

% units to the right. Which of the

Following defines ¢{x) ?
A) glx) = fl3x 2]
B) zlx] = fi3x+2)
C) glx) = fl2e 3
D) elx) = f(2y +3)

translation of 1
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1

The graph of the function y = 9 — x* is shown in *

the xy-plane above. What is the length of AB ? The function f(¥) = ¥*+'1'is graphed in the
A) 32 wiy-plane above. If the function g is defined by
B) 3/10 £ix) = x + k, where k i:?-a mnsh?nt. and
cy 9 fix) = glx) has 3 solutions, which of the
) following could be the value of k 7
D) 910 Aj -1
By O
)1
@) 2
L |
4
f \ - EEssiresecraiiaeemseigieas
2 \
2 > X In the xy-plane, the function y = ax + 12, where
O ais a constant, passes through the point [ —a,a).
If & = 0, what is the value of a ?

The function f is graphed in the xy-plane above.
If the function g is defined by g(x) = f(x) + 4,
what is the r-intercept of g(x) ?

A) -3
B) —1
C) 3
o 4
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Quadratics

Just as lines were one group of functions that have their own properties, quadratics are another. A quadratic
is a tunction in the form
flx) =ax" + bx +

in which the highest power of x is 2. The graph of a quadratic is a parabola.

To review quadratics, we'll walk through a few examples to demonstrate the various properties vou need to
know:,

QUADRATIC 1:
flx) =x*—4x -2

The Roots

I'he roots refer to the values of x that make f(x) = 0. They're also called r-intercepts and solutions. We'll
mainly use the term "root” in this chapter, but the other terms are just as common. Don't forget that they all
mean the same thing. Here, we can just tactor to find the roots:

¥ —dy—21 =0

x=Mx+3) =0

1 7. —3
The roots are 7 and — 3, Graphically, this means the quadratic crosses the x-axis at x 7 and x 3.
The Sum and Product of the Rools
We already foand the roots, so their sum is just 7 + | -3) 4 and thewr product 1s just 7 = —3 21. This

wias really casy, so why do we care about these values? Because sometimes vou'll have to find the sum or the
product of the roots without knowing the roots themselves. How do we do that?

: . . b
Criven a quadratic of the form y = ax® + bx + ¢, the sum of the roots is equal to and the product of the roots
i

. L
is exqqual to
il
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In our example,a = 1, b= 4,0 — —21. 5o,

See how we were able to determine these values without knnwil‘lg the roots themselves? The roots that we
found earlier just confirm our values.

The Vertex
The vertex is the midpoint of a parabola.

- 1

vertex

The x-coordinate of the vertex is always the midpoint of the two roots, which can be found by averaging them.
T4 (=3
2
Therefore, the vertex isat (2, —25), Note that the maximum or minimum of a quadratic is always at the vertex.

In this case, it's a minimum of —-25.

Because the roots are 7 and —3, the vertex isat x = =2 Whenx =2 f(x) = [2}“l 4(2)—21 = -25.

Vertex Form

lust as slope-intercept form (¥ = mx + b) is one way of representing a line, vertex form is one way of representing
a quadratic function, We've already seen two different ways quadratics can be represented, namely standard
form (y — ax” + bx - ¢) and factored form (y = (x —a)(x — b)). Vertex form looks like v=alx=h]?+k
To get a quadratic function into vertex form, we have to do something called completing the square. Let's walk
through it step-by-step:

p=x"—4x-121
See the middle term? The —4. That's the key. The first step is to divide it by 2 to get —2. Then write the

following:
y={r—2%-21

See where we put the —27 The first part is done. Mow the second step is to take that —2 and square it. We get
4.

y=(x-2)-21-4
See where we put the 47 We subtracted it at the end. The vertex form is then

y=(r=21" =125

To recap, divide the middle coefficient by 2 to get the number inside the parentheses. Subtract the square of
that number at the end.
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Completing the square takes some time and practice, so if you didn’t catch all of this, first prove to yourself
that it is indeed the same quadratic by expanding the result. Then repeat the process of completing the square
yourself. If you've been taught a slightly different way, teel free to use it. We'll do many more examples in this
chapter.

Now why do we care about vertex form? Well, look at the numbers! It's called vertex form for a reason. The
vertex (2, - 25] can be found just by looking at the numbers in the equation. But we already found the vertex,
you say! Yes, that's true, but we had to find the roots to do so earlier, and finding the roots is not always so
easy. Vertex form allows us to find the vertex without knowing the roots of a quadratic. It's also very much
tested on the EST

Oine final note—one of the most common mistakes students make is to look aty = (x— 2]-1 ~ 25 and think the
vertex is at (2, —25) instead of (2, -25). One pattern of thinking | use to aveid this mistake is to ask, What
valiie of x would make the expression inside the parentheses equal to zero? Well, x = 2 would make x — 2 equal to 0.
Therefore, the vertex is at x = 2. This is the same type of thinking you would use to get the solutions from the
factored formy = (x — a){x — b).

The Discriminant

If a quadratic is in the form ax? + bx + ¢, then the discriminant is equal to b2 - 4ac. As we'll explain later, the
discriminant is a component of the quadratic formula. Before we explain its significance, let's calculate the
discriminant for our first example,

fix)=x*-4x -2

Discriminant = b* — 4ac = (—4)% — 4{1){ -21) = 100

Mow, what does the discriminant mean? Well, the value of the discriminant does not matter. What matters is
the sign of the discriminant—whether it's positive, negative, or zero. In other words, we don’t care that it's
100, we just care that it’s positive. Letting D be short for discriminant,

When D >0, When D = 0, When D < (),
N ¥ L
\ / » Y
- U‘ = 1
0 e
el ) = 1
L ¥
there are two real roots (two solutions), there is one real rool. there are no real roots,
The Quadratic Formula

As we've seen, the roots are the most important aspect of a quadratic. Once you have the roots, things like
vertex form and the discriminant are not as helpful. Unfortunately, the roots aren't always easy to find or work
with. That's when vertex form, the discriminant, and the sum/product of the roots can get us to the answer
faster.

But if we must find the roots, there is always one surefire way to do so—the quadratic formula.

foras® < by +¢=0.
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For the purpose of learning, let's apply the quadratic formula to our example,
fix)=x* —d4x—121

According to the formula, the roots /solutions are

(- 4) =/ (47 —4(1)(-21)  44++100 4410
2(1) S22

= =7or -3
These are the same values that we got through factoring,

Netice that the discriminant, b* — 4ac, is tucked under the square root in the quadratic formula. How does this
help us understand what we know about the discriminant?

Well, when b — 4ac > 0, the “+" takes effect and we end up with two different roots, When #* - 4ac = 0, the
“=" does not have an effect since we're essentially adding and subtracting 0, both of which give us the same
root. When & — 4ac < 0, we're taking the square root of a negative number, which is undefined and gives us
no real roots (we'll talk about imaginary number in a later chapter).

Hopefully, the quadratic formula helps you understand where the discriminant and its various meanings come
from. Understanding this connection will help you remember the concepts.

Now that we've taken you on a thorough tour through the properties of quadratics, we'll go through a few
more examples to illustrate some important variations, but we'll do so at a much faster pace.

QUADRATIC 2
flx) = —x* +6x - 10

The Roots

This quadratic cannot be factored. And in fact, if we look at the discriminant,
b —dac = (6} - 4(=1)(-10) = —4

it's negative, which means there are no real roots or solutions. The graph of the quadratic makes this even
muore clear:

When the coefficient of the ¥ term is negative, the parabola is in the shape of an upside-down “11."
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The Sum and Product of the Roots
flx)= —xt 4 &x — 10

Sum = —= = - =6

Product

]
|
i
|
=

Wait, what!? We already determined that there were no roots. How can there be a sum and a product of roots
that don’t exist? Well, the quadratic doesn’t have any real roots, but it does have imaginary roots. The values
above are the sum and product of these imaginary roots. We'll cover imaginary numbers in a later chapter.

Vertex Form

Because the roots are imaginary, we can’t use their midpoint to find the vertex. In these cases, we must get the
quadratic in vertex form. We'll have to complete the square,

y= 2% +6x—10

First, multiply everything by negative 1 to get the negative out of the x* term. Having the negative there makes
things needlessly complicated. We'll multiply everything back by — 1 later.

y =2 —6x+ 10

Divide the middle term by 2 to get —3 and square this result to get 9. Remember that we put the —3 inside the
parentheses with x and subtract the 9 at the end. Putting these pieces in place,

y=(x=3)4+10-9
-y = (% 32+

Now multiply everything by —1 again,
y=—(x-3/-1

MNow it's easy to see that the vertex is at (3, —1). And because the graph is an upside-down “U,” —1 is the
maximum value of f{x).

QUADRATIC 3:
flx) =22 +5x-3
The Roots
We can factor this quadratic to get
27 + 5x-3=0
(2% = 1){x +3) =0
x=05-3

The roats are 0.5 and —3. If you don’t know how we factored this, unfortunately teaching factoring from the
ground up is not within the scope of this book. Don't be afraid to look up factoring lessons and drills online
and in your textbooks, It's an essential skill to have. Just know that every method out there involves a little
trial and error. And if you're ever stuck, the quadratic formula is always an option.
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The Sum and Product of the Roots

E
= e B s 1 — _5
Sum % 3 2
-3
Product = e —1.3
The Vertex
Averaging the two roots to find the y-coordinate of the vertex,
.5 3 —25
i b e T

2 2
Plugging this into f(x) to find the y-coordinate,
f(=1.25) = 2{-1.25)* + 5(-1.25) -3 = —6.125
The vertex is at (—1.15, —6.125). Because the quadratic opens upward in the shape of a “U," the minimum
value of f(x) is —6,125.
Vertex Form >
y=2x"+5x =3

First, divide everything by 2. Before completing the square, always make sure the coefficient of x* is 1. We'll
multiply the 2 back later.

T
Divide the middle term by 2 (o get z and sqquare this result to get %g We put the ; inside the parentheses with

v and subtract the 15 al the end.

16
v ( 5)2 3 25
=T34 AT %
v 5)3_4_4
(1+4 16

Multiplying by 2,

v=2(x+125°-6125

This 1= consistent with the vertex found above.

The Discriminant

For the sake of completeness, let's calculate the discriminant. Hopefully, it will confirm the fact that this
quadratic has two distinct real roots.
¥= 2 +5x -3

Discriminant = b? — 4ac = (5% — 4(2)( -3) = 49

The discriminant is positive, which confirms the fact that this quadratic has two real roots.
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QUADRATIC 4:
flx) =4x* =122 49

The Roots

We could factor this, but let’s use the quadratic formula instead.

~bE VB —dac _ —(-12) = /[-127 -4 4)(9) 12:v0 3

2n 2(4) 8 2

As you can see, the discriminant is ) and the quadratic has just one root, ;
The Sum and Product of the Rools

fum = === —=—o=73

Product = < = g
a 4

If we only have one root, how is it that we can have a sum and a product of two roots? Why are they different

from the one root we found?

Here's the thing. While we may say a quadratic has just one root, it really has two roots that are the same.
After all, a quadratic, with an x* term, is expected to have two roots. When they’re the same, we just refer to
them as one.

| WD

S0 our “two” roots are ,3; and g 1f we add them, we do indeed get 3, and if we multiply them, we do get

The Vertex

When a quadratic has just one root, the x-coordinate of the vertex is the same as the root. That's because a
quadratic is tangent to the r-axis when it has one root.

¥

(&) ?
2

3
The ycoordinate is, of course, 0. Therefore, the vertex is at ( 3 UJ. The minimum value of f{x)is0.
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Vertex Form

y=4 —12x+9
First, divide everything by 4. Before completing the square, always make sure the coefficient of x* is 1. We'll
multiply the 4 back later.

3 9
EEI"—31+E

3 . g
Divide the middile term by 2 to get -3 and square this result to get i We put the — - inside the parentheses

b L2

with x and subtract the : at the end,

The constants cancel out.
Multiplying by 4,

This is consistent with the vertex found above.

Wow! We just covered pretty much everything you need to know about quadratics. Unfortunately, we're not
quite done yet as there are a few tough question variations that you should be exposed to.

EXAMPLE 1: In the xy-plane, the parabola with equation y = x* — 5x + 6 intersects the line y = 3x — 10
at point (a, b). What is the value of b ?

This is a question type that we already covered in the systems of equations chapter, but we're reviewing it
again here because it will help you understand the next few examples. The core concept is that whenever
you have to find the intersection peint(s) of two graphs, solve the system consisting of their equations. The
solutions to the system are the intersection points. Here, we have

y=x>-5x+6
v=3x-10

Substituting the second equation into the first,
3—10=x*-5x+6
0=2x—8x+16

0=(x-4)°
r=+

To find the v, we plug ¥ = 4 into either of the original equations: y = 3(4) — 10 = 2. Therefore, the point of

intersection is at (4,2) and b = ,_2__,
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—
e
———

EXAMPLE 2: How many ti
?hmﬂ-d-mh =_-'| .
I]’*le?(?ﬂummntmaﬁlcuhml graph of y “+or+3 intersect the line y = 10 in the

We're dealing with the intersection of two graphs

their equations. Substituting the second equation Again. 5o what do we do? We solve the system consisting of

into the first, we get
10 =~ 4 6y 43
0=-x'+6r-7
Now we could go ahead and finish solving this to find the intersection point(s) just like we did in the previous

example, but there’s a faster way. For the purposes of this question, we don't care where the intersection points
are. We just want to know hote miany there are.

Sound familiar? We can use the discriminant to do that.
Discriminant = b — 4ac = (6)° —4({-1)(-7) = 8

The discriminant is positive, which means there are 1 solutions to the equation we set up above. 1f there are 2

solutions to the equation above, there must be ll intersection points. To summarnize, we didn’t bother finding
the twa values of x. They could've been x = 2and x = 100 for all we care, and the intersection points might've
been (2,5) and (100,6). It doesn’t matter. What mattered was that there were two of them, and we used the
discriminant to determine that. If the discriminant were 0, there would only be one intersection point. And if
the discriminant were less than 0, there would be no intersection points.

Make sure you understand this question. Feel free to go back and figure out where the intersection points
actually are (Hint: 1t's not fun. You'll need the quadratic formula. That's why the discriminant was so
helpful).

EXAMPLE 3:
y-k=0
y=x'-3x+1

n the system of equations above, k is a constant. For which of the following values of k does the system
of equations have no real solutions?

A-2 B-1 Q0 D)

First, we get y = k from the first equation and substitute this into the second equation,
k=x"-3r+1
O=2"-3x+(1-k)

If the system of equations has no real solution, then the equation above should have no real solution. The
discriminant should be less than 0.

Discriminant = b* —4ac = (=3)7 = 4(1)(1 k) =9 -4+ 4k =5+ 4k
Now we test each of the answer choices to see which one results in 5 + 4k being negative. Only -2, answer
(A} L produces a negative discriminant.

The examples we've done so far showcase some of the toughest questions you might see on the EST Go back
and make sure you understand them.
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EXAMPLE 4: A biologist uses the function p(1) = -100n? 4 1,000n to model the population of seagulls
on a beach in year number n, where 1 < n < 10. Which of the following equivalent forms of p(n) displays
the maximum population of seagulls and the number of the year in which the population reaches that
maximum as constants or coefficients?

A)p(n) = —4n(25n —250)  B) p(n) = —10(10n* — 100n)  C) p(n) = —100(n — 5)* + 2,500
D) p(n) = —100{n — 7)* + 4,900

Anytime you see a quadratics question that deals with the maximum or minimum of a function output (i.e.
the y-value), cither figure out the vertex or look for vertex form. After all, the vertex is where the maximum
or minimum occurs. In fact, the answer is either (C) or (D) because those are the I_':I{‘I].!," ones in vertex form.
Furthermore, with a little calculation, it's easy to see that (D) does not expand to be the original equation, so
the answer is (C).

However, tor learning purposes {and for the tougher questions), I'll show you how to do this question in two
different wavs. We can find the vertex using the average of the roots and then reverse engineer vertex form.
Or we can transform the equation into vertex form directly.

Solution 1: To find the roots, we set the equation equal to 0 and factor,

~100n% + 1,000n = 0
100n(n = 10 =0
Hn=u01l0

The roots are 0 and 10, which means the y-coordinate of the vertex is 5. Now we can plug 5 into p(n) to find
the y-coordinate.
pi5) = =100(5) + 1,000(3) = 2,500

So the vertex is at (5, 2500). Now remember what vertex form looks like: ¥ = a(x — h)* + k. Given our values,
we have
pin) =a(n - 5)* + 2,500

We now need to find what a15. To do that, we need another point to work with. Well, it's easy to see that p(n)
passes through the point (0,0]. Plugging that in,

0 =al0—5)>+2,50

0= 254 + 2, 500
~252 = 2,500
a=-100

Finally, p() = —100(1 - 5)2 + 2,500. Answer| (C) |
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Solution 2: This second method involves completing the square to get the vertex form directly. First, divide
everything by 100 to ensure the cocfficient of n” is 1.

pin) = - 1001 | 1, 000

pla) 2
= K" — 10n
— 100

Do you remember what to do next? If we wrote the constant 0 at the end, the “middle” term would be —10n.
Divide the —10by 2 to get 5 and square that to get 25. The —5 belongs inside the parentheses with i and the
25 gets subtracted at the end.

rin)

2
oo = [n—5)°-25

MNow we can multiply everything back by —100.

p(n) = —100(n - 5)% « 2,500

And again, we prove thal the answer is | () |

156



THE COLLEGE !’A NDA

Review:
Given a quadratic of the form, y = ax® + bx + ¢,

The roots, also called solutions and x-intercepts, can be found in the following ways:

» Factoring
= Graph on the calculator (look for the x-intercepts)
L] mq“ﬂdmﬁc formula x = %

Sum of the Roots = —;!
Fmdudufthtﬂmuzg

The discriminant D = b* — 4ac
« When D > 0, there are two real solutions,
e When D = 0, there is one real solution.
# When D < 0, there are no real solutions,

To find the vertex,
¢ Take the average of the roots to get the x-coordinate, Then plug that value into the quadratic to get

the y-coordinate.
e Put the quadratic in vertex form by completing the square.
1. Ensure the coefficient of x° is positive 1 by dividing everything by a.

b b
2. Divide the coefficient of the middle term bx to get 7 Square that result to get e Put o

b
inside the parentheses with x and subtract yPed at the end.

I=(+2) +i-@

3. Multiply everything by a.
b 2 v
¥=a (I+ i_n) g pol B E

4. It's unnecessary to memorize these steps with the variables. Practice on quadratics with actual
numbers. However, do remember what vertex form looks like: y = a(x — k)% + k.

Whenever you're asked for the minimum or the maximum of a quadratic, find the vertex.

157



CHAFPTER 17 QUADRATICS

CHAPTER EXERCISE: Answers for this chapter start on page 314,

A calculator should NOT be used on the B

following questions.
| 3r? 4 10x =8

If m and b are the two solutions to the equation

In the xy-plane, what is the distance between the above and a > b, what is the value of b ?

two x-intercepts of the parabola i
y=22-3r-10? A 5
A) 3 | By >
B) 5 3
C) 7 C) 4
D) 10 D) 16
(- Eese SRS o, SR SN

| flx)=ml(x—m)* 1]

In the function f defined above, m is a positive
constant. The graph of f in the yy-plane is a

What are the solutions to x* + 4x +2 =07

A) x=-2+2

B) x=2£2v2 parabola. Which of the following statements
C) x=-2+22 about the parabola is true?
D) xr=—4+22 A) Its minimum occurs at (m, —1).

| B) Its minimum occurs at (m, —m).
C) Its maximum occurs at (m, —1).
' D) Its maximum occurs at (m, —m),

la < 1and 227 — 7a + 3 = 0, what is the value
ofa?

el
y=x +ecx
In the system of equations above, ¢ is a constant.

For which of the following values of ¢ does the
system of equations have exactly two real

solutions?
What is the sum of the solutions of Ay -
) I 7
(2x =3 =4x+ 57 B) 1
C) 2
Dy 3
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A calculator is allowed on the following
questions. P =m* — 100m - 120,000

- = SENCESRETENE TR SR s The monthly profit of a mattress company can

be modeled by the equation above, where P is

Atwhich of the following points does the line the profit, in dollars, and m is the number of
with equation v = 4 intersect the parabola mattresses sold. What is the minimum number
v = (x +2) — 5in the xy-plane? of mattresses the company must sell in a given
A) (~1,4) and (~5,4) ﬁm::?su that it does not lose money during that
B) (1,4)and (-5,4) '
€} (1,4) and (5,4)
D) (-11.4)and (7.4)
y | [ERRE T X &, RS O e A
\ E{x) = 50x° — 800x + 10,000
The function above models the relationship
between the total monthly expenses E, in dollars,
E AR — of a restaurant and the number of tables 1 in its
Of N2 3 4/5 & | dining area, where 0 < x < 25, What does the
number 10,000 represent in the function?
l (3, -8} | A) The maximum number of tables that can fit

in the dining anea
) The average monthly expenses, in dollars,
tor each table in the dining room

Which of the following equations represents the
parabola shown in the ry-plane above?

A) y=1[(x-3)° -3 C) The total monthly expenses, in dollars,
B) y=(x+3)"+8 when there are zero tables in the dining
Q) y=2x-37-8 area
D) y=2x+3)02 -8 D) The total monthly expenses, in dollars,
when the number of tables in the dining
area is maximized
s = NP SRS A

For what valte of  does the equation o = 5t — | IR —

: i ry
result in the maximum value of ¢ flx) = e N |

The function f is defined above. Which of the
following equivalent forms of f(x) displays the
maximum value of [ as a constant or coefficient?
Ay flx)=—-(x-3P+11

B) fix)=—(x-=32+29

C) flx)=—(x+3)+Mn

D) f(x)= —(x+3)F+29
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v=-3
v=ax’+4x -4

In the systemn of equations above, # is a constant.
For which of the following values of @ does the
system of equations have exactly one real
solution?

A) -4

B) -2

C) 2

D) 4

flx) = x* — 24x + 180

For a manufacturer of x-ray machines, the cost
per unit, in thousands of dollars, can be modeled
by the function f above, where 1 is the weekly
number of units produced. How many units
should the manufacturer produce each week to
minimize the cost per unit?

fx) = —dx? ¥22x

The function f above gives the data transfer
speed, in megabytes per second, over a network
connection ¥ minutes after a file transfer was
initiated. The graph of v = f(x) in the xy-plane
has y-intercepts at ¥ = Oand v = b. Which of the
following is the best interpretation of b ?

A) The initial data transfer speed over the
network connection

B) The maximum data transfer speed over the
network connection

C) The time at which the data transfer speed
over the network connection was at ifs
highest

[3) The time at which the file transfer
completed

1s0

glx) = ~3x? +18x

The function g above gives the data transfer
speed, in megabytes per second, over a network
connection ¥ minutes after a file transfer was
initiated. The graph of v = ¢(x) in the xy-plane
has r-intercepts at x = 0 and x = ¢. Which of the
following is the best interpretation of the value

€ 4
of 57

A) The initial data transfer speed over the
network connection

B) The maximum data transfer speed over the
network connection

C) The time at which the data transfer speed
over the network connection was at its
highest

D) The time at which the file transfer
completed

v=alx—3){x—k)

In the quadratic equation above, 2 and k are
constants, If the graph of the equation in the
ri-plane is a parabola with vertex (5, - 32), what
is the value of a ?

Ay 2

B) 5

C) 6

D) 8

In the xy-plane, the line y = 2x + b intersects the
parabola y = x* + bx + Sat the point (3,&). If b
is a constant, what is the value of k ?

A D

B) 1

-2

D) 3
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Synthetic Division

Sypthetic division involves dividing one polynomial by another in the same way you divided numbers in 3rd
4 I )

grade.

Il teach vou the long “mathematical” way first, but then direct vou towards several shortcuts that will get
vou through almost any svnthetic division question on the ESTwithout using the long way. Ihese questions
rarely show up, and if they do, they’ll show up only once.

Let's retrace the steps of dividing 56 by 3 so you can see how the same logic applies to synthetic division

First, we see that 3 goes into 5 once. We puta 1 on top andal x3 3 below the 5. We then subtract to get 2

and bring the 6 down

-

Fd

[ &1

Now how many times does 3 go into 267 8 times. 50 we put an 8 up top and a 3 x 8 = 24 below the 26.
-

Subtracting, we get

A | —
=l -

P Pl

=

At this point, there are no more digits to bring down and 3 does not go into 2. Therefore, 3 goes into 56 eighteen
times with a remainder of two. This result can be written in the following form:

whiere 18 is the quotient, 2 1s the remainder, and 3 is the divisor
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The process of dividing a polynomial is essentially the same. To show you how synthetic division works, let's
divide ' + 22 — 5y + 1by x - 1.

How many times does x — 1 go into +'? x* times. Why? Because x x 1* = x". The goal is to match x*. We
don’t care about the —1 during this “fitting in” step. Now, (x - 1) = x* = x* — x%. This is what we put below
the dividend.

e

=12 + 2 — 5 + )

B =

Finally, we subtract like we do in basic number division. Notice that we must subtract each element, so the —x?
becomes + x°, yielding 3x”. Unlike in long division with numbers, all the remaining terms from the dividend
should be brought down for each step in synthetic division.

73

2
Rk [

x—l|r1 + 2 - 5¢ + 1
IH 1-3

32 — 5x 4+ 1

Next step. How many times does ¥ — 1 go into 3x*? 3x times. Remember our goal at each step is to get
the same exponent and the same coefficient as the term with the highest power. We put the +3x up top and
A x (x — 1) = 35 — 37 on the bottom.

© + 3x
r—I|:n.'3-:2.11—5,r+I
- xb
3! - 5x + 1
I - 3x

And just like last time, we subtract each term, not just the first. We then bring down the 1.

¥ 4+ ax
¥~ ]ir__'r-';_-:- 2 - 5¢ + 1
I.r-" -
32 - 5x + 1
3¢ — 3x
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We're almost done. How many times does x — 1 go into —2x § 17 —2 times. Soa —2 goes up top and
=2 (x =1} = =2x + 2 goes on the bottom.

[ ]

o+ 3x — 2
=1 x3 4 222 - 5x - 1
- x2
3 — 5x + 1
3% - 3x
- 2x + 1
— dx + 2
Subtracting, we get —1 at the end.
¥ 3y - 2
x—1|x* + 222 — 5y + 1
vyl
Jx- — Bx 4+ 1
3rd 3%
- v + 1
- 2x + 2

. . 56 z \ .
We know we're done when we end up with a constant. And just as we can express 3 as 18 3 a mixed fraction,
W Can expross

R - T
X'+ 2y -5r+1 . 1
x¥=1 xr—1

MNotice where each component is placed. The quotient is written out in front. The remainder, -1, is the
numerator of the fraction and the divisor, ¥ — 1, is the denominator. These placements are exactly the same as
in long division with actual numbers, Get used te secing svnthetic division results in this format.

Here's another thing that's the same. The result of our long division with numbers
18 R 2
356
means that 56 — 3 = 18 + 2,

The same meaning applies to our synthetic division result.

2 —Sx bl (x—1{xf 1 dx o 2) 1
Dividend = Cuotient = Divisor + Remainder
Haopefully you've been able to grasp synthetic division more intuitively through the comparison with regular

long cdivision. All the parts relate to each ather in the same way. Let's dive into some more examples where
we can show you some shorteuts,
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EXAMPLE 1: The expression 5:;25 is equivalent to which of the following?
17 7 6-5 5
UgEi a9 R
Using synthetic division,
x4 3;1.‘:1 - 5§
6x 4 12
- 17
The quotient is 6 and the remainder is —17. We can write this resull as 6 - 1’14_?2 Answer L{A] ]

Now how would we approach this question without using synthetic division?

We can plug in numbers that we make up. Let's say x = 2. Then ﬁ::: = n{; 1;5 — ;

We now look for an answer choice that gives E when x = 2. We can rule out (C) and (D) right away since they
don't give ; Plugging ¥ = 2 into answer (A) gives

17 Ay 243 17 7

TN L1

This confirms that the answer is indeed (A). This strategy of making up numbers and testing each answer
choice can be much faster than synthetic division.

EJ(AMPLEE:Whma:tJ+4Isdividedhjrr—l,thermuitisﬂ+1%.wrmtisdlnmtﬁx?

A)3x—4 B)3x-3 Q3x+3 D)3xr+4

Using synthetic division,

3x 4+ 3
x—1|3x* + 4
3 - X

3r + 4

3x 3

7

If you followed along, you should've noticed it got a little clunky when we subtracted the —3x and brought
the 4 down. That's because the dividend, 317 4 4, has no 1 term. Still, the process is the same: subtract and
bring the remaining terms down,
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3
o +4:3:+3+ ?—.an

The quotient is 3x + 3 and the remainder is 7. The result can be expressed as : 3
X~

it's easy to see that A = 3x + 3, answer | (C ..

Again, we could've done this question by making up numbers. If ¥ = 2, then

3P+ 4 322
x __{J+_j7m
-1 2—1

If we didn't know the answer was (C), we would test each answer choice with x = 2 until we got 16, but since
we do know, we'll test (C) first for confirmation. Letting A = 3x + 3,

7 7
J't+3+.r—l =3(2) +3-1—,-— =947 =16

|

Answer comfirmed.

mmlimﬂm% is written in the form 5x3 6 +-—> =, where B is-a constant,

what is the value of B ? el

Based on where it is, B represents the remainder of the division,

5v + 6
¥-215 —dxn + 1
5¢% — 10x

ﬁ:.-l-l

6 - 12
13

We can write the result of this division as 5x + 6 + }—lf:-l.! from which B = ;E.
This last example is perfect for demonstrating a shortcut called the remainder theorem, which allows us to get
the remainder without going through synthetic division.

In Example 3, we divided 5x% — 4x + 1 by 1 — 2. Whenever a polynomial is divided by a monomial, which is
just something in the form of ax + b, the remainder can be found by plugging in to the polynomial the value

of x that makes the monomial equal to 0, The process sounds more complicated than it is, so let’s show how
it's done.

What makes 5 — 2equal to 0? x = 2.
Plug x = 2 into the polynomial 5x° — 4x + 1.

5(2) =4(2)+1 =13

And that’s the remainder we obtained in Example 3.
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What is the remainder when —2x° + 5x is divided by x + 17
Well, what makes ¥ + | equal to zera? x = — 1. Plugging that into the polynomial,

~A-1P+5(=1) =<7

Boom. —7 1s the remainder.
What is the remainder when 4x* + 317 — 4 is divided by 2x - 17

What makes 2x - | equal to zero? x = %

Plugging that into the polynomial,

Boom. —3 s the remainder.

2x? —S5x+1

ey is writhen in the equivalent form 25 31 + — oz, whiat s the

EXAMPLE 4: If the expression prom

value of R 7

R represents the remainder after dividing 2v? — 5x + 1 by x — 3, Using the remainder theorem, we can plug in
x = 3into 2x* = 5x + 1 to get the remainder.

3P -53) +1=18-15+1=[4]

No need for synthetic division.

One last thing about the remainder theorem. Let's say that we divide ¥~ 3y + 2by x — 2. Plugging in 2, we
see that the remainder is
(2 -3(2) +2=0

Since the remainder is 0, x — 2 is a factor of ¥~ — 3x + 2, just like 3 is-a factor of 18. And indeed, if we factor
¥ -3x42,
(x—2}x—-1)

we see that ¥ — 2 s in fact a factor,

Don’t you just love how everything in math is connected?

Some questions now become much easier. For example, is x + 1 a factor of 417

Well, plugging in -1, we find that the remainder is (1) + 1 = 0. Therefore, x + 1 isa factor of x* + 1.

Do note that the remainder theorem only works when we're dividing by monomials like x + 1. If we were
dividing 1" + | by something like 1 + 2, we would have to use synthetic division.
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EXAMPLE 5:

Flx) =3 —kx* +5x+2
In the polynomial f(x) defined above, k is a constant. If f{x) is divisible by x — 2, what is the value of k ?
A2 Bj9 Cé6 D)3

If f{x) is divisible by x — 2, then the remainder is 0 when f(x) is divided by x — 2. In other words, x — 2isa
factor of f{x). The remainder theorem tells us that when we plug 2 (the value that makes x — 2 equal to zero)

into f(x], we should get (.
f(z)y=10

32 = k(2 +5(2)+2 =1
4 4k 104 2=10

3B—4k =0
—4k = —36
k=9
Answer | [ B)
EXAMPLE &:
x| p)
i S
-1 0
1] 5
2 3
4 4

The table above gives the value of polynomial p(x) for some values of x. Which of the following must be
a factor of p(x) ?

Alx+1 Bjx -1 Clx—4 Dyxr—5

The remainder theorem makes this question easy. Because p(—1) =0, ¥ + 1 must be a factor of p(x). Answer

I.-"L-]_| Be careful—the answer is MOT ¥ — 1.
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CHAPTER EXERCISE: Answers for this chapter start on page 317.

A calculator should NOT be used on the S
following questions.
[ f i
i =3 2
The expression TTIE is equal to which of the -2 3
following? 0 4
A) -2 L ) =%
3 (]
B - 44 | '
x=2 The function g is defined by a polynomial. The
8 table above shows some values of x and g(x).
<) -2 +4 What is the remainder when ¢(x) is divided by
:37
D) 4-2x ¥+ 37
A) -2
B e |
) 2
2
If the expression o 2; ixILz is written in the D) 6
form 25 + @ whatis Qin terms of x? | [T R S NN K- A
A} 3z=1 22 —kx? 4+ 51z + 2r -2
B) 3x+1 ’
C) 6x?+3x 41 ‘ In the polynomial above, k is a constant. If = — 1

is a factor of the polynomial above, what is the

The expression 4x° 4 5 can be written as
A{2x — 1) + R, where A is an expression in terms
of x and R is a constant. What is the value of R 7

What is the remainder when x* + 2x + 1 is
divided by x +47?
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A calculator is allowed on the following
questions,

When 3y — 8x — 4 is divided by 3x — 2, the

result can be expressed as A — i;a_— What is A

in terms of x 7
A) r—4
B) -2
C) x+2
D) x+4

The expression 2 — 4x — 3 can be written as
Alx +1) = B, where B is a constant. What is A
in terms of x 7

A) 2x+6

B) 2x+2 |
) -2 '
D) 2x - 6

The expression v° + 4y — 9 can be written as
{ax 4 b)(x = 2) + ¢, where a, b, and ¢ are
constants. What is the valueofa + b+ ¢ 7

A) -2
B) 3
<) 7
D) 10

Fora polynomial p(x), p(2) = 0. Which of the
following must be true about p(x) ?

A} 2visafactor of p(x).

B) 2x — 2is a factorof p{x).
C) x —2isa factor of plx).
D) x+ 2isafactor of p(x).
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Ifplx) = 2% + 1? — 5x 4 3, then pix) is divisible
by which of the following?
I x=2
I x—1
m.-x+3
A) land I1 only
B) 1and Il only
C) Iand 11 only
D) LI and 11

If the polynomial p(x) is divisible by x — 2,
which of the following could be p(x) ?

A) plx) = -x* 4 5x— 14

B) p(x)=x*—-6x-2

C) plx) =2 +x -8

D) plx) =3x*-2x-8

If ¥ = 1 and x + 1 are both factors of the
polynomial ax* + bx® — 3x% + 5x and a and b are
constants, what is the value of a ?

A) -3

By 1

Q) 3

D)y 5

I

For a polynomial p(x), p ( -) = 0. Which of the

3
following must be a factor of p(x) ?
A} 3x—1
B) 3x+1
C) x—3
D) »r+3
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Complex Numbers

| 3

What value of x satishes x° There were no values until mathematiclans invented the imaginary
number {, which represents y I. They defined * to npmf 1, and from there, any other power of | can

be derived

I |

I i

i

! |

.'h !

]

I

F

i |
The results repeat in cvcles of 4. You can use the fact that i | to simplify higher powers of 1. Fom
example,

= () | == 1

When § is used in an expression like 3 + 2i, the expression is called a complex number. We add, subtract,
multiply, and divide complex numbers much like we would algebraic expressions

EXAMPLE 1: If { = +/—1, which of the following, is equivalent to (3 + 51) — (2 3i) ?

A) 9 Byl +2i C)1-+8i D)5+ 8i

Just expand and combine like terms

fad
=)
=
-
fad
-
a
-}
d
o

Answer | (C)
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EXAMPLE 2: Given that { = +/—1, what is the product (4 + §)(5 — 2i) ?

A)IB-3i BY2-3i QI18+3 D)22+3i

Expanding,

Answer l{_ﬂﬂ

(4+i)(5-2i)=20-8i+5 -2F =20-3i+2=22-3i

EXAMPLE 3: Whifhﬂfﬂﬂfﬂﬂﬂwiﬂgillqul]h%—t_—??
1 1, 1 1, B 1 5 1
AJE_E‘ B]i-i-il' C}i'—il D}E+il

When you're faced with a fraction containing ¢ in the denominator, multiply both the top and the bottom of
the fraction by the conjugate of the denominator. What is the conjugate, vou ask? Well, the conjugate of 1 + 1
is 1 — . The conjugate of 5 — 4115 5 -+ 4i. To get the conjugate, simply reverse the sign in between.

In this example, we multiply the top and the bottom by the conjugate 1 L.

(2+43) (1-d) _2-2+3-37 2%[-3F 5+i_35 1,
- =1 =2+4

B |

a+nH =i =T i—F € L= 2

The whole point of this process is to eliminate i from the denominator. The absence of / in the denominator is
a good indicator that things were done correctly, The answer is l (D) ].
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CHAPTER EXERCISE: Answers for this chapter start on page 319,

A calculator should NOT be used on the I i S T R I

following questions.

e bl

If the expression above is equivalent to a + bi,

For { = v/—1, which of the following is ‘ where 4 and b are constants, what is the value
equivalent to (5 — 31) — (—2 + 5i) 7 ofa?

A) 3-8 A) e

B) 3+2i | Bz

C) 7-8i L)z

D) 7+2 | D) u

P —

Given that i = /1, which of the following is | Which of the following is equal to
equal to (i + 1) 2 i+2)-2(5-4i)2 (Note: i = /= 1)
A) i-2 A) 16 - 51

B) i1 B) <4+ 7i

o) 41 C) =4 411

D) 0 | D) 16+ 11i

R
Mt o A Bt ot
Fagitea For i = v/ - 1, which of the following is

equivalent to 3i(f + 2) — i(f - 1)} ?
Which of the following is equal to the expression

above? (Note: i = 1) A) -4+ ?':

£
B) -1 2
©) 0 D) —2+5i
0y 1

_ Fori = \,l"1_'|' which of the [n[]m;ng is qqua] to

5 ‘.‘i."i -
2+ 3i + 4% + 57 + 6
A) -1

IF the expression above is equivalent to o + bi, B 1
where @ and D are constants, what is the value of _ .
a+b?(Notei= 1) €) —i

A) 2 oy g

B) &

C) 10

D) 12
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Which of the following complex numbers is
equivalent to (3 ~ 1) 7 (Note: | = V1)

A) B— &

B) 8+ 6

C} 10 -6

D) 10+ &f

e b e
(—0)F = (—i)*

In the complex number system, what is the
value of the expression above? (Note: i — /=1) |
Ay -2

By 0

(S|

oy 2

(5 21)i4— 3i)

Which of the following is equal to the expression
above? (Note: | — " 1)
A) 14 =7

By 14 - 2%

Q) 26+ 70

D) 26 — 23i

Which ol the following is equal to } [ llﬁ + L 7

A
(Mote: i = 1) |
A) i
R i |
<) 0 |
o1

173

Which of the following is equal to Iji q

(Mote: i = /=1)

Ay —i
By i

[ gi
D 5,
) - Ei

Which of the following complex numbers is

. 2—1 ) —
equivalent to ﬁ:’ T [Note: | = /—1)

3 1
A) s
B}l—gi
L5 4,
L}il_ir
D 1 g!

447 27

—+ T

1—i 147

Which of the following is equal to the expression
above? (Note: i = " 1)

Ay =27}

By 2+

C) 4+

Dy 4
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Absolute Value

The absolute value of x, denated by |x|, is the distance x is from (0. In other words, absolute value makes
everything positive. TFit's positive, it stays positive. If it's negative, it becomes positive.

EXAMPLE 1: How many integer values of x satisfy |x| < 47

Think of the possible numbers that work and don’t forget the negative possibilities. Every integer between —3
and 3 works, a total of | 7 | integer values,

We could've also solved this problem algebraicallv. Any absclute value equation like the one above can be
written as

and since x 1s an integer,

EXAMPLE 2: How many integer values of r satisfy (v +1 <57

Here we go through the same process. The largest possible integer for x is 3 and the smallest 15 =5, So

3 x < 3, atotal of 9| possibilities.

Solving algebraically,

41
L

A
&)

Subtracting 1.

EXAMPLE 3: For which of the following values of x is [2x — 5| <07

A)D B) 2.5 Q)5 ) There is no such value of x.

[rick question. The absolute value of something can never be negative. There is no solution, .111.»'.1.1'v|'| (o
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EXAMPLE 4: A manufacturer of cookies tests the weight of its cookie packages to ensure consistency
in the product. An acceptable package of cookies must weigh between 16 ounces and 18 ounces as it
comes out of production. If w is the weight of an acceptable cookie package, then which of the following
inequalities correctly expresses all possible values of w ?

A)lw-17|>1 B)|jw-16/<2 Qjw+17|>1 D)jw-17|<1
In these types of absolute value word problems, start with the midpoint of the desired interval, 17 in this case,

and subtract it from we: |i0 — 17). Think of this as the “distance,” or “error,” away from the midpoint of the
interval., We don’t want this "error” to be greater than 1 since w would then be outside the desired interval, So

DU ANSWer i5|LD;||.iw -17 < 1.

We can confirm this answer by solving the inequality. Remember that the end result should be 16 < w < 18,
Let's see if our answer gives us that result when we isolate 1w,

=171 <1
—1<uw-17<1

Adding 17,
16<w< 18

We have confirmed that t{_ﬂ;ﬁ is the correct answer.

This is the graph of y = 1

Now this is the graph of y = |xl:

1

See how the graph changed? Taking the absolute value of any function makes all the negative y-values become
positive y-values (points in the quadrants 111 and IV are reflected across the x-axis). All the positive y-values
stay where they are. This V-shape is the classic absolute value graph that you should be able to recognize.
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A table of values is another way to see this absolute value transformation. If f(x] = 2x, then compare f{x)
with | f(x]].

x| -3 -2 | - 0 I 2 | 3 ]
flx) | -6 | -4 | -2 0 2 Kl 6
y [ e | 4 [ 2 [ o N 1 p

The negative values of [|x) become positive and the positive values of f( 1) stay positive,

EXAMPLE 5: Which of the following could be the graph of y = [2x — 1| 2

A) B) C)
y y y
- * X X + - X
/
/| |
D)
¥
- = I

The entire function is enclosed in an absolute value and since the absolute value of something can never be
negative, iy must always be greater than or equal to 0. In other words, the graph must lie on or above the r-axis.
That eliminates (A) and (B). In fact, (A)is the graph of 2x — | without the absolute value. To get the answer, we
take all the points with negative y-values in the graph of (A) and reflect them across the y-axis so that they're

positive. The graph we end up with is {C}j.
One great tactic that’s worth mentioning here is narrowing down the answer choices by obtaining points that
are easy to calculate. For example, if we let x = 0, then v = [2(0) — 1| = 1. The point (0, 1) must then be on

the graph, eliminating (A) and (B). Letting v = 0, we now find that (0.5,0) must also be on the graph. This
elimimates (D) because (1) has two x-intercepts wheneas the graph should only have one.

176




THE COLLEGE PANDA

CHAPTER EXERCISE: Answers for this chapter start on page 320,

A calculator should NOT be used on the RS N =T ), e
following questions.
S I S .

If f{x) = =22 — 3x + 1, what is the value of

If(1) 2 \ /

A) 3 ) 0 o
B) 4 \/

C) 5
D) 6 | )

Which of the following could be the equation of
the function graphed in the xy-plane above?

A) y=—xj—2

If 2 — x| > 3 and x is a positive integer, what is ‘ B y= 32
the minimum possible value of x ? C) y=x+2
D) y=|x-2|

If |x — 3] = 10, which of the following could be
the value of (x| ?

et R
B) 4
Which of the following expressions is equal to C) 6
-5 for some value of x 7 D) &
A) |x—6]+2
B) lx—21-6
C) [x+2|+6 A calculator is allowed on the following
D) |x+6]-2 questions,

How many different integer values of x satisfy
|[x 46/ <3?
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ﬁ{‘

The graph of the function f is shown in the
xy-plane above. Which of the following could be
the graph of the function y = | f{x]| ?

A)

B)

X
C)

X
)

£E 3

178

If in — 2| = 10, what is the sum of the two
possible values of n ?

A) 4

B) 6

C) 12

D) 20

If |x — 10| = b, where x < 10, then which of the
following is equivalent to b — x?

A) =10

B) 10

C) -

D) 10-2b

A hot dog factory must ensure that its hot dogs

are between h:li inches and ﬁ% inches in length.

If i is the length of a hot dog from this factory,
then which of the following inequalities
correctly expresses the accepted values of i ?

Al -fir - ﬁ!|

B) |J.! 6

.-l"l
e | 4.-|I-—- [N TR

-'I
[ lil— %

()] ‘h f: 1‘;—
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m—2} <3 A bakery standardizes muffins to weigh
¥ . : ] |
How many integers 1 satisfy the inequality between 1§ sis A oumees. T am i ihe weight of
above? I 4 4
i & a muffin from this bakery, which of the following
) Gix inequalities expresses the possible values of m ?
B} Seven 3 1
C) Eight A) ‘m = ]i‘ <3
D} Nine )
B) [m—2] < .
Y =2} < 3
|| B s Sl . .
C) |m—2f < 3
Rolls of tape must be made to a certain length. | I |
They must contain enough tape to cover D) [ Iﬁ,. < 3

between 400 feet and 410 feet. 1f [ is the length of
a roll of tape that meets this requirement, which
of the following inequalities expresses the
possible values of | ? |
A) [ —-400] <10

B) [l -405| > 5

Cy 1 +405| <5

D) I -405| <5

If [4x — 4] = Band |5y + 10| = 15, what is the
smallest possible value of xy ?

A) -20
B} —15 I
€y =35
D) -1 '
_‘
If ja| < 1, then which of the following must be |
true? [
1
l. = > 1
I a<l
nL. a > -1
A) Il only
B) 1and Il only
C) ITand 11 only
By L1, and 11
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Angles

Exterior Angle Theorem

An extenior =nr1.|:I..- is formed when any side of a triangle is extended. In the triangle below, ¥ ‘_1._...‘1}:.11“,_.-,, an
exterior angle

EXAMPLE 1:

L

A

What is the value of x in the figure above?

SDCE must be B0 MNow there are a ot of wavs to do this, but using the exterior angle theorem is the
Fastoest:

I8
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Parallel Lines

5\6

?Y m

o Alternate interior angles are equal (e.g. Z4 = Z5and /3 = /6)

When two lines are parallel, the following are true:

o Vertical angles are equal (e.g. /1 = 74)

s Corresponding angles are equal (e.g. 21 = £5)
* Same side interior angles are supplementary (e.g. /3 + /5 = 1807)

Mo need to memorize these terms. You just need to know that when two parallel lines are cut by another line,
there are two sets of equal angles:

Ll =44 =5 =8
= L3=Z

£2 & =77
EXAMPLE 2:
C
D
B
x?
A G ¥ E

In the figure above, AC || GD and BF || CE. If ZCAE = 70° and ZACE = 40°, what is the value of x ?

Here is the fastest way: ZACE = £ ABF = 407 because they are corresponding angles (AC cuts parallel lines
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Polygons
Triangle Quadrilateral Pentaguon Hexagon
1807 A0 40+ 70

As you can see from the polygons above, each additional side increases the sum of the interior angles by 180°.
For any polvgon, the sum of the interior angles is

180(n — 2} where 1 is the number of sides

5o for an octagon, which has 8 sides, the sum of the interior angles is 180(8 — 2] = 180 = 6 = 1080°.

A regular polygon is one in which all sides and angles arc equal. The polygons shown above are regular. If
our octagon were regular, each interior angle would have a measure of 10807 - 8 = 1357,

The 180{n — 2) formula comes from the fact that any polygon can be split up into several triangles by drawing
lines from any one vertex to the others.

The number of triangles that results from this process is always two less than the number of sides. Count for
yourself! Because each triangle contains 1807, the sum of the angles within a pelygon must be 180%(n - 2),
where 1 is the number of sides.

EXAMPLE 3:

1”

~
Two sides of a regular pentagon are extended as shown in the figure above. What is the value of x ?

The total number of degrees ina pentagon is 180{5 — 2] — 51407, So each intericr angle must be 5407 - 5 — 108",
The angles within the triangle formed by the intersecting lines must be 180 — 108 = 727,

So,xr=180—-72-72= 38" |
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CHAPTER EXERCISE: Answers for this chapter start on page 322

A calculator should NOT be used on the | (SRS e NS WP e

following questions,

I
d° <
Note: Figure not drawn to scale.
In the figure above, | = 50 and & = 140. What is In the figure above, lines [ and m are parallel.
the value of j ? Whatisthe valueof e + b+ ¢c +d ?
A) 80 A) 270
B} 70 B) 360

C) 80 <y 720
) It cannot be determined from the
| information given.

D) 90

Note: Figure not drawn to scale. Note: Figure not drawn to scale.
In the figure above, what is the value of y ? In the figure above, if x = 40, what is the value
7
A) 30 of iy ?
B) 40 A) 40
C) 50 B) 50
Dy 70 C) 80
o) 80
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A calculator is allowed on the following
questions.

m

In the figure above, lines [ and m are parallel.
What is xin terms of a and b ?
Note: Figure not drawn to scale.

A) a+ b ‘

By a—b I In the figure above, what is the valueof x + 4 ?
C) b—a | A) 125

Dy iB0—a—b B) 180

C) 235

[ TSRS S et e B VIR

|
w” i*
Note: Figure not drawn to scale.
In the figure above, what is the value of a + b ?
A) 8O
B) 100
C) 110 Note: Figure not drawn to scale.
D) 120
In the figure above, what is the value of = ?
A) 35
B) 45
C) 55
D) 80
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{r =407 x*

In the figure above, what is the value of x 7

A) 6D

B) 70 ‘\‘./

C) 75

Dy 80 In the figure above, a rectangle and a
quadrilateral overlap. What is the sum of the
degree measures of the shaded angles?

IRt 0 O R P A) 360

By 540
C) 720
[y a00

A regular hexagon is shown in the figure above.
| What is the value of x 7

Mote: Figure not drawn to scale. : A) 15
By 20
In the figure above, what is the value of y ? C) 25
Ay 100 Dy 30
By 130
) 140 .
oy 150
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m

MNote: Figure not drawn to scale.

In the figure above, lines | and m are parallel.
Which of the following must be true?

Note: Figure not drawn to scale,

I n=23b . In the figure above, lines 1, m, and n are parallel.
Il a+b=b+c What is the value of @ + b ?

Hn. b=45

A) Mlonly

B} 1and!lonly
C) W and II1 only
D) LILand 111

100

Note: Figure not drawn to scale.

In the figure above, what is the value of ¥ + v 7
A) 10
B) 20
C) 30
D) 30
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Triangles

Isosceles & Equilateral Triangles

An isosceles triangle is one that has two sides of equal length. The angles opposite those sides are equal

R

Because AB = AC, £C B.
In an equilateral triangle, all sides have the same length. Because equal sides imply equal angles, the angles

are all &0

)

i) (&

EXAMPLE 1: In an isosceles triangle, one of the angles has a measure of 50°. What is the degree measure
of the greatest possible angle in the triangle?

An izosceles triangle has not only two equal sides but also two equal angles. There are two possibilities for
an isosceles triangle with an angle of 50°. Another angle could be 57, making a 50-50-80 triangle, or the

other two angles could be equal, making a 50-65-63 triangle. Given these two possibilities, | 80" |is the greatest
possible angle in the triangle
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EXAMPLE 2:

In the figure above, the triangle ABC is equilateral. What is the value of j + k+1+m+n+ao?

Solution 1: There are 3 smaller triangles within the equilateral one. Fach of these triangles has a total degree
measure of 180°, for a combined total of 180° = 3 = 5407, We need to subtract out ZACE to get what we want.

Because triangle ABC is equilateral, £ACE is 607, So 5407 60" = .

Solution 2: Because /A ABC is equilateral, both | and o are 60°, Because & and ! form a straight line, they add
up to 180°. Because m and n also form a straight line, they also add up to 180°. Adding up all our values, we

get 60° + 1807 + 1807 = 60" = |480° |

Right Triangles

Right triangles are made up of two legs and the hypotenuse (the side opposite the right angle).

-

fr

Every right triangle obeys the pythagorean theorem: a* + b% = ¢, where g and b are the lengths of the legs and
¢ is the length of the hypotenuse.
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EXAMPLE 3:

The rectangle above has a diagonal of length 20. If the base of the rectangle is twice as long as the height,
what is the height?

The diagonal of any rectangle forms two right triangles. Let the height be x and the base be 2x. Using the
pythagorean theorem,

x* + (2x)? = 20°

24 =400
5x% = 400
= 80

x = VB0 = |45

If you take the EST enough times, what you'll find is that certain right triangles come up repeatedly. For
example, the 3==5 triangle;

wn

4

A set of three whole numbers that satisty the pythagorean theorem is called a pythagorean triple. Though not
necessary, it'll save you quite a bit of time and improve your accuracy if you learn to recognize the common

triples that show up:
3.4.5
6.8, 10
512,13
7.24,25

8,15.17
Note that the 6-8-10 triangle 1s just a multiple of the 3-4-5 triangle.
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Special Right Triangles

You will have to memorize two special right triangle relationships. The first is the 457 457-90":

The best way to think about this triangle is that it's isosceles—the two legs are equal. We let their lengths be .
The hypotenuse, which is always the biggest side in a right triangle, turns out to be /2 times 1.

We can prove this relationship using the pythagorean theorem, where I is the hypotenuse.

Pt =t

2x? = i
vV = Vi

xW2=h

I show you these proofs not because they will be tested on the EST but because they illustrate problem-solving
concepts that you may have to use on certain EST questions.

The second is the 307 -607-90°:

xy/3

Because 30 is the smallest angle, the side opposite from it is the shortest. Let that side be x. The hypotenuse,
the largest side, tums out to be twice 1, and the side opposite 60 tums out to be V3 times x.

One common mistake students make is to think that because 607 is twice 30°, the side opposite 60° must be
twice as big as the side opposite 30°. That relationship is NOT true. You cannot extrapolate the ratio of the
sides from the ratio of the angles. Yes, the side opposite 60° is bigger than the side opposite 30°, but it isn't
twice as long,
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We can prove the 30-60-90 relationship by using an equilateral triangle. Let each side be 2x (we could use x
but you'll see why 2x makes things easier in a bit):

A 2x 4

Drawing a line down the middle from B to AC creates two 30-60-90 triangles. Because an equilateral triangle
is symmetrical, AD is half of 2x, or just x. That's why 2x was used—it avoids any fractions.

To find BD, we use the pythagorean theorem:
AD* + BD? = AB?

x4+ BD? = (2x)?
BD? = (2x)% —2*
BD? = 4x - 2
BD® = 3¢
VBDZ = V322
BD = xV3

Triangle ABD is proof of the 30-60-90 relationship.
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EXAMPLE 4:

C
What is the area of £ ACB shown above?

A)vZ B2vZ Q4 D)8

Using the 45 45 90 triangle relationship, AC — BC — 3 (the hypotenuse is /2 times greater than each leg).
W

The area is then % (%) (%:] = % (1,)—6) =4,

Answer| (C) |
EXAMPLE 5:
A
10
m| 30"
D C B

In the figure above, AD = DC, /B = 30°, and AB = 10. What is the ratio of AC to CB?

V2 V3 V2 2

i E . = N 3

v

Because AD = DC, AADC is not only isosceles but also a 45-45-90 triangle. AADB 1s a 30-60-90 triangle
with a hypotenuse of 10. Using the 30-60-90 relationship, AL} is half the hypotenuse, 5, and DB = 5v/3. Using
the 45-45-90 relationship, AC = 5v2, DC = 5,and CB = DB — DC = 53 - 5.

Answer| [A) |
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Similar Triangles

When twao triangles have the same angle measures, their sides are proportional:

B

o
A C

In the figure above, ADBE and 2 ABC both have right angles and share £B. Because DE is parallel to AC,
ZBED is equal in measure to ZBCA. Thercfore, ADBE and 2 ABC have congruent sets of angles and are
similar to each other. In other words, ADBE is just a smaller version of AABC. It has the same shape but not
the same size. If we draw the two triangles separately and give the sides some arbitrary lengths, we can see
this more clearly.

B

B
5
10 4

8

D 3 E
-
A é C

Notice that AB "matches up” with BD, AC matches up with DE, and BC matches up with BE. Using math
terms, we say that AB corresponds with BD, AC corresponds with DE, and BC corresponds with BE.

For illustrative purposes, we made the sides of the big triangle twice as long as the sides of the smaller one. But
regardless of what the actual numbers are, the important thing to remember is that the corresponding sides of
similar triangles are proportional, so the ratios of their lengths are equivalent. In our example,
AB_ AC_BC _,
BD DE BE

Forming these types of equations is your goal in every EST question dealing with similar triangles.
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EXAMPLE 6:

A c
Naote: Figure not drawn to scale.

In AABC above, DE is parallel to AC, AD =9, DB = 3,and DE = 2.
PART 1: What is the length of AC ?
PART 2: What is the ratio of the area of ABDE to the area of ABAC?

0 1 1 1
N3.Ps 9% Pw

Part 1 Solution: The answer is NOT 6. A common mistake that students make whenever they see similar
triangles is to assume that certain segments correspond with each other when they do not. Of course, many
questions are designed so that this mistake is easy to make. In this particular case, it's easy to assume that
because AD is 3 times BD, AC must be 3 times DE, but this would be incorrect. We have to look at the ratios
between the sides of the triangles, not portions of those sides (Note that AD is not a side of any triangle).

So let's start from the beginning and make sure we set up the correct ratios. Because DE and AC are parallel,
/BDE is equal to ZBAC and ZBED is equal to ZBCA. Therefore, ABDE and ABAC are similar. Equating the
ratios of the relevant corresponding sides,

BD _ DE

BA AC

3 2

3+9 AC

3 _ 2
12 AC

Cross multiplying,

JAC =24

AC = 8]

As a word of warning, there are valid shortcuts that some students take when working with similar triangles.
For example, BD:DA is equal to BE:EC, even though we just showed that BD:DA is not equal to DE:AC, |
recommend that vou avoid these types of shortcuts altogether because they are easily misused. Just focus
on setting up the right ratios between corresponding sides and you'll be able to handle any similar triangles
question the EST might throw at you.

Part 2 Solution: When two triangles are similar, the ratio of their areas is equal to the square of the ratio of
their sides. The ratio of the sides is 1:4. Squaring that ratio, we get the ratio of the areas, 1°4? = 1:16. Answer

I'E_DI "L Note that the figure is not drawn to scale.
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In this example, it was easy to see the triangle similarity and determine which sides corresponded with each

ather. In tougher questions, similar triangles and their corresponding sides are more difficult to spot and keep
track of. The ratios are not always obvious.

For thege.: tougher questions, | recommend labeling equivalent angles with tick marks. Sides opposite from
angles with the same number of tick marks will correspond with each other. Here’s an example to illustrate:

EXAMPLE7:

F K H
In the figure above, what is the length of KH ?

At first glance, this does not look like a similar triangles question. But if we label the angles of the outside
triangle FGH, something interesting happens. Let's first label /F with one tick mark and £ H with two tick
marks.

G G

F K i) F K H

Now whenever two angles of one triangle are equal in measure to two angles of another, the third angles must
also be equal. Because outside triangle FGH and triangle FGK on the left both have right angles and share
£F, ZFGK must have the same measure as £ H (two tick marks). Likewise, outside triangle FGH and triangle
GKH on the right both have right angles and share /H, so /KGH must have the same measure as /F (one
tick mark).

The result is that the outside triangle, the triangle on the left, and the triangle on the right all have the same
angle measures. They're all similar to one another!

Since AFGK is a 3-4-5 triangle with FK = 4, we can now set up an equation of ratios using similar triangles
AFGK on the left and AGKH on the right to find the length of K.

KH (opposite 1-tick angle in right side tnangle)  GK (opposite 1-tick angle in left side triangle)
GK (opposite 2-tick angle in right side triangle)  FK (opposite 2-tick angle in left side triangle)

KH _3
3 4
4{KH) =9
o]

KH =3
14]
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Parallel Lines and Proportionality

Lines that cut through three or more parallel lines are separated into proportional parts.

m

To illustrate, lines m and » above are transversals that cut through three parallel lines. Therefore, the three
parallel lines divide lines m and n proportionally:

This concept can be easily proved using similar triangles, but you don’t need to know the underlying proof.
Just memorize the rule. It's not tested very often but it has shown up on past exams, usually in problems
involving a trapezoid.

EXAMPLE 8:

P Q
i

In the figure above, AB, PQ, and DC are parallel. Point P lies on AD and point Q lies on BC. If BQ = 4,
QC = 2,and AD = 7.5, what s the length of AP ?

Because AD and BC cut through three parallel lines, they are divided proportionally.

AP BQ 4 2
PD QC 2
; z 2
As we can see, since B(Q) is twice (C, AP is twice PD (a ratio of 2 to 1). A 2:1 ratio means that AP is 51 3

. , S = , .

the length of AD. AD is then 3% 75 = [_5 L 1f you prefer to do things algebraically, then let length PD be x.
Then length AP is 2x, and since AP and PD sum to AD, 2x + x = 7.5. This equation gives x = 2.5 and we get
AP = 2x =2(25) =[5]
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Radians

A radian is simply another unit used to measure angles. Just as we have feet and meters, pounds and
kilograms, we have degrees and radians.
i radians = 180"

If you've never used radians before, don't be put off by the x. After all, it's just a number. We could've
written
3.14 radians = 180°

instead, but everything is typically expressed in terms of 7 when we're working with radians. Furthermore,
3.4 is only an approximation. So, given the conversion factor above, how would we convert 45° to radians?

. 1 radians m .
457 x _]Eﬂ_- = 4 radians

Notice that the degree units (represented by the little circles) cancel out just as they should in any conversion

problem. Now how would we convert 3—; to degrees? Flip the conversion factor.

s}

an 1
— radians x ———— =2
2 7 radians

(=

You might be wondering why we even need radians. Why not just stick with degrees? Is this another difference
between the U.S. and the rest of the world, like it is with feet and meters? Nope. As we'll see in the chapter on
circles, some calculations are much easier when angles are expressed in radians.

EXAMPLE 9:

In the xy-plane above, line m passes through the origin and has a slope of /3. If point A lies on line m
and point B lies on the x-axis as shown, what is the measure, in radians, of angle AOB ?

O TE bid m T
ﬁ.]'g B:'—S' C]E D}i
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We can draw a line down from A to the r-axis to make a right triangle. Because the slope is +/3, the ratio of the
height of this triangle to its base is always 3 to 1 (rise over run).

¥

m

A

¥

This right triangle should lock familiar to you, It's the 30-60-90 triangle. Angle AOB is opposite the /3, so its
measure is 607, Converting that to radians,

60° ¥ —— =

ir i g
180 3

Answer (1) -I.
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CHAPTER EXERCISE: Answers for this chapter start on page 324.

A caleulator should NOT be used on the |
following questions.

The lengths of the sides of a right triangle are x,
x — 2, and x + 5. Which of the following
equations could be used to find x ?

A y+x—-2=x+5

B) ¥+ (x+5)°=(x-2)°

C) ¥+ (xr—-2)%=(x+5)?

D) (x —2)% + (x +5)% = 2

B

Al In ai=
A D C
Mote: Figure not drawn to scale.

In £ BDC above, what is the length of DC 7

199

A square of side length 6 is shown in the figure
above, What is the value of x 7

A) 342
) 6
C) 6
oo

S

In the figure abave, AB || CD. What is the length
of AB?
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Two angles of a triangle have the same measure.
If two sides have lengths 15 and 20, what is the
greatest possible value of the perimeter of the
triangle?

Note: Figure not drawn to scale.

, In the figure above, the base of a cone has a
| S e e B e e radius of 6. The cone is sliced horizontally so
that the top piece is a smaller cone with a height
N of 1 and a base radius of 2 What is the height of
the bottom piece?

5 5 A) 1
B) 2
M 8 O ol
D) 4
What is the area of isosceles triangle MNO
above?
|
| A
| G
2
I
D F
/
B H 10 C

Mote: Figure not drawn to scale.

In the figure above, AB is parallel to GH and DF
is parallel to BC. U DE = 1,EH = 3,EG = 2, and
HC = 10, what is the length of AD ?

In the figure above, an equilateral triangle sits on
top of a square. If the square has an area of 4, |
what is the area of the equilateral triangle?

A) V3 '

B) X°
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A calculator is allowed on the following
questions.

How many radians are in 225 ?
3n

1
7n

b
Sn
C) T
3
2

A)

B)

D)

D
A 9

|

B 9 C E F

Triangle ABC above is similar to triangle DEF.
What is the perimeter of triangle DEF ?

A) 20
B) 268
C) 30
D) 36.2

If the degree measure of 2 A is a multiple of 10,
what is the smallest possible measure of Z8 7

A) 75
B) 70
) 65°
D) &d”

201

A B

In AABC above, ACDE =9%F and £ A = 90,
AB =9and AC = 12, If DE = 6, what is the
length of CE ?

A) &
B) 8
)9
D) 10
| | VSRR S R R |
W
=
20
12
s
X 15 Y

Twao poles represented by XW and YZ above are
I5 feet apart. One is 20 feet tall and the other is
12 feet tall. A rope joins the top of one pole to the
top of the other. What is the length of the rope?

A) 12

B) 17

C) 18

D) 19
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ﬁ N

What is the perimeter of the trapezoid above? *

0
A) 100
B) 108 ‘ l
C) 112 B(—2.-3) C(5, —3)
D) 116 |

Points A, B, and C form a triangle in the
xy-plane shown above. What is the measure, in
radians, of angle BAC ?

A) E

8 x4+2 !

B) i

m

g o

X ) 3

m

What is the value of x in the triangle above? D) 2

™

A& 3 Two parallel lines are shown in the yy-plane
In the figure above, ABCD is a square of side . above. 1f AB.: 15 and point B has coordinates
length 3. If AW = AZ = CX = CY = 1, what is {m,n), what is the value of n ?
the perimeter of rectangle WXYZ ? A) -6
A) 3V2 B) -8
B) 442 C) -9
C) 6v2 D) -12

D) 8
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e S i — e
|
B A B
0
5 A
D c
A c

In the figure above, circle O is inscribed in the
square ABCD. If BD = 2, what is the area of the

) circle?
In the figure above, equilateral triangle ABC is a
inscribed in circle D. What is the measure, in A 3
radians, of angle ADB 7 B m
2 2
A) 3 C) o
3 3
- 1 TR -
) 3 ) 2
. 4w
g SR S e e |
5 |
(B)] 3
i
D
A |
Z
2 WZ .
In the figure above, the value of < is k, where
- k is a constant, Which of the following ratios has
C B a value of l!c 7
What is the length of DB in the figure above? vz
A) —
23 XZ
S gy: XV
By === YZ
3 CY. <
v XY
o % oy TW
: Xw
D) V3
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8 [
- [ B(2,8)
E
A C
3
r
- = X
» 1 o D(8,0)
A D c B
: : Sl N e In the xy-plane above, points A and C lie on OF
qul_l'lateml triangle DEF is inscribed in~ and BD, respectively, If AC is parallel to the
equilateral triangle ABC such that ED) 1 AC. x-axis and has a length of 3, what is the length of
What is the ratio of the area of ADEF to the area BC?
of ABC?
Al 1:4
B 1:3
) 12
)y 5:8

A [k} !

In the figure above, equilateral triangle AED is
contained within square ABCD. What is the
degree measure of #BEC?

A) &

In the figure above, a semicircle sits on top of a
square of side 6. Point A is at the top of the
semicircle. What is the length of AB ?

. A) 3v5
B) 15'.'.11 B 7
C) IZ[}'_' Q9
D‘} 150¢ D) 3\"}1'6
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In LABC, AB = BC = 6and ZABC = 120", A
What is the area of LABC ?
A) 2V3
B) 4\/3 D 8
C) 6v3
D) 9v3 3
| RS R A S TUE 0SSy 0 3 E c
v In the figure above, square DBCE has a side

+ length of 3. If OF = 4, what is the length of AD ?

) ':r:"'\ .
(v3.-1)
|
' A B
In the xy-plane above, angle 8 is formed by the |
x-axis and the line segment shown, What is the 4
measure, in radians, of angle 8 7 ¥ "
S5m
A) 5 12
7n
B) T
& =
5
o 1n D C
& Square ABCD above has a side length of 12. If
BF = 4, what is the length of BE ?
A) 3
B) 2v/2
C) 3v2
D) 42
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.. - 0 . o.ow = ‘ 1 ISEE S e e e
A | R
| s
|
|
D
Q 15 T
In the figure above, RT = 17 and QS is
. perpendicular to KT, What is the length of 5T to
B C | the nearest tenth of a unit?
In the figure above, AB = 12, AC = 13, and A) 126
DE = 3. What is the length of AL ? | B) 128
C) 132
Dy 134
|
R S am s S T RN
|
C D

4 x
- |

A F

€

Note: Figure not drawn to scale. Note: Figure not drawn to scale.

In the figure above, DE is parallel to AC. The
perimeter of triangle BDE is at least 12 but no
more than 16, If the perimeter, p, of triangle ABC
is an integer, what is one possible value of p ?

In the figure above, points B and E lie on AC
and DF, respectively, such that BE is parallel to
CD. What is the value of x ?

A) Vo

B) 2V2

C) 243

D) 3
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Circles

Circle Facts You Should Know:
Area of a circle: nr?
Circumference of a circle: 2mrr

Arc Length: "I:_U x 2ner OR Br iffis in radians

@
Areaof a Sector: o= x m?  OR %r?ﬂ 10 5 in radians

Central angles have the same measure as the arcs that they “carve out.”

A
)

Many students confuse arc length with arc measure. The arc length is the actual distance one would travel
along the circle from A to B. Arc measure is the number of degrees one tums through from A to B. You
can think of it as a rotation along the circle from A to B. A full rotation is 360°.

Ins¢ribed angles are half the measure of the arcs that they “carve out.”

ir
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Angles inscribed in a semicircle are always 90°. This is just an extension of the previous fact. An angle
inscribed in a semicircle carves out half a circle, or 1807, which means the angle itself is half that, or 90°,

A radius drawn to a line tangent to the circle is perpendicular to that line:

General equation of a circle in the xy-plane:
(x—hP?+(y—kP=r

where (h,k) is the center of the circle and r is its radius.

EXAMPLE 1:

In the figure above, the outer circle’s radius is twice as long as the inner circle’s. What is the ratio of the
area of the shaded region to the area of the unshaded region?

m% Bl ©2 D)3
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Let the radius of the inner circle be r. Then the radius of the outer circle is 2r.

Area of inner circle: 7
Area of outer circle: 7{2r)?
Area of shaded region: m{2r)? — ar’ = 4mr — 7wr® = 37112

Theanswuris"l{m!

EXAMPLE 2:

W’iﬂthhmﬂﬂ!mmm&uﬁgumm
MI-VZ BI-2/2 QF-2 DIF-8

To get the shaded area, we must subtract the area of the triangle from the area of the sector.

i §

) 45° . ] a
Area of sector: wr = ém:E }_i

Area of triangle: Draw the height from point A to base CB. This makes a 45-45-90 triangle. Because AC is also
a radius, its length is 2. Using the 45-45-90 triangle relationship, the height is then % =2,

Area = _lil-n - %{zjw’i} =2

Area of shaded region = ; — V2

Thr:answeris:[ﬂ:lll
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EXAMPLE 3:

A-d‘mkwfﬂildmdlﬂiﬁmnwn in the figure above. If ZAOB = 120°, what is the length of minor
arc AB?

, B 20m 100 5n
o s oy LY ]

120° o r) = Y om x5y = [ 197 |
360 3 13 |

The answer is @

EXAMPLE 4:

C

In the figure above, ZACB is inscribed in circle O. What is the measure of angle ACB ?
A)15° B)3° C)45°  D)60°

The measure of minor arc AB is the same as the measure of central angle ZACOB, 90°. Inscribed angle ACB is
half of that, 45°, Answer L{ C)l
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EXAMPLE 5:
P —dx+y +2y =31

“The equation of a circle in the xy-plane is given above. What are the coordinates of the center of the circle?
To get the equation of the circle in the standard form (x — I)* + (¥ — k)* = »*, we have to complete the square

twice, once for the ¥'s and onee for the s, If you don't know how ta complete the square, you should review
the quadratics chapter, which contains many examples of how to do it. Starting with x,

(x— 2P — 4+ + 2y = 31

Then v,
x=2P-4={y=1P7-1=3

(x =20+ (y=1)" =36

From the standard form, we can see that the center is at (2, — 1) and the radius is 6. Answer | (D) l.
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CHAPTER EXERCISE: Answers for this chapter start on page 330,

A calculator is allowed on the following I o e R s T e

questions,
A B
P - The circle above has area 3671 and is divided into
8 congruent regions. What is the perimeter of
one of these regions?
o ¢ A) 64 150
In the figure above, the square ABCD is B) 6-+2nm
inscribed in a circle. If the radius of the circle is r, C) 12+ 157
: : -
what is the length of arc APD in terms of r 7 D) 12427
nr
A) 1
r | A . =
B) 3
C) ar Which of the following is an equation of a circle

% in the xy-plane with center { ~2,0) and an area
py I of 497 2
A) (x=2P2+¢y=7
B) (x+2P+y=7
Q) (x-2P+y =49

B caeil—e = o ok
D) (x+21F+y* =49
: E |

In the figure above, three congruent circles are
tangent to each other and have centers that lie on
the diameter of a larger circle. If the area of each
of these small circles is %71, what is the area of
the large circle?

A) 36

B) 49n

C) bdm

D) 817
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B
)

= e e et e
@ A\/C

Note: Figure not drawn to scale.

In the figure above, equilateral triangle ABC is

In the figure above, £ ACE is inscribed ina inscribed in circle 1. 1f the area of circle D is
circle. The length of minor arc AB is what S iiebis the lengtit gl mipbran A 7
fraction of the circumberence of the circle? | A) 2
A) 1 B} 3m
3 C) 4n
1
- I3y 6n
B} 3
i 1
C) 3 |
D) 1 |
12

A
|
B
B
A ¢ In the figure above, circle C has a radius of 6. If
the area of the shaded sector is 10, what is the
measure, in radians, of angle ACE?

2n

In the figure above, AC is a diameter of the circle Al 5

and the length of AB is 1. If the radius of the 4
circle is 1, what is the measure, in degrees, of B)

LBAG? B

Q) =

9

Sn

D)
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’“ (O

’* C O
In the figure above, a circle has center C and
radius 5. If the measure of central angle ACE is

The base of a right circular cylinder shown
above has a radius of 4. The height is 5. What is

T |
between 1 and = radians, what is one possible the surface area of the cylinder?
integer value of the length of minor arc AR? A) 4l
- B) 60

C) Mn
D) Bla

In the figure above, circle P and circle U each
have a radius of 3 and are tangent to each other.
If APHL is equilateral, what is the area of the
shaded region?

In the figure above, four circles, each with radius
4, are tangent to each other, What is the area of

the shaded region?

Al 16 —4m A) W0
B) 64 —4n B) 12a
C) 64 —8m C) HMn
D) 64— 167 0 57



THE COLLEGE PANDA

(x+2P +(y+4)3° =4

The equation of a circle in the xy-plane is given
above, Which of the following must be true?
I. The center of the circle is at (2,4).
II. The circle is tangent to the r-axis.
I1I. The circle is tangent to the y-axis,
A} llonly
B) 1l only
C) land Il only
D) L1, and 11

Note: Figure not drawn to scale.

If the area of the shaded region in the figure
above is 24 and the radius of circle O is 6, what
is the value of x 7

A) 15
B) 30

C) 45
D) 60

7

In the figure above, circle A is tangent to circle B
at point . If the circles each have a radius of 4
and AC is tangent to circle B at point C, what is
the area of triangle ABC 7

A) 8

B) 8v2

C) 83

D) 16

Pl
n
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Trigonomet

We'll use a 5-12-13 right triangle to illustrate the three trigonometnc lunctions you need to know:

adjacent 12 opposite 3
; Cos X fan x = : =
hypotenuse 13 hypotenuse 13 adjacent 12

)

. L!l'|:1l_'|1.h-||t'
N X .

It's important to see these trigonometric functions as if they were just ordinary numbers. After all, they’re just
1 ;
ratios. For example, sin 30" is always equal to . Why? Because all right triangles with a 30° angle are similar.

The ratios of the sides stay the same

g ]

V3 2v3
Many students over-complicate trigonometry because they treat sin x, cos 1, and tan x differently than regular

numbers, Perhaps because of the notation, students sometimes make mistakes like the following:

sin2x =

sin 2
¥

The above is not possible because sin 2y is one “entity.” You cannot separate sin and 2x and treat them
independently just like yvou can't separate ((x) into [ and 2
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The definitions of sine, cosine, and tangent are best memorized through the acronym SOH-CAH-TOA,
§ for sine (opposite over hypotenuse), C for cosine (adjacent over hypotenuse), and T for tangent (opposite
over adjacent).

Aside from the definitions, you should also memorize the following very important identity:

sinx = cos(90° — x)

The reverse is also true.
cosx = sin(90° — x)

Expressed in radians,

mreom(3or) o cnein(F-)

Now, the sign of each of the trig functions depends on the quadrant in which the angle terminates.

1 v
» Sine, cosine, and tangent are all positive in the first quadrant.
¢ Only sine is positive in the second quadrant.
¢ Only tangent is positive in the third quadrant.
¢ Only cosine is positive in the fourth quadrant.

These are best memorized through the acronym ASTC (All Students Take Calculus). All the functions are
positive in the first quadrant, only sine is positive in the second, and so on.
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To find the value of a trig function for an angle without a calculator,
1. Determine what the sign of the result should be (positive or negative).

2. Find the reference angle (the acute angle you get by drawing a straight line to the x-axis). If the
angle is 225%, for example, the reference angle is 225° — 180° = 45%:

Don't memorize any formulas for finding the reference angle. Just draw a line to the x-axis and
figure it out yourself!

3. Use your 45-45-90 or 30-60-90 special right triangles to get the trig value for the reference angle.
The EST won't ask you to calculate trig values for angles that aren’t in these special right triangles
unless you're able to use your calculator.

4. Make sure your result has the correct sign from step one.
Let’s do a couple simple examples,

1. What is the value of sin 33077

Since 3307 is in the fourth quadrant and sine Is negative in the fourth quadrant, the result should be
negative, Now let’s find the reference angle with the help of a diagram:

L4

.1 —y T

330°

The reference anghe is 3607 — 3307 = 307, Using the 30-60-90 triangle,

2]

V3
) . _opp _ |
s = hyp 2
Since the result should be negative, sin330° = l - ; i.
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2. What is the value of cos 135°?

Since 135° is in the second quadrant and cosine is negative in the second quadrant, the result should be
negative. Next, we find the reference angle:

135° 1

457

L

The reference angle is 180" — 1357 = 457, Using the 45-45-90 triangle,

— -

Since the result should be negative, cos 135" =

|.¥2
2

3. What is the value of tan 21077

Since 2107 is in the third quadrant and tangent is positive in the third quadrant, the result should be
positive, Next, we find the reference angle:

210°

The reference angle is 210° — 1807 = 307, Using the 30-60-90 triangle shown earlier,

! V3

tan30° = — = X

V3 3
: 2 .| val
Since the result should be positive, tan 210" = =t
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Finally, you should memorize the following values for 0° and 90°:

sin(® =0 sin%)°® =1
cos(” =1 cos90° =0
tanl’ =0  tan%® = undefined

Expressing 90° in radians,

m(g-) 1
m(g) 0

S pm—
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CHAPTER EXERCISE: Answers for this chapter start on page 332

A calculator should NOT be used on the e

following questions.

I | |1 "'t triangle ABC, the measure of ZC s S0'

and AB=30. lfcos A = g,what is the length of
If cos40° = a, what is sin 50° in terms of a ?

AC?
A) a
B) |
a
C) 9 -a
D) ay2
In a right triangle, one angle measures x” such Iftan x = m, what is sin x in terms of m ?
that tan x° = (.75. What is the value of cos x* ? |
A =
m=+1
B) ;
Vi—m?
m
'y (L
Vm? 41

A om0 =0) vt (e e —

For any angle 8, which of the following is

equivalent to the expression above? B
A) D
B} Zsind
C) 2cosf 5
) 2(sinf + cosfl)

A C

= " 4. ;
Given that AB = 5 and tan B = 30 the right

triangle above, what is the value of
sinB+cosB?
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A caleculator is allowed on the following

questions. cos32 = sin(5m — 12)

_ | In the equation above, the angle measures are in

degrees. If 07 < m < %", what is the value

B ofm?
3
x
A C
If sin x° = 0.25, what is the length of BC in the
triangle above?
v
L 3
A(—3,5)

N |

B B C(12.-3)
[x Right triangle ABC is shown in the xy-plane

A C M 0

above, What is the value of cos C ?

&

In the figure above, right triangle ABC is similar A) 7
to right triangle MNO, with vertices A, 8, and C :
corresponding to vertices M, N, and (), By
respectively. If tan B = 2.4, what is the value of 15
cos N7 C) B
15

15

D) 7
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B
!
Note: Figure not drawn to scale. 4 J =
. . __ae
I the figure above, cos(90° — x°) = % What is HTght iangieAlC above; posk Juys
the value of cos x° ? If BC = 2v/k, what is the value of k ?
8
17
B} -
! 15
8
<) 7
- S S s SR
D) 7
B
|
In a right triangle, the sine of one of the two D E
|
acute angles is ? - What is the sine of the other |
acute angle? |
1 [
A) 2 | A 5
B) V3 | Note: Figure not drawn to scale.
-y
: " In the figure above, ABC and DBE are right
& 7 triangles. If DE = 10 and the tangent of angle
BAC is 1.25, what is the length of segment BE ?
o 2
2
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B

In the figure above, AC is a diameter of the
circle. If AC = 1, which of the following gives
the area of triangle ASC in terms of 0 7

¢

_A_ -

) 2
lan

B =

C)y 2sind

sinfcosd
2

Given that sin ! — cos 1 = 0, where ¢} is the
radian measure of an angle, which of the
tfollowing could be true?

D)

i .

s
— <
I1. 5

[ Hﬁﬂdﬁ%

A) Tonly

B} [ only

) Tand T only
) L1, and 111
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Reading Data

The EST loves to test your ability to read graphs and charts. Fortunately, these are typically the easiest
questions because they never invoelve too much math. Most of them just test you on simple arithmetic with the

extra step of having to interpret a graph. Practice away!

L
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CHAPTER EXERCISE: Answers for this chapter start on page 334.

A caleulator is allowed on the following

questions,
Voter Tumout in
. R Congressional and Presidential Elections
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Commute Time to Work

For four work days, Alex plotted the commute
time to work and the commute time from work in
the grid above. For which of the four days was
the total commute time to and from work the

greatest?
A) A
B) B
€€
D)y D

2EEEERERRS

Year

The graph above shows the voter turnout for
each year a congressional election or a
presidential election was held. In which two
vear period was the difference in voter turnout
between the congressional election and the
presidential election the smallest?

A) 1996 to 1998

B) 2000 to 2002

C) 2004 to 2006

D) 2008 to 2010
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lee Cream Sales Average Precipitation in Kathmandu
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"ﬁg‘ B #"9 "9‘ B S The line graph above shows the monthly
-@@ \'5'\ G-Fﬂ QV'L -g\ *-.,§ Gfﬁ "F’" precipitation in Kathmandu last year. According
-\-f v.;ﬂ‘ ‘\ dJ} \Qs{ ;38'k to the graph, the total precipitation in September
was what percentage of the total precipitation in
According to the line graph above, ice cream June?
sales were highest both in 2013 and in 2014 A) 40%
during which three month period? | B) 50%
A) January to March C) 60%
B) April to June Dy 75%

C) July to September
D) October to December
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Population in 2010
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Researchers created the graph above to compare
their population estimates with the actual
populations of different cities in 2010. For which
of the cities did the researchers underestimate
the population?
I. San Diego
M. Chicago
lll. Los Angeles
A) lonly
B) land Il only
C) and Il only
0y 1L and 1

Birth Rate
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Based on the graph, which of the following best
describes the general trend in birth rates in
South Korea and Japan from 2006 to 20147
A) Each year, birth rates decreased in both
South Korea and Japan.
B) Each year, birth rates increased in both
South Korea and Japan.
C) Each year, birth rates increased in South
Korea but decreased in Japan,
1)) Each year, birth rates decreased in South
Korea but increased i Japan.
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In a certain study, researchers created the
scatterplot above to summarize the ages of the
participants and the number of hours of sleep
they required each night. Which of the following
is the closest to the age, in vears, of the
participant who required the least amount of
sleep each night?

A) 35

B) 40

Weight of Truck (tons)

1 2 3 4 5
Hours since 3:00 AM.

Starting at 2:00 A M. each day, Musa picks up
packages at various locations until his trailer
truck reaches its maximum capacity. He then
delivers all the packages that he picked up that
day. The graph above shows the weight of his
truck at different points during the day. What is
the maximum weight Musa's truck can hold, in

tons?

C} 55
D) &0

A)
B)
€
D)

14
16
24
0




CHAPTER 25 READING DATA

Annual Salt Production in the LS,
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Based on the graph above, for which of the
following two consecutive vears was the percent
increase in U.S. annual salt production the same
as the percent decrease from 2010 to 20117

A) 2009 to 2010
B) 2012 to 2013
C) 2013 to 2014
D) 2014 to 2015
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Average mass of brain (grams)

=

Cow  Wolf Goat Cat Fig

Animal

According to the graph above, the average mass
of a wolf's brain is what fraction of the average
mass of a pig's brain?

230

Video Game Console Sales in 2013

Units Sold (thousands)

A B (. D] E
Console

The graph above shows the number of units sold
in 2015 for five different video game consoles.
The prices of consoles A, B,C, D, and E are 5100,
$150, $200, 250, and $300, respectively. Which
of the five consoles generated the most total
revenue?

Ay A

By B

Cy B

oy E
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State Health Care Spending in 2013
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The graph above shows the profit of Company X The graph above shows the health care spending
and Company Y in each quarter of last year. In | of four different states, Alabama (AL), AK
which quarter was Company X's profit twice {Alaska), AZ (Arizona), and AK (Arkansas) in
Company Y's? 2013, Based on the graph, which state had the
A) 1 highest combined hospital care and prescription
spending in 200137
B) 2 drug spending in 201
Q) 3 A) Alabama
D) 4 B} aAlaska

) Arizona
[}y Arkansas
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|
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Calls Answered per Hour
o

Jeremy works at a call center. The graph above
shows the average number of calls he answered
per hour during his 7-hour work shift. What is
the total number of calls he answered during his
shift?
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Glucose Level (milligrams/ deciliter)

On the day of a medical evaluation, Greg ate
breakfast at 8:00 A.M. and lunch at 12:00 M.
During each meal, doctors recorded his glucose
levels in the graph above until they were able to
calculate the glucose recovery time, the time it took
for the body's glucose level to return to its initial
value at the start of the meal. According to the
graph, by how many hours was Greg's glucose
recovery time after lunch greater than his
glucose recovery time after breakfast?

A) 15
B) 2
C) 3
D) 55
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Gas mileage (miles per gallon)

0 10 20 30 40 50 &0 W0
Speed (miles per hour)

The graph above shows the gas mileage tor Car
X at different speeds. Based on the graph, how
many gallons of gas are needed to drive Car X |

for 5 hours at a constant speed of 30 miles per
hour?
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Probability

Generally speaking, probability can be defined as

number of target outcomes

number of total possible outcomes

Nearly all probability questions on the EST will involve tables of data. So for the purposes of the SAT,
probability can more narrowly be defined as

nimber in target group

['Ii]ll:'l!'ll'r m HI‘IT[IE‘I lI.'I'IIIh‘T I.._L'llfl_‘n'IL’I.‘le'ILlr'l

EXAMPLE 1:
| Beef | Chicken |

. - —i
| FirstClass | 18 | 27 |

| Coach | 62 | 138

i

The table above summarizes the meat preferences of passengers on a parﬁcular flight. 1f a first class
passenger is chosen at random from this flight, what is the probability that the passenger chosen prefers
beel?

) L
[T

M% Bi; O; D

The number of first class passengers is 18 + 27 = 45, This is the group under consideration. The number of
first class passengers who prefer beef is 18. This is the target group

number in target group 15

J11 P

number in group under consideration 45

Answer| (B)
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EXAMPLE 2: The manager of a large assembly line uses the table below to keep track of the number of

vehicles that are produced during different shifts in the day.

Cars | Trucks | Total

Firstshift | 173 | 126 | 299

Second shift | 182 | 143 | 325
274
898

Third shift | 165 | 109
Total 520 378
If a vehicle is selected at random at the end of the day, which of the following is closest to the probability

that the vehicle will be either a car produced during the first shift or a truck produced during the third
shift?

AY0193  B)03I4 0352 D)0421

In this question, the group under consideration includes all the vehicles, a total of 898 at the end of the day.
The target group includes cars produced during the first shift and trucks produced during the third shift, a
total of 173 + 109 = 282 vehicles,

number in target group 22

e T . v R _::I.
number in group under consideration 898 NI

Answer IE}.

235
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CHAPTER EXERCISE: Answers for this chapter start on page 336.

A calculator is allowed on the following questions.

Violation Type
Speeding | Stop sign | Parking | Total |
Truck 68 39 17 124
Car 83 51 26 160
Total | 151 90 3 | 284 |

A district police department records driving violations by type and vehicle in the table above. According
te the record, which of the following is closest to the proportion of stop sign violations committed by truck

drivers?

A) 0137
B) 0315
C) 0433
D) 0.567

Color

Red

Blue | Black

White

Silver

Percent

Zﬂ‘ﬁ'iu_

3% | 10%

14"%

A car manufacturer produces cars in red, blue, black, white, and silver. The incomplete table above shows
the percentage of cars it produces in each color. 1f a car from the manufacturer is chosen at random, what is
the probability that the car’s color is red or silver?

A) 23%
B) 33%
C) 3%
D) 43%




THE COLLEGE PANDA

Questions 3-4 refer to the following information.

v

The table below shows the number of workers in California with at least one year of experience in five different

construction-related occupations.

Years of Experience

[ 2 3 [ s 5+ || Total
Painter | 22491 | 26973 | 29,086 | 33861 | 37,061 | 149472
Roofer | 23908 | 27,634 | 30,932 | 34,146 | 39718 | 156,338
| Welder | 27,062 | 29812 | 32,784 | 36902 | 42,680 || 169,240 |
Plumber | 28,637 | 33,119 | 36670 | 40083 | 4537 || 183,885
"Carpenter | 24,39 | 28806 | 34,867 | 37418 | 43922 || 169409 |
[Total | 126494 | 146344 | 164339 | 182410 | 208,757 [ 828,344 |

Based on the table, if a plumber in California is chosen at random, which of the following is closest to the
probability that the plumber has at least four years of experience?

A) 010
B) 0.22
C) 025
D) 046

If a worker with at least four years of experience is chosen at random from those included in the table, which
of the following is closest to the probability that the person is a plumber?

A) 0.10
B) 0.22
C) 025
D) 046
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[ Won | Lost | Total
| Underdog | 10 a5 45
Favur?t;' 25 b 30
| Total 35 40 75

The table above shows the results of a baseball team, categorized by whether the team was considered the
favorite (expected to win) in the game or the underdog (expected to lose). What fraction of the games in
which the team was considered the underdog did the team win?

Al
B)

C)

| o Dkl =3 Nk

D)

e
=

Week 1 | Week 2 | Week3 | Week4 | Total |
Boxsprings | 35 40 55 |
‘Mattresses | 47 61 68 198
| Total 1 82 101 88 77 U8 |

A store manager summarizes the number of box spring and mattress units sold over four weeks ata bedding
store in the incomplete table above. Weeks 2 and 3 accounted for what fraction of all box spring units sold?

2
A) 35

B)

<)

o= Ll Rd e
ol =

D)
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- Country Gold | Silver | Bronze | Total
UsaA 46 29 29 104
China 34 27 23 85

Russia 24 | 2 32 82
Great Britain 29 17 1% (5
Germany 11 19 14 44
Total e | ome | 17 | 383

The table above shows the distribution of medals awarded at the 2012 London Summer Olympics. If an
Olvmpic medalist is to be chosen at random from one of the countries in the table, which country gives the
highest probability of selecting a Bronze medalist?

A) LSA

B} Russia

) Great Britain
D) Germany

MNumber of Fish Species

| Cartilaginous | Bony
Philippines 4N 800
New Caledonia 300 - 1,200

All fish can be categorized as either cartilaginous or bony. The data in the table above were produced by
biologists studying the fish species in the Philippines and New Caledonia. Assuming that each fish species
has an equal chance of being caught, the probability of catching a cartilaginous fish in the Philippines is how
much greater than the probability of catching one in New Caledonia?
A)
E)
<)

D)

@i= gle B Gl
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Lightning-caused fires | Human-caused fires | Total ]

East Africa 65 |
' South Africa 30 _'
Total 135 <0 J.

The incomplete table above summarizes the number of wildfires that occurred in two regions of Africa in
2014 by cause. Based on the table, what fraction of all wildfires in East Africa in 2014 were human-caused?

1
24
13
27
13
24
1
15

A)
B
C)

)

" Defective | Not defective | Total

Assembly Line A 300 5,700 6,000
Assembly Line B 500 3,500 4,000 ]
Total 800 9,200 10,000 |

A manufacturer uses two assembly lines to produce refrigerators. The results of each assembly line’s quality
control are shown in the table above. If a refrigerator from the manufacturer turns out to be defective, what
is the probability that the refrigerator was produced by Assembly Line A?

A) 5%

B) 37.5%
C) &0
D) 62.5%
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Type of Residence
Family members | Apartment | Duplex | Single residence  Total
1 10 22 3 35
2 20 12 13 45
3 2 8 12 28
4 or more ) 4 14 30
Total T 46 46 138

The table above summarizes the distribution of living situations for residences in a neighborhood. If a
duplex in the neighborhood is to be inspected at random, what is the probability that the residence is
occupied by no more than 2 family members?

ﬁj%
B}%
o7
D}g

Percent of samples
with Chemical A
Areal 450 8%
Area? | 550 B 6%

Mumber of soil samples

The data in the table above were produced by ecologists who collected soil samples from bwo areas to
determine whether they were contaminated with Chemical A, Based on the table, what proportion of the
soil samples were contaminated with Chemical A?

A) 0.067
B) 0.069
C) 0.070
D) 0.072
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——

Test negative | Test positive | Total

Has virus 30 370 400
Does not have virus 350 50 600

' Total | 580 420 1,000

The table above shows the results of a test that is designed to give a positive indicator when patients are
infected with a certain virus and a negative indicator when they are not infected. According to the results,
what is the probability that the test gives the incorrect indicator?

A) 5%
B) 8%
C) 10%
D) 12%

Cured | Not cured
Drug 90 5
Sugar Pill

The incomplete table above shows the results of a study in which doctors gave patients experiencing back
pain either a drug or a sugar pill. Three times as many patients were cured from the drug than from the
sugar pill. For every 2 patients cured by the sugar pill, 5 patients were not cured by the sugar pill. According

to the results, if a patient is given a sugar pill, what is the probability that the person will be cured of back
pain?

g 8 Z

=
Wi LR Tl TS
Sfw

242



THE COLLEGE PANDA

Gym Equipmmt. Computers | Total

Juniors 240 300 540
| Seniors | 160
| Total 460

The principal of a school is deciding whether to spend a budget surplus on new gym equipment or computers,
The incomplete table above summarizes the preferences among junior and senior class students. If a senior

from the school is chosen at random, the probability that the student prefers gym equipment is % How

many seniors are at the school?

243
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Statistics I

Consider this list of numbsers:

N e N R
The mean of the list is the average
S5464+24+24+2+7 1
_I |
fy *

The median is the number in the middle when the list is in order. For example, the median of {1,2,3,4, 5)is3

For our particular list, which looks like
5.

Y
e s DB, 7

when ordered, there is no single middle number we can consider the median. That's because there’s an even
number of numbers in the list. When that's the case, the median is the average of the two middle numbers, 2
and 5:

L5

.

|J.r
| Wn

Mow what if the list were 100 numbers |u|'.g? How would we determine the median? Well, if we're |uL!H!1g for
the middle number, it would make sense to take half of 100 to get 50, which designates the 50th number. But s
the 50th number the median? Probably not since there's an even number of numbers, Maybe it's the average
of the 50th and 51st numbers. Or it the average of the 49th and 50th numbers? See, with large lists, it's hard
to tell

Here's my technique for getting the median: regardless of whether there's an odd or even number of numbers,
we always “go up.” 5o for a list of 100 numbers, we divide by 2 to get 50 and “go up” to 51. Since we have
two whole numbers, 50 and 51, the median is the average the 50th and 515t numbers. For a list of 101 numbers,
we divide by 2 to get 50.5 and “go up” to 51. Since we only have one whole number, 51, the median is the 51st
number,

Yes, this technique is weird but it works. Just for reassurance, let’s test it out on a list of 3 numbers {the median
is obviously the 2nd number) and a list of 4 numbers (the median is the average of the 2nd and 3rd numbers)
For a list of 3 numbers, we take half of 3 to get 1.5, and then “go up” to 2, which confirms that the 2nd number
is the median. For a list of 4 numbers, we take half of 4 to get 2, and then “go up” to 3. The whole numbers 2
and 3 confirm that the average of the 2nd and 3rd numbers is the median

The mode is the number that shows up the most often. In our particular list, it's | 2
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The range is the difference between the biggest number in the list and the smallest number:

7-2=(s5]

The standard deviation is a measure of how spread out a list of numbers is. In other words, how much the
numbers “deviate” from the mean. The standard deviation is lower when more numbers are closer to the mean,
The standard deviation is higher when more numbers are spread out away from the mean. For example, our
list

2,2,2.5.6,7

would have a higher standard deviation than the tollowing list
5,5556,7

because the second list is more tightly clustered around the mean. [t tums out that the standard deviation
of our list is 2.28 and the standard deviation of the second list is 0.83. Don’t worry about how we got these
values—you'll never be asked to calculate the standard deviation on the EST Just know how to compare ong
list's standard deviation with another’s as we just did.

EXAMPLE 1:
Daily Hours Spent Playing Sports

_
=

Number of students
8B B

The histogram above summarizes the daily number of hours spent playing sports for 80 students at a
school.

PART 1: What is the mean daily number of hours spent playing sports for the 80 students?

PART 2: What is the median daily number of hours spent playing sports for the 80 students?

Part 1 Solution: Sum up the total number of hours for every student. Then divide that by the number of
students.
Total hours = i[_lvf-] + (1 x 35) + (2 % 15) + (3 x 25) B 140 il
Number of students B0 B0 | i

Part 2 Solution: In a group of 80 students, the 40th and 41st students are the two in the middle (the histogram
already orders the students by their hours so we don’t have to). The first 5 students spend 0 hours playing
sports each day. The next 35 students spend 1 hour, This group includes the 40th student, so the 40th student
spends | hour. The next 15 students spend 2 hours. Now this group includes the 41st student. so the 41st
student spends 2 hours, Taking the average,

Daily hours spent by 40th student + Daily hours spent by 41ststudent 1 + 2 13
= =—==[15]

b
(B8]
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EXAMPLE 2:

]

[

e @

e @® @

e ® @

e ® @ @

e @& = »

0 1 2 3 4 5 &
Flights Taken in a Year

The dot plot above summarizes the number of flights taken in a year by 19 college students, If the student
who took 6 flights in a year is removed from the data, which of the following correctly describes the
changes to the statistical measures of the data?

I. The mean decreases.
II. The median decreases.
NI The range decreases,

A)[only B)landllonly C)landilonly D)1, I, and I

The student who took 6 flights in a year is called an outlier, an extreme data point that is far outside where
most of the data lies. Because this outlier is greater than the rest of the data, it brings the average (mean) up. It
also increases the range since there is a larger gap between the minimum (0) and the maximum (6).

When this outlier is removed, the mean decreases and the range decreases, The median, however, is unaffected.
To confirm this, let's calculate it. Before the outlier is removed, there are 19 students, and the median is
represented by the 10th student, who took one flight. After the outlier is removed, there are 18 students, and
the median is represented by the 9th and 10th students, both of whom took one flight. So the median of 1 does

not change. And in fact, outliers typically affect the mean but not the median. Answer | (C) |r

EXAMPLE 3: The average weight of a group of pandas is 200 pounds. Another panda, weighing 230
pounds, joins the group, raising the average weight of the entire group to 205 pounds. How many pandas
were in the original group?

Once in a while, you will get a word problem that involves averages. These questions have less to do with
statistics and more to do with algebra, but because we cover averages in this chapter, we decided to cover
these types of word problems here as well.

When dealing with average questions on the EST think in terms of sums or totals. You can always find the
sum by multiplying the average with the number of subjects.

Let the number of pandas in the original group be x. The total weight of the original group is then 200x. When
another panda joins the group, the number of pandas is x + 1 and the total weight 1s 205(x + 1),

Since that panda weighs 230 pounds,

200x + 230 = 205(x + 1)
200x + 230 = 205x + 205
~5x =-15

r=>5

There were E pandas in the original group.
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EXAMPLE 4:

&
=

._.
=
=)

Number of residents
=

Number of residents
=

a8 1.2 3:4 5 6 0 1 2.3 4 5.6
MNumber of cars owned Number of cars owned

The bar charts above summarize the number of cars that residents from two neighborhoods, A and B,
own. Which of the following correctly compares the standard deviation of the number of cars owned by
residents in each of the neighborhoods?

A) The standard deviation of the number of cars owned by residents in Neighborhood A is larger.

B) The standard deviation of the number of cars owned by residents in Neighborhood B is larger.

C) The standard deviation of the number of cars owned by residents in Neighborhood A and

Neighborhood B is the same.
D) The relationship cannot be determined from the information given.

Most of the data for Neighborhood B are at the ends and are much more spread out from the mean, which,
because the bar graph is symmetrical, we can estimate to be 3 cars. The data for Neighborhood A, on the
other hand, are more clustered towards the low end, where the mean is. Therefore, the standard deviation for

Neighborhood B is larger. r"m:swuri (B) !

Boxplots

Every now and then, a boxplot question shows up on the EST Like histograms and dotplots, boxplots are just
another way of visualizing numerical data. There are 5 statistical metrics that you need to construct one: the
minimumi, the first qu.'lrti.h-, the median, the third quartile, and the maximum.

Here’s an example of a boxplot that summarizes the weights of 30 tortoises:

Min 21 Median (3 Manx
I - # 4 ] L 4+ ¥ 1
10 20 30 40 50 i 70 H0

Weight (in |‘H.IUI'IL|!1F

The left and right sides of the “box"” represent the first and third quartiles, respectively, and the line segment
inside the box indicates the median. Line segments are drawn from the left and right sides of the box to the
minimum and the maximum. These segments are sometimes called whiskers.

From the boxplot, we can see that the minimum weight among the 30 tortoises is 15 pounds, the first quartile
is 30 pounds, the median is 40 pounds, the third quartile is 60 pounds, and the maximum is 70 pounds.
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Now before we get too far ahead of ourselves, let's go over what the first quartile and third quartile mean,

The first quartile, also known as the lower quartile or 25th percentile, is the value for which 25% of the data is
less than. If your score on an exam is equal to the first quartile, then you scored better than 25% of the people
who took the exam.

The third quartile, also known as the upper quartile or 75th percentile, is the value for which 75% of the data is
less than. If your score on an exam is equal to the third quartile, then you scored better than 75% of the people
who took the exam.

To calculate the quartiles, follow these steps:
1. Make sure the data set is ordered.
2. Find where the median is.

3. Use the median to split the data set into two halves. Do not include the median in either half. So when
the data set contains 7 numbers, the two halves are the first 3 numbers and the last 3 numbers since the
4th element is the median and needs to be excluded. When the data set contains 8 numbers, the two
halves are the first 4 numbers and the last 4 numbers. The median is already “excluded” since it's the
average of the 4th and 5th numbers.

4. The first quartile is the median of the lower half of the data. The third quartile is the median of the upper
half of the data.

Note that there are actually several ways mathematicians use to calculate the quartiles, and the resulting values
can differ depending on the method. Fortunately, this isn't something you need to worry about. For the
purposes of the EST just use the method described above and you'll be fine.

To illustrate, let’s do an example. Let’s construct a boxplot from the following set of prices for 15 different

texthbooks:
{24, 28,30,30,30,72, 75,82, 88,90, 100, 100, 100, 100, 130}

& The minimum is 24.

® The median is the 15 2 2 = 7.5 = 8th number; 82.

# Because the median is the Sth number, we can use it to split the data set into two halves: the first 7
numbers and the last 7 numbers. We do not include the median in either half.

o The first quartile is the median of the first 7 numbers, so it's the 7 = 2 = 3.5 — 4th number: 30.

o The third quartile is the median of the last 7 numbers, so it's the 7 = 2 = 35 —+ 4th number from the
median or the 8 + 4 = 12th number in the overall set: 100.

« The maximum is 130,

Using these values, we can now construct the boxplot:

T |
- i —
3 i ¢ . ! ¢ i v 4 I + i i
20 30 40 50 60 70 80 90 100 110 120 130 140
Price
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CHAPTER EXERCISE: Answers for this chapter start on page 338,

A calculator is allowed on the following
questions,

The average height of 14 students in one class is
63 inches. The average height of 21 students in
another class is 68. If the two classes are
combined, what is the average height, in inches,
of the students in the combined class?

A) 645

B) 65

C) 66

D) 665

Kristie has taken five tests in science class. The
average of all five of Kristie’s test scores is 9.
The average of her last three test scores is 92,
What is the average of her first two test scores?

A) 495

B) 96

Q) 97

D) 98

A food company hires an independent research
agency to determine its product’s shelf life, the
length of time it may be stored before it expires.
Using a random sample of 40 units of the
product, the research agency finds that the
product’s shelf life has a range of 3 days. Which
of the following must be true about the units in
the sample?

A) All the units expired within 3 days.

B) The unit with the longest shelf life took 3
days longer to expire than the unit with the
shortest shelf life.

C) The mean shelf life of the units is 3 more
than the median.

) The median shelf life of the units is 3 more
than the mean.
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MNumber of editors

DB D B D
Yol ":‘F""F" j

Books read

The histogram above shows the number of
books read last year by 20 editors at a publishing
company. Which of the following could be the
median number of books read by the 20 editors?

A) 10

B) 12

C) 16

Dy 23

Final Exam Scores
{out of 100 points)

'r'
!

t

i . ; ‘ ‘ 8
0 75 B0 8 8% 95 100

The box plot above summarizes the final exam
scores of 26 students in a math class. Based on
the box plot, which of the following best
estimates the number of points by which the
median score of the 26 students exceeds the
lowest mdividual score?

A)
B)
C)
)

= N o W
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Miss World Titleholders Locks are sections of canals in which the water
level can be mechanically changed to raise and

: ° lower boats. The table below shows the number
@ ® o of locks for 10 canals in France.
EEERER [ Name [ #Locks |
® ¢ 0 00 00 Atne | %7
18 1% 20 21 22 23 A Alsace 25
Age (vears) Rhone 5
Centre 30
The dotplot above shows the distribution of ages G T
for 24 winners of the Miss World beauty pageant IO || g
at the time they were crowned. Based on the Lalinde 7
data, which of the following is closest to the Midi 32
average {(arithmetic mean) age of the winning Oige 27
Miss World pageant contestant? Vosges 9
A) 19 Sambre 29
B) 20 ; . :
) 21 Removing which of the following two canals

from the data would result in the greatest
D) 22 decrease in the standard deviation of the
number of locks in each canal?

S A) Aisneand Lolinde
|

B) Alsace and Garonne

Temperature (°F) Frequency | ) Centre and Midi
&0 3 D} Rhone and Vosges
61 4 '
> : IR . i e, SR P
67 _lﬂ '
70 70 ! A shoe store surveyed a random sample of 50
. o customers to better estimate which shoe sizes
The table above gives the distribution of low should be kept in stock. The store found that the
temperatures for a city over 28 days. What is the median shoe size of the customers in the sample

median low Itemperaru re, in degrees Fahrenheit is 10 inches. Which of the following statements
(“F), of the city for these 28 days? | must be true?

A) The sum of all the shoe sizes in the sample
is 500 inches.

B) The average of the smallest shoe size and
the largest shoe size in the sample is 10
inches.

) The difference between the smallest shoe
size and the largest shoe size in the sample
is 10 inches.

D) At least half of the customers in the sample

have shoe sizes greater than or equal to 10
inches.
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The tables below give the distribution of travel
times beltween two towns for Bus A and Bus B
aver the same 40 days,

Bus A
Travel time (minutes) | Frequency
4 5
45 10
47 15
B .
Bus B
| Travel time (minutes)  Frequency
| 25 s
30 11
35 15
40 . 10

Which of the following statements is true about
the data shown for these 40 days?

A) The standard deviation of travel times for
Bus A is smaller.

B} The standard deviation of travel times for
Bus B is smaller.

) The standard deviation of travel times is
the same for Bus A and Bus B.

) The standard deviation of travel times for
Bus A and Bus B cannot be compared with
the data provided.
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—
=

- mmm Company A
i Company B |

Mumber of kavaks
= = bkt W ds W O =D O D

45 44 47 45 49
Weight (in pounds)

The bar chart above shows the distribution of
weights (o the nearest pound) for 19 kayaks
made by Company A and 19 kayaks made by
Company B. Which of the following correctly
compares the median weight of the kayaks made
by each company?
A) The median weight of the kayaks made by
Company A is smaller,
B) The median weight of the kayaks made by
Company B is smaller.
C) The median weight of the kayaks is the
same for both companies.
¥} The relationship cannot be determined
from the information given.

Quiz | 1 2[3]a]s 6 7
| Score | 87 | 75 | 90 | 83 | 98 | 87 | 91

The table above shows the scores for Jay's first
seven math quizzes. Which of the following are
true about his scores”

[. The mode is greater than the median.
II. The median is greater than the mean.
111. The range is greater than 20.
A) Ilonly
B) I only
C) Mand TMT
) L 1, and 01
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Pl — i 1
- i-Schml Al
, o |- School B —— = 1
S e ! B
E v

g S 3 : |

g 2 !

L E 2 — . 1

z |

I s > - i

B | 'R

5 fr 7 8 9 10 | 2 1 4 5
Integecs MNumber of films shown

T!“‘ ET*‘P_h above f"h““'-" the frequency The bar chart above shows the number of films

distribution of a list of randomly generated shown in class over the past year for 19 classes
mtegers between 5 and 10. Which of the in School A and 15 classes in School B. Which of

following correctly gives the mean and the range

£ b Bt of , the following correctly compares the mean and
of the list of integers?

median number of films shown in each class for

A) Mean = 7.6, Range = 4 the two schools?
B) Mean = 7.6, Range = 5 A) The mean and median number of films
C) Mean = 8.2, Range = 4 shown in each class are both greater in

School AL

B) The mean and median number of films
shown in each class are both greater in

| 11 L S S i S School B.

) The mean number of films shown in each

D) Mean = 8.2, Range =5

I Calories in Meals class is greater in School A, but the median
500 | 5 5'1] | ::-Eﬂ 550 J_ is the same in both schools.
[ 530 .ﬁﬂ D) The mean number of films shown in each

----- class is greater in School B, but the median
The table above lists the number of calories in is the same in both schools.

each of Mary's last 10 meals. If a %00-calorie

meal that she had today is added to the values

listed, which of the following statistical

I. Median

1. Mode

1ll. Range
A) Fand 1l only
B) 1and I only
C} Hand Il only
D) LILandlll
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L]
L
e 0 @0
e 8 00
® & & 0 0 ®
21 22 .23 24 25 26 27 28 9 3D

Gas mileage (miles per gallon)

The dotplot above gives the gas mileage (in
miles per gallon) of 15 different cars. If the dot
representing the car with the greatest gas
mileage is removed from the dotplot, what will
happen to the mean, median, and standard
deviation of the new data set?

A) Only the mean will decrease.

H) Only the mean and standard deviation will
decrease.

C) Only the mean and median will decrease.

Y} The mean, median, and standard deviation
will decrease.

]

Snowfall (in inches)
4548 [ 29 [50 |52 [ >4
55 |57 |57 |57 | 58| %

60 | 60 | 61 | 61 | 65 | 90

The table above lists the amounts of snowfall, to |
the nearest inch, experienced by 18 different

cities in the past year. The outlier measurement

of ¥ inches is an error, Of the mean, median,

and range of the values listed, which will change
the most if the 90-inch measurement is replaced

by the correct measurement of 20 inches?

A) Mean

B) Median

) Range

D) None of them will change.

Number of | Number of |
lectures professors
12 15 |
15 12
| 2 6
| 25 20
| 28 17
| 32 15
L @ | (S

The table above summarizes the distribution of
the number of lectures each of the 90 professors
at a college gave last year. Which of the
following box plots correctly represents the data
shown in the table?

A
5 10 15 20 25 30 35 40 45 50
MNumber of lectures

B)
e I
et — b
5 10 15 20 25 30 35 40 45 50
Mumber of lectures

C)
H— 11—
5 10 15 20 25 30 35 40 45 50
MNumber of lectures

1)

= I -

5 10 15 20 25 30 35 40 45 50
MNumber of lectures
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Statistics Il

The goal of statistics is to be able to make predictions and estimations based on limited time and information.
For example, a statistician might want to estimate the mean weight of all female raccoons in the United
States. The problem is that it's impossible to survey the entire female raccoon population. In fact, by the
time that could be .arrunlpli:-lh.-d. not nr1.|1_.. wionld the data be out of date but there would be new Females in
the population. Instead, a statistician takes a random sample of female raccoons to make an estimation of
what the actual mean might be. In other words, the sample mean is used to estimate the population mean,
Using a sample to predict something about the entire population is a common theme in statistics and in EST
questions

EXAMPLE 1: A pet food store chose 1,000 customers at random and asked each customer how many pets
he or she has. The results are shown in the table below.

“Number of pets | Number of customers |

1 f 600 3

7S | 0
"W | 100
4 or more I - 100

There are a total of 18,000 customers in the store’s database. Based on the survey data, what is the expected
total number of customers who own 2 pets?

Using the sample data, we can estimate the total number who own 2 pets to be

200

18, (NN =
1, (XK

3 600
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EXAMPLE 2:
&c}ﬂnﬂpﬁh&rﬂmﬂﬂﬂm
3
I
25 .
Bz
J
2 =
AdD
15 §

&
By e o
Y
-

Oxygen Uptake (liters per minute)

&7

100 110 120 130
Heart rate (beats per minute)

The scatterplot above shows the relationship between heart rate and oxygen uptake at 16 diﬂmtpdnts
during Kyle's exercise routine. The line of best fit is also shown.

PART 1: Based on the line of best fit, what is Kyle's predicted oxygen uptake at a heart rate of 110 beats
per minute?

PART 2: What is the oxygen uptake, in liters per minute, of the measurement represented by the data
point that is farthest from the line of best fit?

Part 1 Solution: Using the line of best fit, we can see that at a heart rate of 110 beats per minute (along the
x-axis), the oxygen uptake is @ liters per minute.
Using the line of best fit to make a prediction can be dangerous, especially when

s we are making a prediction outside the scope of our data set (predicting the oxygen uptake at a heart rate
of 250 beats per minute, for example—you’d probably be dead).

» there are outliers that may heavily influence the line of best fit (see Part 2).

e the data iz better modeled by a quadratic or exponential curve rather than a linear one. In this case, a
linear model looks to be the right one, but something like compound interest may look linear at first even

though it's exponential growth.

Part 2 Solution: From the scatterplot, we can see that the data point farthest away from the line of best fit is at
118 along the r-axis. The point represents an oxygen uptake of |f_5J| liters per minute.

Mote that this data point is likely an outlier, which can heavily influence the line of best fit and throw off our
predictions. Outliers should be removed from the data if they represent special cases or exceptions.

Not only will vou be asked to make predictions using the line of best fit, but you'll also be asked to interpret
its slope and y-intercept. We'll use the data from this example in the next one to show you how these concepts
are tested.
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EXAMPLE 3:

L
Lt

il
|

JBZeci Tl
[ |

100 110 120 130
Heart rate (beats per minute)

The scatterplot above shows the relationship between heart rate and oxygen uptake at 16 different points
‘during Kyle's exercise routine. The line of best fit is also shown.

PART 1: Which of the following is the best interpretation of the slope of the line of best fit in the context
of this problem?
A) The predicted increase in Kyle’s oxygen uptake, in liters per minute, for every one beat per minute
increase in his heart rate
B) The predicted increase in Kyle's heart rate, in beats per minute, for every one liter per minute
increase in his oxygen uptake
C) Kyle's predicted oxygen uptake in liters per minute at a heart rate of 0 beats per minute
D) Kyle’s predicted heart rate in beats per minute at an oxygen uptake of 0 liters per minute

PART 2: Which of the following is the best interpretation of the y-intercept of the line of best fit in the
context of this problem?
A) The predicted increase in Kyle's oxygen uptake, in liters per minute, for every one beat per minute
increase in his heart rate
B) The predicted increase in Kyle’s heart rate, in beats per minute, for every one liter per minute
increase in his oxygen uptake
C) Kyle's predicted oxygen uptake in liters per minute at a heart rate of 0 beats per minute
D) Kyle’s predicted heart rate in beats per minute at an oxygen uptake of 0 liters per minute

g

M_E:m
|
3
]
1

.

&
-

—

X

Oxygen Uptake (liters per minute)

&7

Part 1 Solution: As we learned in the linear model questions in the interpretation chapter, the slope is the
increase in i (oxygen uptake) for each increase in x (heart rate). The only difference now is that it's a predicted

increase. The answer is I M-ﬁ}
Part 2 Solution: The y-intercept is the value of ¥ (oxygen uptake) when x (the heart beat) is 0. The answer is

{C) L Note that this value would have no significance in real life since you would be dead at a heart rate of ().

This again illustrates the danger of predicting values outside the scope of the sample data.
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real estate agent intends to replicate the survey and will attempt to get a smaller margin of error. Which
of the following samples will most likely result in a smaller margin of error for the mean price of an
apartment in Malden, Massachusetts?

A) 30 randomly selected apartments in Malden

B) 30 randomly selected apartments in all of Massachusetts

C) 80 randomly selected apartments in Malden

D) 80 randomly selected apartments in all of Massachusetts

The answer is (C) | The margin of error refers to the room for error we give to an estimate. For example, we

could say the mean price of an apartment in Malden is $150,000 with a margin of error of $10,000. This implies
that the true mean price of all apartments in Malden is likely between $140,000 and $160,000. This interval is
called a confidence interval (see Example 6).

To get a smaller margin of error in Example 4, we should first only select from apartments in Malden. Selecting
apartments from all of Massachusetts not only introduces more variability to the data but also strays from the
original intent of the survey, which is to find the average price of Malden apartments. Secondly, we should use
a larger sample size. This is common sense. The more apartments we survey, the more accurate our data and
our estimations are and the lower our margin of error is.

In fact, the margin of error for any estimate from an experiment depends on two factors:
e Sample size
 Variability in the data (often measured by standard deviation)

The larger the sample size and the less variable the data is, the lower the margin of error. We typically can't
control the standard deviation of the data (how spread out it is), but we can control the sample size. So why
don't researchers always use huge sample sizes? Because it's too costly and time-consuming to gather data
from everyone and everywhere.

EXAMPLE 5: Researchers conducted an experiment to determine whether exercise improves student
exam scores. They randomly selected 200 students who exercise at least once a week and 200 students
who do not exercise at least once a week. Aftertracking the students’ academic performances for a year,
the researchers found that the students who exercise at least once a week performed significantly better
on the same exams than the students who do not. Based on the design and results of the study, which of
the following is an appropriate conclusion?

A) Exercising at least once a week is likely to improve exam scores.

B) Exercising three times a week improves exam scores more than exercising just once a week.

C) Any student who starts exercising at least once a week will improve his or her exam scores.

D) There is a positive association between exercise and student exam scores.

This question deals with a classic case of association (also called correlation) vs. causation. Just because
students who exercise got better exam scores doesn’t mean that exercise caises an improvement in exam
scores. It's just assocsated with an improvement in exam scores. Perhaps students who exercise just have more

discipline or they have more demanding parents who make them study harder. Due to the way the experiment
was designed, we can't tell what the underlying factor is.

Therefore, answer (A) is wrong because it implies causation. Answer (B) is wrong because it not only implies
causation but also implies that the frequency of exercise matters, something that wasn't tracked in the experiment.
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Answer (C) is wrong because it suggests a completely certain outcome. Even if exercise DID improve exam
scores, not every single student who starts exercising will improve their scores. There might be students for
whom exercising makes their scores worse. Any conclusion drawn from sample data is a generalization and
should not be regarded as a truth for every individual.

The answer is| (D) | There is a positive association between exercise and student exam scores.

One of the things the researchers did correctly was to take random samples from each group. The key word is
random. If the samples weren't random, we wouldn't even have been able to conclude that there is a positive
association between exercise and exam scores. Why? Let's say the researchers picked 30 students from the
tennis team for the exercise group and 30 students who just play video games all day for the non-exercise
group. Definitely not random. Now, did the exercise group do better on their exams because they exercise
or because they play tennis? Or was it the video games that made the non-exercise group perform worse?
Because the selection wasn’t random, we can’t tell how each factor influences the result. When the selection is
random, all the factors except the one we're testing are "averaged out.”

MNow what if the researchers wanted to see whether exercise does indeed cause an improvement in exam scores,
What should they have done differently? The answer is random assignment. Instead of randomly selecting 200
students from one group that already exercises regularly and 200 students from another group that does not,
they should have just randomly selected 400 students. The next step would be to randomly assign each student
to exercise or not, Everyone in the exercise group is forced to exercise at least once a week and everyone in the
non-exercise group is not allowed to exercise. If the exercise group performs better on the exams, then we can
conclude that exercise causes an improvement in exam scores. Of course, conducting this type of experiment
can be extremely difficult, which is why proving causation can be such a monumental task.

The following list summarizes the conclusions you can draw from different experimental designs involving
two variables (e.g. exercise and exam scores),

1. Subjects not selected at random & Subjects not randomly assigned
o Results cannot be generalized to the population.
o Cause and effect cannot be proven,

o Example: Researchers want to see whether medication X is effective in treating the flu. People
with the flu from Town A receive medication X. People with the flu from Town B receive a placebo
(sugar pill). More people in the medication X group experience a reduction in flu symptoms, The
generalization that medication X is associated with a reduction in flu symptoms cannot be made
since it was only tested in Town A and Town B {sample was not randomly selected from the general
population). There may be something special about Town A and Town B. No cause and effect
relationship can be established because the medication was not randomly assigned. Perhaps Town
A experienced a less severe flu epidemic.

2. Subjects not selected at random & Subjects randomly assigned
* Results cannot be generalized to the population.
s Cause and effect can be proven.

e Example: Researchers want to see whether medication X is effective in treating the flu. Peaple
with the flu from Town A and Town B are randomly assigned to either medication X or a placebo
{sugar pill). More people in the medication X group experience a reduction in flu symptoms. The
generalization that medication X is effective for everyone cannot be made since it was only tested
in Town A and Town B (sample was not randomly selected from the general population). Perhaps
only one particular strain of the flu exists in Town A and Town B. A cause and effect relationship
can be established because the medication was randomly assigned. For the people in Town A and
T{?wn B, we can conclude that medication X causes a reduction in flu symptoms. Note that this is
still just a generalization—as with any other medication, medication X does not guarantee you will
definitely get better, even if you live in Town A or Town B.
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3. Subjects selected at random & Subjects not randomly assigned
¢ Resulls can be generalized to the population.
+ Cause and effect cannot be proven,

¢ Example: Researchers want to see whether medication X is effective in treating the flu. People
with the flu from the general population are randomly selected. They are given the choice of a
new medication (medication X) or a traditional medication (really a sugar pill). More people in the
medication X group experience a reduction in flu symptoms. We can generalize that people who
choose to receive medication X fare better than those who don't. However. no cause and effect
relationship can be established because the medication was not randomly assigned. We don’t know
whether the reduction in symptoms is due to the medication or a difference between those who
volunteered and those who didn't.

4. Subjects selected at random & Subjects randomly assigned
» Results can be generalized to the population.
» Cause and effect can be proven.

s Example: Researchers want to see whether medication X is effective in treating the flu. People
with the flu from the general population are randomly selected. Using a coin toss (heads or tails),
researchers randomly assign each person to either medication X or a placebo (sugar pill). More
people in the medication X group experience a reduction in flu symptoms. We can conclude that
medication X causes a reduction in flu symptoms. This conclusion can be generalized to the entire
population of people with the flu,

EXAMPLE 6: Environmentalists are testing pH levels in a forest that is being harmed by acid rain. They
analyzed water samples from 40 rainfalls in the past year and found that the mean pH of the water samples
has a 95% confidence interval of 3.2 to 3.8. Which of the following conclusions is the most appropriate
based on the confidence interval?

A) 95% of all the forest rainfalls in the past year have a pH between 3.2 and 3.8.

B) 95% of all the forest rainfalls in the past decade have a pH between 3.2 and 3.8.

C) Itis plausible that the true mean pH of all the forest rainfalls in the past year is between 3.2 and 3.8.

D) It is plausible that the true mean pH of all the forest rainfalls in the past decade is between 3.2 and

3.8

If you don't know what a confidence interval is, don’t worry. You'll never need to calculate one and the EST
makes these questions very easy. All a confidence interval does is tell you where the true mean (or some other
statistical measure) for the population is likely to be (e.g. between 3.2 and 3.8). Even though the EST only
brings up 95% confidence intervals, there are 97% and 99% (any percentage) confidence intervals, The higher
the confidence, the more likely the true mean falls within the interval. So in the example above, we can be
quite confident that the true mean pH of all the forest rainfalls in the past vear is between 3.2 and 3.8. Answer

{i.':_':|. The answer is not (D) because we cannot draw conclusions about the past decade when all the samples

were Fathered from the past year.

A confidence interval does NOT say anything about the rainfalls themselves. You cannot say that any one
rainfall has a 95% chance of having a pH between 3.2 and 3.8, and you cannot say that 95% of all the forest
rainfalls in the past vear had a pH between 3.2 and 3.8. Always remember that a confidence interval applies
only to the mean, which is a statistical measurement, NOT an individual data point or a group of data
points,

Secondly, a 95% confidence interval does not imply that there is a 95% chance it contains the true mean. Even
though confidence intervals are computed for the mean, you cannot say that the interval of 3.2 to 3.8 has a 95%
chance of containing the true mean pH,
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So what does it mean in statistics to be 95% confident in something? If the experiment were repeated again and
again, each with 40 water samples, 95% of those experiments would give us a confidence interval that contains
the true mean. In other words, the confidence interval given in the example is the result of just one experiment.
Another run of the same experiment {another 40 samples) would produce a different confidence interval. Keep
on getting these confidence intervals and 95% of them will contain the true mean. So the 95% pertains to all
the confidence intervals generated by repeated experiments, NOT the chance that any one confidence interval

contains the true mean. Again, don’t worry about how confidence intervals are calculated, but be aware that
this is how “confidence” is defined in statistics,
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CHAPTER EXERCISE: Answers for this chapter start on page 340

A calculator is allowed on the following

questions,
m
|| [ =R SRS S o i
] Traffic Light Violations in Various Towns
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The scatterplot above shows the relationship
between age, in years, and shoe size for 24 males
between 10 and 20 years old. The line of best fit
is also shown. Based on the data, how many 19
year old males had a shoe size greater than the
one predicted by the line of best fit?

A) 1
B) 2
C) 3
D) 4

In a survey of 400 seniors, ¥ percent said that
they plan on majoring in physics. One university
has used this data to estimate the number of
physics majors it expects for its entering class of
3300 students. If the university expects 66
physics majors, what is the value of x ?
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The scatterplot above shows the number of
traffic lights in 15 towns and the average weekly
number of traffic light violations that occur in
each town. The line of best fit is also shown.
Based on the line of best fit, which of the
following is the predicted average weekly
number of traffic light violations in a town with
75 traffic lights?

A) 40
B) 50
C) 55
D) 60
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A university wants to determine the dictary

preferences of the students in its freshman class.

Which of the tollowing survey methods is most
likely to provide the most valid results?

A) Selecting a random sample of 600 students
trom the university

B) Selecting a random sample of 300 students
from the university's freshman class

C) Selecting a random sample of 600 students
from the university’s freshman class

D) Selecting a random sample of 600 students

from one of the university’s freshman
dining halls

Two candidates are running for governor of a
state. A recent poll reports that out of a random
sample of 250 voters, 110 support Candidate A
and 140 support Candidate B. An estimated
500,000 state residents are expected to vote on
election day. According to the poll, Candidate B
is expected to receive how many more votes
than Candidate A?

A) 60,000
B) 130,000
C) 220,000
D) 280,000

Consumer Behavior during Store Sales

50 |
55 |
50
45
40
35
30
25
20
15
10
5
0

Average shopping time (minutes)

0 5 1015 20 2530 35 40 45 50
Store Discount (%

Shopping time refers to the ime a customer
spends in one store. The scatterplot above shows
the average shopping time, in minutes, of
customers at 26 different stores offering various
discounts. The line of best fit is also shown.
Which of the following is the best interpretation
of the meaning of the y-intercept of the line of
best fit?

A) The predicted average shopping time, in
minutes, of customers at a store offering no
discount

B) The predicted average shopping time, in
minutes, of customers at a store offering a
50 discount

) The predicted increase in the average
shopping time, in minutes, for each one
percent increase in the store discount

D) The predicted average number of
customers at a store offering no discount
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Movie Length versus Box Office Sales

Advertising for 16 Companies

|
450 ! i I S
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Advertising Expenses (in thousands of dollars) Movie Length (minutes)
The scatterplot above shows the relationship The scatterplot above plots the lengths of 15
between revenue and advertising expenses for movies against their box office sales. The line of
16 companies. The line of best fit is also shown. best fit is also shown. Which of the following is
Which of the following is the best interpretation the best interpretabion of the meaning of the
of the meaning of the slope of the line of best fit? slope of the line of best fit?
A} The expected increase in revenue for every A} The expected decrease in box office sales
one dollar increase in advertising expenses per minute increase in movie length
B) The expected increase in revenue for every B} The expected increase in box office sales per
one thousand dollar increase in advertising minute increase in movie length
EXpEnses ) The expected decrease in box office sales
C) The expected increase in advertising per 1{-minute increase in movie length
expenses for every one thousand dollar 1} The expected increase in box office sales per
IMCTEASE 1 FeVenLe 10-minute increase in movie length
D) The expected revenue of a company that
has no advertising expenses
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Mistakes Made in Incentive-based Task
6L 3

Ln
=

==
=

0

Fd
=
[
|

Mumber of mistakes made
=

0 100 200 300 400 500 600
I'rize {in dollars)

In a psychological study, researchers asked
participants to each complete a difficult task for
a cash prize, the amount of which varied from
participant to participant. The results of the
study, as well as the line of best fit, are shawn in
the scatterplot above. Which of the following is
the best interpretation of the meaning of the
y-intercept of the line of best fit?

A} The expected decrease in the number of
mistakes made per dollar increase in the
cash prize

B) The expected increase in the number of
mistakes made per dollar increase in the
cash prize

C} The expected dollar amount of the cash
prize required for a person to complete the
task with 0 mistakes

) The expected number of mistakes a person
makes in completing the task when no cash
prize is offered

Fat and Calories of lce Cream

E:
420 |— -
» 400 )
E 380 ‘
g 7
'j [ ] /
= 360 |- |‘ . |
(=} | |
= 340 u-/‘/ | 1 L
320 e | —‘
|

15 20 25 30 in
Total fat {grams)

The scatterplot above shows the fat content and
calorie counts of 8 different cups of ice cream.
Based on the line of best £t to the data shown,
what is the expected increase in the number of
calories for each additional gram of fat in a cup
of ice cream?

A) 5

B) 8

C) 20

D) 40

A record of driving violations by type and
viehicle 15 shown below,

Violation Type
- Speeding | Stop Sign | Parking | Total
Truck [t 39 17 124
Car 53 Al 26 160
Total 151 | e0 43 | 284

If the data is used to estimate driving violation
information about 2,000 total violations in a
certain state, which of the following is the best
estimate of the number of speeding violations
committed by cars in the state?

A) 479

B) 585

O 10e3

0y 1099
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Nitrogen Fertilizer and Oats ‘g Food Courts in Various Malls
- 1 3 100 T
2 z |
: : |
: h
£ g
2 =
- =
f) ]
E £ |
s 4 ow r=— = 2 | ! *
3w i : |
i 0| | | &£ o . I I _J
0 0 200 300 400 500 g A S 6 7 8 9 10
Amount of nitrogen applied (pounds per acre) Number of restaurants

The scatterplot above shows the distribution of
seats for the restaurants in 7 different mall food
courts. The line of best fit i= also shown.
According to the data, what is the total number
of seats at the food court represented by the data
point that is farthest from the line of best fit?

The scatterplot above shows the amount of
nitrogen fertilizer applied to 8 oat fields and
their yields. The line of best fit is also shown.
Which of the following is closest 1o the amount
of nitrogen applied, in pounds per acre, to the
oat field whose vield is best predicted by the line

of best fit? : A) 200
A) 200 B) 240
B) 350 C) 320
C) 400 D) 560
D) 450

Researchers must conduct an experiment to see
whether a new vaccine is effective in relieving
certain allergies. They have selected a random
sample of 100 allergy patients. Some of the
patients are assigned to the new vaccine while
the rest are assigned to the traditional treatment.
Which of the following methods of assigning
each patient’s treatment is most likely to lead to
a reliable conclusion about the effectiveness of
the new vaccine?

A) Females are assigned to the new vaccine.

B) Those who have more than one allergy are
assigned to the new vaccine.

C) The patients divide themselves evenly into
two groups. A coin is tossed to decide
which group receives the new vaccine,

D) Each patient is assigned a random number.
Those with an even number are assigned to
the new vaccine.
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A basketball manufacturer selects a random
sample of its basketballs each week to ensure a
consistent air pressure within them is
maintained. In Week 1, the sample had a mean
air pressure of 8.2 psi (pounds per square inch)
and a margin of error of 0.1 psi. In Week 2, the
sample had a mean air pressure of 7.7 psi and a

margin of error of 0.3 psi. Based on these results,

which of the following is a reasonable
conclusion?

A) Most of the basketballs produced in Week |
had an air pressure under 8.2 psi, whereas
most of the basketballs produced in Week 2
had an air pressure under 7.7 psi.

B) The mean air pressure of all the basketballs
produced in Week 1 was 0.5 psi more than
the mean air pressure of all the basketballs
produced in Week 2.

C) The number of basketballs in the Week 1
sample was more than the number of
basketballs in the Week 2 sample.

D) Itis very likely that the mean air pressure
of all the basketballs produced in Week |

was less than the mean air pressure of all
the basketballs produced in Week 2.

A student is assigned to conduct a survey o
determine the mean number of servings of
vegetables eaten by a certain group of people
each day. The student has not yet decided which
group of people will be the focus of this survey.
Selecting a random sample from which of the
following groups would most likely give the
smallest margin of error?

A) Residents of the same city
B) Customers of a certain restaurant
C) Viewers of the same television show

D) Students who are following the same daily
diet plan
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The length of a blue-spotted salamander s tail
can be used to estimate its age. A biologist
selects 80 blue-spotted salamanders at random
and finds that the average length of their tails
has a 95% confidence interval of 5 to 6 inches.
Which of the following conclusions is the most
appropriate based on the confidence interval?

A) 95% of all blue-spotted salamanders have a
tail that is between 5 and 6 inches in length.

B} 95% of all salamanders have a tail that is
between 5 and 6 inches in length.

C) The true average length of the tails of all
blue-spotted salamanders is likely between
5 and 6 inches,

D) The true average length of the lails of all
salamanders is likely between 5 and 6
inches.

An economist conducted research to determine
whether there is a relationship between the price
of food and population density. He collected
data from a random sample of 100 U.S. cities and
found significant evidence that the price of food
is lower in places with a high population
density. Which of the following conclusions is
best supported by these results?

A} In US5. cities, there is a positive associabion
between the price of food and population
density.

B} In U5, cities, there is a negative association
between the price of food and population
density.

C) In US, cities, a decrease in the price of food
is caused by an increase in the population
density.

D) In U.S. cities, an increase in the population
density is caused by a decrease in the price
of food.
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Volume

The volume of all regular solids can be found using the following formula:

Volume = Area of base % height

' 1 bl B t
That's why the volume of a cube is V = s” (the area of the base is s* and the height is s)

The volume of a rectangular box/prism is V = [wh (the area of the base is [t and the height is 1)

I

And the volume of a cylinder is V = 72k (the area of the base is i and the height is h)

h

Even though the EST gives vou these formulas at the beginning of each math section, thev should be memorized,
in addition to the volume of a cone

| "
Vi==n1rh

e

=0/
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and the volume of a sphere

' "
: |
, A
i ]

Well, if we look at the base, it's just a ring,

The area of the ring is the outer circle minus the inner circle.
TR? — it = rr(f-rt2 F!_:I
To get the volume, we multiply this area by the height.

a
V=R —r'h

In addition to finding an object’s volume, you'll also need to know how to find its density. Sometimes yvou'll
be given the density formula and sometimes you won't, so it's important to memorize it.

Mass

Denesity = Volume

Denser abjects are heavier relative to their size.
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CHAPTER EXERCISE: Answers for this chapter start on page 342.

A calculator is allowed on the following
questions,

. A S5cm

dcm

In the figure above, a cylindrical block of wood
is sliced into two pieces as shown by the dashed
curve. What is the volume of the top piece in
cubic centimeters?

A) 10

B) 157

C) 20

D) 40n

James wants to cover a rectangular box with
wrapping paper. The box has a square base with
an area of 25 square inches. The volume of the
box is 100 cubic inches. How many square
inches of wrapping paper will James need to
exactly cover all faces of the box, including the
top and the bottom?

A) 120
B) 130
C) 150
D) 160

What is the volume of a cube with surface area
24a*?

A) 4o’

B) 8a°

C) 8

D) 16a’

A cylindrical water tank with a base radius of 4
feet and a height of 6 feet can be filled in 3 hours,
At that rate, how many hours will it take to fill a
cylindrical water tank with a base radius of 6
feet and a height of 8 feet?

A) 45
B) 6
C) 75
Dy 9

A clay brick in the shape of a right rectangular
prism has a length of 6 inches, a width that is
25% greater than its length, and a height that is 2
inches shorter than its length. The brick has a
mass of 5.85 kilograms. What is the density, in
grams per cubic inch, of the brick?
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A cube with a side length of 5 inches s painted
black on all six faces. The entire cube is then cut
into smaller cubes with sides of 1 inch. How
many small cubes do not have any black paint
on them?

A) 27

B) 31

C) 36

D) 48

Yuna finds a box with an open top. Each side is 8
inches long. If she fills this box with identical 2

@00

A container in the shape of a right circular . in by 2 in by 2 in cubes, how many of these
cylinder shown above is just large enough to fit cubes will be touching the box? ,
exactly 3 tennis balls each with a radius of 2
inches. If the container were emptied out and dgye
filled to the top with water, what would be the B) 48
volume of water, in cubic inches, held by the Y 52
container? D) 5
A) lén .
s e
C) 32nm
D) 487 A3 x4 x5solid block ismadeupof 1 x 1 = 1

unit cubes. The outside surface of the block is
painted black. How many unit cubes have

_ ! EXEII‘.'ﬂ}' one face P.‘t'mteu:[ black?

An aquarium has an 80 inch by 25 inch | a) 16
rectangular base and a height of 30 inches. The | B) 18
aquarium is filled with water to a depth of 20 C) 20
inches, If a solid block with a volume of 5,000 in* D) 2

is completely submerged in the aquarium, by
how many inches does the water level rise?

A right circular cone has a volume of 671a* cubic
| centimeters, where @ is a positive constant. If the
| height of the cone is 24° centimeters, which of

the following gives the radius, in centimeters, of

the base of the cone in terms of o ?
A) a3
B) 3a
C) 3a°
D 9%
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15cm 10 ?

A crate that is 10 inches long, 8 inches wide, and
| 3 inches high is shown above. The floor and the
| four walls are all one inch thick. How many

A food manufacturer produces packages of one-inch cubical blocks can fit inside the crate?
frozen ice cream cones. Each ice cream cone A) 84

consists of a right circular cone that is filled with |

ice cream until a hemisphere is formed above the [f] %
cone as shown in the figure above. The right - C) 120
circular cone has a base radius of 9 cmoand a D) 144

slant height of 15 cm. What is the volume of ice
¢ream, in cubic centimeters, the manufacturer

uses for each ice cream cone? | _
A) 7297 '
B) 8107
C) 891w '
D) 9607 '
5 [

A right circular cylinder has a base radius r that |
is 2 inches longer than its height. Which of the

following expressions gives the volume, in cubic |
inches, of the cylinder in terms of r 7

A) 2nr’ MNate: Figure not drawn to scale.

B) mr + 2ar |

C) ar = 22 The concrete staircase shown above is built from
D) 2mMs 2 a rectangular base that is 5 meters long and 6

meters wide. The three steps have equal
dimensions and each one has a rise of (1.2 meters.
If the density of concrete is 130 kilograms per
cubic meter, what is the mass of the concrete
staircase in kilograms? (Density is mass divided
by volume)

A) 1420

By 1,560

<) 1,820

Dy 2,040
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Answers to the
Exercises

Chapter 1: Exponents & Radicals

EXERCISE 1:
1. 1 i1 1] )
| 12, &4 !
¥
1 13 72
125
4 1 14. 108
23 l
| 15 H48 125
5 =] 16, 1 i 49
7. =1 I '
&l 49
R ¥
! | 26. 1,000
18,
] 4
|

o7 d l

10, 27 ) 1, 000
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EXERCISE 2:
1, 6x° | 10. »* |19, 36m®
8
2 — 't_h | 1
K | 11, F] 20. =
|
3. 15 . 53 21. b1
| 1255 !
4 -2 2 "
. [ 22, —
-I 13. nﬁli‘"l":' n
. |
o 14. 2. ¥
ah° ‘ 1
2 5. 3
9 r_l-" ! xu 24. F_'I‘E-f
|
n“ 6. x 25k
2 | 17. 5% ;
m
8. a'th 2 =
=
kb | x}
g & 27. x3y'2"
ot I
EXERCISE 3:
1. 243 | 7. 42 13. x =2
2. 46 | 8. 1042 | 14. x =8
3.3V5 RRCRY;: 5. x=2
4. 3V2 L 10.8v2 | 16 x= %
5. 6v3 . x=50 | 17 »r=6
6. 15,3 12 x=5 18 x=4§
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CHAPTER EXERCISE:
1. 7. | B To avoid any trickiness, it's best to plug in
‘ numbers, Let @ = 2and b = 2. Going through
=§ each choice,
at=3
; | A) (—4)* =16
;;=3 | B) (—4)* = 256
C) (2-27 =16
b3y | D)2-2=216=32
1
3= Va | (B) is the largest.
% i 8. | D |Cube both sides of the first equation,
() =P
2. @ P
I
5 =2 Now y” can be replaced by +*,
2E=¥ =03 P - HH
r—y=3 P P
x=y+3 3z2=68
2=
3. [ D] Raise each side to the 4th power: |
yﬁ 10 9.
|
&
()" = 10" Jid = \xat = el = eyt = o
v = 10,000
Thernt'nm..n‘=§
4 | B
l 10,
o = (A = =y =y
F‘ { rm'xh =r"d.!
= i { i _
5 5.‘ _..{il.,_ f—-:x!._jzxi_*:x;, I‘:-hr—;j
4| ¥x xi ac =
5 {a+ bh)e =30
Therefore, ¢ = i 5¢c =30
=6
6.
ya ¥ _10_10
\ I P T

274 [
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22(2n+3) — Mn+3)

2(2n +3) = 3(n +5)
dn+6=3n+15
=9

12. [A](-2)} = Yi-2)° -
ﬁ]—z-—z-—z~—2-—z= -2. Y2 3=

-2-v4
13.

¥+ _ar _ k{2%)
(2)(2%) - 2% = k(2")

(2~ 1) = k(2*)
2°(7) = k(2%)
7=k

14. @ Multiply the exponents.

(" = 5™
5% =5
Since the bases are the same, we can equate
the exponents: 12k = Bandso k = 131 = g

15. @Thelu means raised to the 22 power and
the b on the bottom means the bth root.

16. @ Multiply both egiuaﬁm'ls together. The left
hand side gives x°y". The right hand side
gives B0,
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Chapter 2: Percent

CHAPTER EXERCISE:

1.

2,

3

- {].(HS — 3,5“-’:1

= 12.75
[85] 35

[D]32,000(1.15) = 36,800

0.5
(8] Tg = 003125~ 31%

. [€]Letz = 100. Then x = 1.50(100) = 150

and vy = 1.20(100) = 120. x is

150 - 120 30
bt Lol S e S, |
120 120 %

larger than v.

e

. | A | Each year, Veronica keeps whatever she

has in her account plus the interest on that .
amount, Because m is a percentage, we can
convert it to a decimal by dividing it by 100,
giving us (L.01m. Therefore, x = 1+ 0.01m.

@ new value — old value

old value X

2,690 — 2,140
T * 100%, == 25.7%,

. | D] Let the original price of the book be $100.

Then James bought the book at
100(1 - 0.20)(1 — 0.30) = 100{0.80)(0.70) =

L i gl e
%56, which is 10

00 = 56 of the original price.

4 |I} Let x be the number of pistachios at the

start, Al the end of each day, what's left is
1 — 0.40 = 0.60 of the day’s starting amount,
Over two days,

2{0.60)(0.60) = 27
(1.36x = 27
x=7

276

9 @ Let x be the sales tax (as a decimal for
now). We'll convert it to a percent at the end.

105.82(.90)(1 + x} = 100

___100
(105.82)(.90)
— _.]m.._
(105.82)(90)
r =005 = 5%

l4x=

1

1Y | 140 | Let x be the number of dishes served
during lunch. Then

1.175x = 940
=800

Therefore, 940 — 800 = 140 more dishes were
served during dinner.

i1. [56]
A = (1.25)(B)
70 = (1.25)(B)
56 =8

12 K}'I{‘#h' 2001.20) = 24 pounds of chicken
wings and 15{1.40) = 21 pounds of hot dogs.
That's a total of 24 4+ 21 = 45 pounds of food.
John had 20 + 15 = 35 pounds of food. The
percent increase from John to Kyle is

4535

sz .29 = 294,

13. E Let her starting card count be x. A loss of
18 percent reduces her total to (0.82)x. From
there, an increase of 36 percent gets the total
to (1.36)(0.82)x. Mow,

(1.36)(0.82)x =n
n

X =

(1.36)(0.82)
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14.

16.

17

18.

|B|12,000(0.94)17 = 6, 460,

. Since scarves and ties make up 80% of

the accessories, the 40 belts must account for
20r%, Letting the total number of accessories
be x,
200 of x = 40
1

§x=4ﬂ

=200

There are 200 accessories in the store.
Hopefully you're able to get this without
having to make an equation, but there’s no
harm in a little algebra! Now we can

determine that there are % » 200 = 40 scarves

and g ® 200 = 120 ties. Half of the 120 ties

(60 ties) are replaced with scarves, so the store
will end up with 40 + 60 = 100 scarves.

After 3 vears, the market value of the
bond is

900(1.2)* = 900(1.728) = 900(1 + 0.728),
Therefore, p = 728

|£| To get the final value after a percent
increase, you have to multiply the initial
value by 1 plus the percentage (as a decimal),
50 in 2016, Sims must have spent 1 34x
dollars on groceries. In 2017, she must have
spent (1 + 1.45)(1.34x) = (2.45)(1.34x)
dollars on groceries,

Let x be the amount of taxes, in millions
of dollars, collected by County A in 2016,
Since the taxes decreased by 25% from 2016 to
2017,

{1-025)x =60
075x = 60
x =80

Because County B collected the same amount
as County A in 2016, County B also collected
80 million dollars of taxes in 2016, In 2017,
County B collected 20" more than in 2016, so
County B must have collected 80(1.20) = 96
million dollars in 2017,
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19. The total amount in the savings account

after 5 years will be 3,000(1.06)°, but the
interest earned will be 3,000(1.06)° — 3, 000.
The total amount in the checking account
after 5 years will be 1,000(1.01)°, but the
interest earned will be 1,000(1.01)7 - 1, 000.
With a larger initial deposit and a higher
interest rate, it's obvious the savings account
will have eamed more interest. The difference
in earned interest will be (3,000(1.06)" -
3,000) — (1,000(1.01)% - 1,000).

1 The percent change is the néw minus the

old over the old times 100. Notice that the P's
cancel oul.
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Chapter 3: Exponential vs. Linear Growth

CHAFTER EXERCISE:

10.

11

12,

13,

. @ With exponential growth, we need to calculate the percent increase, which turns out to be

; E The situation presented in the question is a case of exponential decay. The value of the home

decreases more significantly in the beginning and then by smaller and smaller increments over time.
Only answer A shows a graph that models exponential decay.

! @Sim:e the employees stock shelves at a constant rate, the number of shelves left to be stocked decreases

at a constant rate over time. Therefore, the function p is a decreasing linear function.

2520

20
0.25. Therefore, the growth factor is 1.25, and the exponential growth can be modeled by P = 20(1.25)',
whiere 20 is the initial population.

; [a The constant increase is 125 — 100 = 25. Therefore, the slope is 25 and the y-intercept (the initial

population) is 100,

temperature at the beginning of the experiment and 15 is the percent by which it increased each second.

15
We know the temperature increased each second because the growth tactor, 1+ 00 — 1.15, is greater
15

than 1. For answer C to be correct, the growth factor would have to be 1 00 = 0.85.

. | A|Since the growth factor is 2 and ; is the exponent, the predicted number of infected cells doubled

every 5 days. So after 5 days, C{5) = B0(2)" = 160, After 10 days, C(10) = 80(2)* = 320. And so on.

; @ Based on the model, which we can express as N = 1,000(0.97)% = 1,000(0.97)" (14, 47% of the

1

1 et
3 hour. That's a 3% decrease every ria 60 = 15 minutes.

bacteria remain after every

. Eﬁime the growth factor in the equation is 1,002, the number of cars registered increases by 1.002 - 1 =

0002 = 0.2% every % year (6 months). Therefore, n = 0.2

: @ Since we have a case of exponential decay, we can use the equation v = abl as a reference. The

population of trees starts at 14,000 and decays exponentially by a factor of 1 — (L06 = 0.4 every 4 years.
Therefore, o = 14000, b = 0.94,k = 4, and the equation is P = 14,[ID(]{I].9-I:i

E Scatterplot C is the closest to forming a straight line.

|—E] Keep track of the total amount she has received: 3, 9, 27, 81. Because the total amount she has received
triples each day, the relationship is exponential growth.

;rF| Each month, Albert loses a book. Because this is a constant decrease, the relationship is linear decay
{decreasing linear).

| D | The cell count doubles every hour so the growth factor, r, is 2. The initial count is 80 so ¢ = 80,
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14

15.

16.

17,

18.

E Five percent of the original square footage is a constant. It doesn’t change, which would make it
linear growth.

Since the number of items gets cut in hall every vear. the model is one of exponential decay.

:_'_ﬂ The second equation is the linear model: V = 1,500(4) = 6,000. The first equation is the exponential
model: V = 200(2%) = 3,200. The difference is 6, 000 - 3,200 = 2, 800

| €| The given equation is an exponential growth equation. Since P = 50 when | = 0 (i.e. at the start), m
must equal 50 (you can confirm this by plugging in | = 0 and P = 50 into the equation), So we know the
answer is either choice C or choice D. Now we have to check each of the two answer choices to see which
one better approximates the values in the table. If we use a calculator, we'll quickly see that the equation
with n = 54.38 models the given values of P for f = 15, 30,45 better than the equation with 1t = 86.12.

@ Let’s use the standard exponential equation y = abl as a reference. From the given information,
a = 16 (the initial amount) and b = 1.02 (the growth factor). Since the standard exponential equation

5.8
requires | and k to be in the same units, we have to convert 15 hours into days, which gives k = ;—4 = g

days. Putting everything together, we get g(t) = 16(1.02)"/5/5) = 16{_1.!]1}#.
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Chapter 4: Rates

CHAPTER EXERCISE:

14 | For one week, Tim's diet plan would require a protein intake of 7 x 60 = 420 grams. Since each
protein bar provides 30 grams of protein, he would need to buy 420 = 30 = 14 protein bars,

2. [ A Over 6 years, the screen size increased by a total of 185 — 155 = 3 inches. That's 3 + 6 = 0.5 inches

10,

12

each year.

] The pressure increases by 70 — 50 = 20 atm while the submarine descends —900 — (-700) = -200
meters. That's 20 -+ 200 = 0.1 atm per meter, or 1 atm per 10 meters.

2 ﬂl.e pool has a capacity of 5 % 300 = 1,500 gallons. At an increased rate of 500 gallons per hour, it
would only take 1,500 + 500 = 3 hours to fill the pool.

. [8]
ddollars 204

20 apptes » e dollars

] @The racecar burmed 22 — 18 = 4 gallons of fuel in 7 — 4 = 3 laps, To get to 6 gallons left, the racecar
will have to consume 18 — 6 = 12 more gallons. That's

. 3laps .
Ilgauaﬁxi =9 more laps

which s Lap 7 + 9 = 16.

.| 100 ] It took 2.5 hours for 65 — 40 = 25 boxes to be unloaded. There are 3.5 hours from 3:30PM to 700PM.
25
In 3.5 hours, 3.5 hewts = :‘,Ebﬂi = 35 more boxes will be unloaded. That's a total of 65 + 35 = 100

broves.

120 | Average speed is just total distance over total time. The total distance, in inches, was 2400 x 12 =
28, 800. The total time, in seconds, was 4 x 60 = 240. 28, 800 = 240 = 120 inches per second.

. [432]
. W) words
12 mintos « e 432 words
180 i comeniEson x -0 Pradicts s I

15m;umnﬁsﬁfu‘ﬁx 20 in_products
IE

B0 mirmtes 2 32 kilometers

2 onts -
T houF . 145 minutes

= 265 kilometers

3 liters 8 dollars

Ipn 2T x TR 132 doll
L2 RO X o ours 1 iter S
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. ye
13. [D]3 cups.of oil x 5 = 11.25 cups of lye

14. I__?] An 8 inch by 10 inch piece of cardboard has an area of 8 x 10 = 80 square inches. A 16 inch by 20 inch
piece of cardboard has an area of 16 x 20 = 320 square inches.

2 dnll&rs

Sﬂgﬂ — = B dollars

320 square4nches x

29 pikol 2 i.nge bahar
116 1,000 kutaek » 00t =

15.

= 16 large bahar

16. [ A | The first 150 miles took 150 + 30 = 5 hours. The next 200 miles took 200 = 50 — 4 hours. His average
speed, total distance over total time, was (150 + 200) /(5 + 4) = 38.89 miles per hour.

17. | €| The clock falls behind by 8 minutes every hour. There are 6.5 hours between 4:00 AM and 10:30 AM,
s0 the clock falls behind by 8 x 6.5 = 52 minutes. The correct time is then 52 minutes past 10:30 AM,
which is 11:22 AM.

18, [d ] Jared's rate is = 16 pages per hour. Robert’s rate must then be 16 x 2 = 32 pages per hour. It

5
would take Robert ]12: = 3.75 hours to review the 120-page report. That’s 3.75 x 60 = 225 minutes.
7.1 x lﬂ”M 0.8 grams 1000 gl grams
9. Lo AR -5 grams
19.[4] 1t A AR R 10 hyloptiie - 1L T veRM Ly

20. @ What makes this question a little tricky is that we don't know the distance Brett travels each month
or the number of gallons he uses each month. But we need to start somewhere, so let's say he needs 2
gallons of gas each month (you can make up any number you want). That means he travels 30 = 2 = &0
miles each month and each gallon costs 160 + 2 = 80 dollars (ridiculous, 1 know). Now if he switches
to the new car, he'll only need 60} - 40 = 1.5 gallons of gas each month (distance of 60 miles divided
by the 40 miles per gallon), Because the price of gas stays the same, that amount of gas will cost him
1.5 x 80 = 120 dollars each month. The answer ends up being 120 no matter what number we make up
for the number of gallons of gas Brett uses each month.

1
Here's an alternative solution. [If we let ¥ be the price per gallon of gas, then Brett currently uses %ﬂ
gallons of gas each month. Using that amount of gas means that he drives I—@ (30) = i miles each

month. With the new car, he will need %ﬂ + ) = %} gallons of gas each month to drive that distance.

"
Since each gallon of gas costs ¥ dollars, he will need to spend E x & = 120 dollars on gas each month,
21. I__| Each jar of honey costs 9 + 4 = 2.25 dollars. She can sell each jar for 15 + 3 = 5 dollars. That's a profit

of 5 — 2.25 = 2.75 dollars per jar. To make a profit of 132 dollars, she would have to sell 132 + 2.75 = 48
jars.
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Chapter 5: Ratio & Proportion

CHAPTER EXERCISE:

1. @Einceu = 28, the value of b is
o

7 x 28 = 24. The value of ¢ is then

2 4 =15
gxU=15

2, E] Remember that ratios are essentially just
fractions. 5o the given ratio is equivalent to

Therefore, 1 = 3.

3. | D Let y be the price of Product Y. Then the
pme of Product X is 1.25y and the price of
Product Z is 0.75y. Simplifying the ratio of
their prices, we get

Ely G 8.3 % 4 S ...
075y 075 4 4 4 3 3 7
4. [D]
e
Foe = &
05V 02502
Pae = S0 = 27 = 025R

The electric power drops to a fourth of what

it was.
5. |__|Th|:* arca of a square is A = s, where s is
the length of each side.
= (1.10)%s% = 1.215°
= 121 A4

Anew = (1:10s)2

The new area is 21'% greater,

6. [D]
, |
.i',.,m - iﬂ'rzh‘
P - ',—;[u_mr}ln.mm

Il

(0.80)%(1. m}( m--'r) = 0704V,

The volume of the cone decreases by
1 - 0704 = 0296 = 29.6%.

Apd = (i’u + ba)h

l
Ahﬁl‘ = '2 (ibj + iﬁz) {IM

(3) [

%{h + ha)l = A

Motice how % was factored out from & and

b, The area stays the same.

8. :£| Let r be the radius of Kevin's sphere, and
let x be the factor the radius of Calvin's
sphere is greater by,

4
Vipminy = in’r‘

Viutoin = ‘;"{I”" =1 (%?ﬂ") = J."‘VNH.,”

=4
s
r=vVids 159
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9.

10.

11.

12.

IE—H'IE area of the original triangle is
1
—h

1
5()(s) = 3

1 -1 -
Aoy — E[Iﬁ:lz =1 (i?ﬂ"} = 1'21’1u||d

= 064
T = .80

s must have been decreased by
1 80 = 0.20 = 20%.

D]

Lu.‘.’u'r T 4 ndzb
Lear = 4m(3d)*(2b)
= (3)%(2)(4md*b)

= 18Lother star

|C | Let x be the fraction that Star A’s distance
i= of Star B's,

1
L.':iru'r."t = ,_:_;L.'-F!ﬂrﬁ

ds(xd)b = S (4nd’h)
idmd®h) = %(4.@:2&;

]

2 _

YT

_1

YT 3

20 or 65 | The given ratic means that there are
17 sixth graders and 28 eighth graders for
every batch of 17+ 28 = 45 sixth and cighth
graders. This means that the total number of
sixth and eighth graders must be a multiple
of 45, In the case that this total is 45, the
remaining 110 — 45 = 65 students must be
seventh graders. In the case that this total is
45 = 2 — 90, the remaining 110 - %0 = 20
students must be seventh graders. Therefore,
the possible values of n are 20 and 65. Motice
that we don’t have to consider multiples of 45
higher than %0 since those multiples would
exceed the total number of students,

283

15

14.

13,

10 paperback
]..25 m = Al ha'l'dfl:ﬁ"ﬂ'r =125
paperback copies
D
v _27
24 3.6
2.7

. a

il The ratio of the weight of Box A to the
weight of Box B reduces to 7: 5. Since the
weights of Boxes C and D follow the same

ratio, Box C must weigh — ;—2 of the

-

£ T

total weight. Therefore, Box C weighs

7
— w180 =

12 105 pounds.
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Chapter 6: Expressions

CHAPTER EXERCISE:

1.

Z.

10.

11.

12,

14,

15.

i] We factor out fry from both terms to get txy(x + y).

. 1 3 4 n 44+
B | The least common denominator is 4a. S0, - ~ - = — + S
=] i 4 da 4a 4

: E Expanding, (x* + ¥)(y +2) = ¥’y +x%2 + % | ¥z

. 1+2:
. @ Divide the top and bottom by 4 to get Ay ¥, Another way to get the same answer is to split the

fractions and reduce.

D]t —3 =3t - 1) =3+ 1) - 1) =3 = (x4 D){x— 1)
: ETheexpressinn follows the {(a + b)? = @ + 2ab + b* pattern, wherea — x+ 1 and b = y + 1. Therefore,
the expression is equivalent to ({(x + 1) 1 (¥ + 1))* = (x +y - 2)%
IR b xy—x) —x{x-y) x
—ay eyt wix—y) o plx -y y
=1 , . -1 +5  3x—-11+2(x+5) Bx+7
. | € Adding the two fractions in the denominator, ! 7+ s . Vg l ' 3 [ e
N 6
Now, 1 over this result means we can flip it: S
1 2y 1 2r+1
ity ox Ty wal w204
—,_1 - x 2x—-1 2z-1
xor x
|£| First factor out an & from both terms. Then use the formulaa® — #° — (2 b)(a | b).

15 1 1 ( 1)
2o st =g ) =8(x—= -
81" 3¥ H(I ufr”) B(J 4-1") R

1
Therefore, ¢ = —.
erefore, ¢ = ¢

E First, expand: x4+ 2)(x-2)+4= a2(x? —4) 44 = x* — 4x? + 4. Now we can apply the formula
a? —2ab+ b = (2 - b)?, wheren = x* and b = 2, toget v — 4x? + 4= (x? - 2)%

| B|Combining like terms, we get 33° — (8x + 7x2) + (—4x — 11x) — 7 =3 4 1522 15¢ 7.

. | €] Combining like terms, 5a — 2a = 30 and 3y/@ — 5y/a = 2./a.
3|902y)® + 2(6w)7 367 727 1 123
20 B3y STy T2 2

To get a common denominator of 2(x — 2} for both fractions, we first factor out a negative from the
second fraction and then we multiply the top and bottom of the first fraction by 2:

¥ x T T x x 2x x T

Tx-2 2x-2) x-2 2x-2) 2x-2) 2x-2) 2x-2)

— 202—x)
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Chapter 7: Constructing Models

CHAPTER EXERCISE:

2

10.

1.

|ﬂ In the first v hours, the carpenter lays (x){v) = xy bricks. In the 2y hours thereafter, he lays
(;) {2y) = xy bricks. Altogether, that's xy + xy = 2xy bricks.

|I| For d dollars worth of mozzarella to have been sold, %5 pounds must have been sold. That leaves
175 — % pounds still available for sale,
: @ The store’s monthly total cost is 3,000 + 2,500x. For an entire year, we multiply by 12 months:

¢ = 12(3.000 + 2,500x).

. @ The setup fees amount to 100¢, $100 for each customer. The monthly cost for all the customers

amounts to 50c, §50 for each customer. Ower m months, the monthly charges add up to 50c = m, or
50cm. The total charge is therefore 100¢ + 50cm.

X @ For mn students, the total number of slices must be 2mi. Since there are 8 slices in each pizza, the

dmn  mn .
school must order —§ = g P

ot d .
5 IETI“E compound’s temperature increases by = degrees per minute. So after ¥ minutes, the temperature

d dx : - dx
increases by —x, or — . The final temperature is then t + —.
|| m

s @ The bakers make 3xy cupcakes each day. Over 4 days, they will make a total of 4 x 3xy = 12xy

cupcakes. The number of boxes needed is the total number of cupcakes divided by the number of

cupcakes that can fit in each box: lllr_u = 12v.

: @ The reduced price of each souvenir after the first is (L.6a. So the first souvenir costs a dollars and the

remaining n — 1 souvenirs each cost 0.6a dollars. Therefore, the total cost isa + (n— 1}(0.6a).

; E During the biking portion of the commute, the graph should go up and be relatively steep since Kaiba

covers the initial 4 miles at a faster pace than he walks. When Kaiba stops at the rest area for 15 minutes,
the graph should be flat since he does not cover any distance during this time. After Kaiba leaves the rest
area, the graph should go up and be at a gradual incline since he covers the last mile of his commute at a
walking pace. Only the graph in answer C fulfills all of the above criteria.

[ D] Since Mike’s distance from home increases during his commute, we're looking for a graph that goes
‘tTp_and to the right. Since his distance from home increases slowly at first and then more quickly later,
we're also looking for the graph to go from a low slope (less steep) to a high slope (more steep). Only the
graph in answer D meets these conditions.

| ey (T F 4 ] dw

| | Since p tokens can be used to play o Bames, the cost per game is —5— = 7 dollars.

w
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12.

13.

4.

15.

24,500 — 17,900 ¥
[E The plane descends at a rate of T 8 I?] = 550 feet per minute. Since the plane

started its descent at an altitude of 24,500 feet, its altitude after 1 minutes can be represented by A =

24, 500 - 5501.

&] The passenger spent 24 — a dollars on additional miles after the first, which means the passenger
24—

b

traveled
traveled:

additional miles after the first. Adding the first mile then gives us the total distance

2-I—n+|_£_-rr+
b b

~ M-a+h
b

BT

iﬂ] Mark’s annual salary does not change during the year except for June 1st, when it “jumps” by $15,000.
Therefore, the correct graph should be flat throughout each year except for a jump at the end of each year
(since we are starting from June 1st, the end of each year refers to the next June 1st). Only the graph in
answer D fits this description.

@ Initially, the members are each responsible for paying n—: dollars. But if k members fail to pay, then
r

m — k members remain and each one becomes responsible for dollars. This amount is greater than

m -~k
the original amount by
r ro mr rim - k) _omr—mr +kr kr dallits
m—k m  m(m-—k) mim-k  mim-k  m{m-k) z

; r
Here is an alternative solution. Since each member is initially responsible for - dollars, the club loses

out on H%:‘kj dollars when the k members fail to pay. To make up this lost amount, each of the remaining
m — k members must pay an additional

r kr

— (k) = kr

" UK~ T

m—k  m-k mim—k) dojlars
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Chapter 8: Manipulating & Solving Equations

EXERCISE1:
l. r=1 /
Vi
C
2 E=
2m
2A
1 s P
3. b i
v
4 = -
ih
5 k= L.,
i1
v
6. r =1y —
2 Vo
7. b= +vc? —al
B s=+V
S — 2mr? :
ﬂ‘. .lf 1;— I
bt' |
10, «a "l
he
1. d ==
a
—h
12. m = ¥y
o
13, w2 = mlkz — x1) + ¥y = flxy — mx + 1)
MiXs — iy +=W
14, 1 42 L
n
2
15. 4= - 1‘.“
16 = eyl
: i
o 4:_::!.
r..
',1.?
18. p= —w——4
ner:

%

19,
X+1
ff — g =
Y+ Z
XY+Z)=X+1
XY +XZ-X =1
XY +EZ—0 =1
r !
x -
Y4+ Z-1
0.
{y+2) =y
W+dr=y
2x =y —xy
2x = y(l — x)
2x I_
1—x| Y
21. First, cross-multiply.
2ac=ab+ b
ac—ab ="
d{2c=b) =b
i 2 ]
= —
¢ =D
2. | ¥
Z |
23. Divide both sides by 3 to get x + 2y = {;
24. Multiply both sides by 2 to get 2x + 10 -Ib
25. Since 2t = - ‘_; . we can multiply both sides

by 2 to get 4t --Iz{"a |
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26. Cross multiply. P ]
S Vr+1 a
Ip-3h=2p+2h
P=3h 30 g |SEHIP=¢
P 5] L Pvz |
I8 33
27. Cross multiply. . S T
2(142r)=1-1 :
244r=1—t¢ t{12+4+“:?ﬁ+3
2T+ a )
28. Square both sides to get (x/)? = x2 = [ 2]
M.
PRl
idae (x* = %) (x* - x) | ax +3a4 x+3=b
a(x+3)+(x+3)=b
2’(1-"—1)+g (x4+3)a+1)=0b
30. m= _.,'r 2= 5
x+1 | I+3"_m
X= -..EI_.._S
: i+ 1
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CHAPTER EXERCISE:

1. [D]

(@ +b)=(-2)*= -8
2. [0] The answer should be obvious just by
looking at it. Testing n = 0 gives us:
(0—4)* = (0+4)?
(—4)* = (4)*
16 = 16
We could also expand and solve like so:

(m—4)n—4)=(n+4)(n+4)

nt — B+ 16 =1 +8Bn+ 16
- 161 =0
n =10

= Ac
If b = ac, then b — ac must equal 0.

4. |D|If3x— 8= -23,then 3x = —15.
Multiplying both sides by 2, 61 = - 30 and
6x -7 = -37.

5. ECI‘UES multiply.

Ix+1=-=8
Ix=-9
x==3

(x4+2P =(-342= (-1 =-1

7.

1.

11

12

Cmss multiply to get 12 = kx + 2x. Then,
12 -2z
x

[T

: El Note that

(~6)% = 36

which hap when x = -3, Then
t=(-3}¢=09

(4]

I=P(“+f.}n_l)

I
fi=pli1+i" -1
i
axgn—1 *
[A]Multiply both sides by 2 to get ™ = 4,

1
i.'!'hen,

n 1 n 11 1

-.-u'!'lirl"l.n’ﬂ:.ﬂnsE =
)

Zm 2'm 24 8

[8]2% + 5x — 24 = 0 can be factored as

(x +8)(x — 3) = 0. The two possible

solutions are then —8 and 3. Since k < 0,
k= —8and [k| =8,

"W .oy
(2)*32
vi_ v
§ 3
8
V=5
_ﬂ. 1
y=V§~3
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13. 77| 17. Tu make this problem easier to work
<
rith, let 4 = ~ . Then,
2T with, le 5+ Then
=6
3 1
¥ T
2vx+4 =18 (g] —2(—]—15=G
Vitda=9 AP —2A-15-=0
x+4=51 (A=5A+3)=0
x=77 A=5 -3
|
_ Lo X . .
14. EI So 0 5ar i —3. Solving these equations
gives x = 30 and x — —18. Since the question
9 . ,
20— /x = %VT 410 specifies that x = 0, the answer is 30,
5 _ 18, E There are two ways to approach this
10=zvx roblem. The f is ta f; he
3 problem. The faster way is to factor t
6= 3 numerator first,
36 =x ! _1'2-43’13_4
x—1
15. | & | Square both sides of the equation. , (x = 3)x—1] =4
; X—T
. s 2 -3=4
(x+y) = V‘rx2+y3+ 16 T
l ) ' x=7

xz+2x_yu—y2:r2+yz—~lﬁ -
2y — [ The second way is to et rid of the fraction
xy = 16 ) L .
first by multiplying both sides by ¥ — 1 and

xy =8 then factor later.
we = . . ¥ —dxr 3
L, |L|Cmss multiply and expand both sides. o =4
4(2x - 1) = (x + 2)(x = 2) X odx+3=4(x-1)
Bx—d4=x*=d ¥ —dx43=4r—14
0=2x"-—8x . X 8x4+7=0
D=x(x~-8) | (x=Tlx-1)=0
= [:Iis | X = ?.'l
Meither are false solutions, so the solution set | Mow, ¥ = 1 is a false solution since it causes
is {0,8}. i division by 0. Therefare, the solution is x = 7.

2490
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19, EI Because this is a no calculator question,
guess and check is a valid strategy. You can
also do the following:

! —9) = gy
e 8t =0
-8 -9 =0
X*xt 9+ 11=0
Plx+3)x-3)F+1) =0

Because x > (0, x must be 3 for the equation
above to be true.

20. C | Plug in the given x and y values.

¥+ 2k = ka4 5
234 2(k)(3) =k(3)*+5

3~k =9k+5
—3k =-138
k=86

21 Cross multiply.

x x412
6 42
42y = 6x + 72
Jor — 72
y=12
MNow, -g=3
2. |C

t+1

!
12=c+1
11 =¢

29

.":I'Ilg"— .nm',g
H —_- ————
my + oz
almy + mz) = mag — pmg
qimy +mg) — mpg = — g
mag —almy +my) .
mg a

24, Because the 2's cancel out, the
acceleration stays the same.

gl
2(my + ma)

2mag — p(2my)g  2(mog

Ayow = —
e 2my + 20

= ily14

25, [B

3xr—-2y)-32z-=0

Jx—oy—3z -0
Jxr=6y+3z
r=2y—+z

26, E First, expand the left hand side. Then
cormbine like terms and factor.

(x4+1){x=2)=7r—18
¥ -x—-2=7xr—18
¥ —Br4+16 =0
{x—4)F =0

Therefore, ¥ — 4 and
Tx—18=7(4)-18 =10
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27.

28.

29.

@ We can either plug in the answer choices
or solve algebraically. Plugging in the answer
choices is more efficient here, but since that's
self-explanatory, let's solve algebraically.
First, square both sides.

@VE)* =[x -3)*
=% —6x+9

0= —10x+9
0=(x—1)(x-9)
r=19

Since 1 is a false solution, the only value of x
that satisfies the equation is 9.

o S—
-6 +9
4 -
fx-37
4 _ (e_ap?
5 =x 3)
t)/; =\/{x —3)2
o A
Ii =x—-3
E We can use the answer choices to

backsolve or we can solve the equation
algebraically. We'll first solve it algebraically
by squaring both sides.
(VE=10)* = (v - ¥2)?
x =10 = (W3)* = 2(vE)(V2) + (V2)?
¥ =10 =% —2v2x+2

—12= -2V
6=2r
36 =2x
18=x

Let's say we wanted to test the answer
choices instead. How would we do that? For
choice A, if 6 is the value of /¥ - 10, then x
would have to equal 16. 1f we plug x = 16
into the equation, we get 4 = 4 — /2, which

is false. We can eliminate A. For choice B,
2v/2 = /8, so if that's the value of vx — 10,
then r would have to equal 18. If we plug
x = 18 into the equation, the left hand side is
VI8 =10 = 24/2 and the right hand side is
V1B — v2 = 32— V2 = 2\/2. Since both
sides match, choice B must be the answer.
30. 1]

War-y¥-1=0
(P +1) = (P +1)=0
(P +N(x=1)=0

Since ¥ + 1 is always positive, ¥ must equal
L.

31. [ A| Divide both sides by P and take the fth
root of both sides.

=P(1-r)

=(1-r)

=1—r
v

- _r.._

r=1 p

32. @ From the previous question, we know

thm,:]—"{%.&mus&?i&hﬂllf’,l—; =l

‘ﬁ:ﬂ‘ult‘ -

P2
Thus,r =1 —{/% =013
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Chapter 9: More Equation Solving Strategies

CHAPTER EXERCISE:

o

E_iﬂ(.r‘ } ;.'rz ; :t) = 30x" 4 5x% 4 20x.

Therefore, 1 = 30,6 = 5, and ¢ = 20.
a+b+e¢ =55

] £| For an equation to have infinitely many

solutions, both sides must be equivalent.

Comparing the terms on both sides, iu = g
and 3 = 9b. Solving these equations, we get

. ST

|
i

| i
a=4and b= 3 Therefore, b

. @ For an equation to have no solutions, the

coefficients of the x terms must be the same
on either side but the constants must be
different. If we expand the right side, we get

ax—-h=6x+3

Therefore, @ = 6and b # —3. Only answer
choice D) satisfies these conditions. Choice C
would result in infinitely many solutions
since both sides would be equivalent.

3 ERenwmber,pJ - r,': = (p+q)p—q). We

can apply this factorization here once we take
outa:

1837 —8 = 2(9x? —4) = 2(3x+ 2)(3x - 2),
which equals 2(ax + b)(ax — b). Comparing
the coefficients, @ = 3and b = 2. Therefore,
ith = (3)(2) = 6. Note that this factorization
method assumes that the constants are
positive, but that's okay since all the answer
choices are positive. It's possible thata = —3
and b= 2Zora = 3and b = -2, for instance,
but these are cases that you generally don’t
need to worry about for this factorization.

If you didn't use this factorization and
nstead expanded the right side, you
would've gotten

18x* — 8= 2a"x — 20"
Comparing the coefficients on either side,
18 = 24° and 8 = 2b?. Solving these equations
givesa = =3 and b = +2. As you can see, we

293

L

haven't assumed that @ and b are positive
here. But of the answer choices, only 6 isa
possible value of ab (wheng = 3and b= 2 or
whena = -3and b = -2).

. | A] Expand both sides of the equation.

5, {eyet
x—jx— —.—i.'['
1 |
fof ~d=4- 2

Let’s rearrange the right side so that the terms
line up with the left side.

1 |
—=X—4=—-zx+4

2 2

Now it's easy to see that the coefficients of the
1 terms are the same but the constants are
different (—4 vs. 4). Therefore, the equation
has no solutions.

. | 2 | For an equation to have no solutions, the

coefficients of the x terms must be the same
on either side but the constants must be
different. First, let’s expand the left side.

Ix+30—-2ax=12-7x
3 —-2ux =12 - 10x

Comparing the coefficients of the x terms,

2a = —10,a = 5. Note that a is NOT equal
to 4 since the goal 15 not for the constants to
be the same.

. | B|Expand the right side.

5) =124 4 bx — 15
2ax® + 3ax —10x — 15 = 12x2 4 bx — 15

(2% + 3)ax

2ax? + (30— 10)x = 15 = 12x2 4 bx — 15

Comparing both sides, 20 = 12 and
b = Ja — 10, which yields @« = 6 and
b=3a—-10=3(6)-10=8.
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8. Expmd the left side:
11+5x5,+.;y: =x* 9%+ 42

Aoy + 9 = 9 42

Gy =42
xy=7
Xyt =49

9. |_JTJ For an equation to have infinitely many
solutions, both sides must be equivalent.
First, let’s expand the right side of the
equation:

6xr =x — 6y + 3x
6x = 4x — bnx
2x = —énx

Now when we compare the coefficients on
both sides, we get 2 = —én, which gives
2 1

= —=—x

-6 3
10. | 5| Multiply both sides by b.
ab+a=a+5b
ab = 5l
a=>35
11. | 2| Multiply both sides by x(x — 4).
(¥ —4) - x=2x(x—4)
—4= 5" — 4%
Oi=a —dx 4+ 4
0=(x—2)°
We can see that x = 2.
12. [ A| Expanding the right side,
4 4 my+9 = 4x% + dnx +n®
Comparing both sides, we see that
9 =n?and m = 4n
Therefore, n = —3and m = 4{-3) = =12

m4+n=-124(=3}=-15

13. | D | Multiply both sides by xyp.

1,1 |
- T =
x oy p
yptrp=2xy
yp=xy—xp
wp=xly-p)
-—-'!I\.':I_- :x
y—-p

14. @Expand the left side of the equation.

(2 +kx? - 3)(3<2)
=t -3 e 2 2t 46

=t (k=2)2 -2k -3x+6

Comparing this to v + 7x% — 1827 — 3x + 6,
wecanseethatk - 2=7and -2k = 18 In
both cases, k = 9.

15. [ € Multiply both sides by (x + 3)(x —2). We
get

S{x—2)-2x+3)=ax—b
Sx—=10-2x—-6=ax—b
Ix-l6=ax-b

Comparing the coefficients on either side,

= 3and b = 16. Therefore,
A+b=3+16=19.

11

2
the right hand side. It's then easy to see that
we should multiply both sides by
{x+1){x—1).

Notice that x* — 1 = (x + 1)(x — 1} on

Hx+1)+2{x=1)=35
ix+44+2xr-2=0

Br+2=35
6x = 33
U

s
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17. [ B Expand the left hand side.

(2x — b)(7x + b) = 14x% —cx - 16
Mdx? 4 2by — 7y — b = 14x2 —cx — 16
14x° - Sbx — b* = 14" —ex — 16

Comparing both sides, we can see that b = 4
(b cannot be —4 because b > ).
c=5b=5(4)=2.

18, [3| Multiply both sides by (1 — 1)(n + 1).
Aqn+1)+2nn-=1)=3Hn+1)n-1) '
3n 34200 ~2u=3{ﬂ3—l}
P en+3=3n" =3 |

D=1 -n-6 |
0= (n=3)n-+2) |

n=23o0r —2 Becausen >0,n=73. '




CHAPTER 30 ANSWERS TO THE EXERCISES

Chapter 10: Systems of Equations

CHAPTER EXERCISE:

1. | B|Substituting the second equation into the

first,
3(1-3y) -5y =-11
J—-9y=5y=—11
3-ly=-1
My = -14
y=1

Finally, x =1 -3(1) = -2

. !_Dj From the first equation, y = 20 - 2x.

Plugging this into the second equation,

6x—5(20-2x) =12
6x — 100 + 10x = 12
16x = 112

x:=7

We already know the answer is (D) at this
point, but just in case, y = 20— 2(7) = 6.

! @J Add the two equations to get

7x — 7y = 35, Dividing both sides by 7,
x — ¥ = 5 We can multiply both sides by —1
togety —x = -3,

. fj The fastest way to do this problem is to

subtract the second equation from the first,
which yields x + v =9,

| E‘] In the first equation, we can move 3x to

It]‘ie right hand side to get y = —5x + 8.
Substituting this into the second equation,

=3x + 2[~Sx+ 8) = =10
—3x - 10x + 16 = —10
-13x = =26

x=272

Then, y = —5(2) + 8 = —2. Finally,
Xy =|2{=2) = 4.

b

| € If the two lines intersect at the point (2, 8),
then (2, 8) is a solution to the system.
Plugging the point into the equation of the
second line, we can solve for b,

v =—hx
8= —b(2)
-4 =105

Plugging the point into the equation of the
first line,

¥ =iax+h
8=a(2) -4
12=2a
b=a

7. Ei".’l_:ﬂ‘lt' two graphs do not intersect at all, so

there are no solutons.

B, E From the first equation, we can isolate v to

10.

296

get y = —5x — 2. Substituting this into the
second equation,

2{2x =1} =3-3(-5x-2)
dx—2=3+15x+6
4x—2=15x+9
=11 = 11x

-l1=21x

Finally, y = -5(-1}-2=3.

, 'E Divide the first equation by 2 to get

x — 2y = 4. We can’t get the coefficients to
match (-2 vs, 2 for the y's). Therefore, the
system has one solution. In fact, we can even
solve this system by adding the two equations
to get 2x = 8, ¥ = 4, which makes y = 0.

;EI To get the same coefficients, multiply the
first equation by 2 to get —4x + 10y = —2a.
Now wecanseethat -2 = — 8,0 = 4,
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11

12.

14.

6.

E] Multiply the first equation by -3 to get
—3ax - 6y = —15. The constant @ cannot be
—1. Otherwise, the second equation’s
coefficients would then be equal to the first
equation’s coefficients, resulting in a system
with no solution.

First, multiply the first equation by 3 to
get rid of the fraction: 12x — y = —24. Next,
substitute the second equation into the first,

12x—(4x + 16) = —24
12x —4xr—16=-24
8x = -8

x=-1

Finally, y =4(-1) + 16 = 12.
u__qlhbcanisnlatex in the second equation to

get x = y — 18, Substituting this into the first
equation,

v=05(y—18) + 14
y=05y-9+14
05y =5
y=10

E] To match the coefficients, multiply the
first equation by 18 to get 6x — 3y = 72. We
can then see that @ = 3 if the system is to have
no solution.

| 'E] Divide the first equation by 3 to get

¥ — 2y = 5. Divide the second equation by -2
to get x — 2v = 5. They're the same, so there
are an infinite number of solutions.

@ For a system to have infinitely many
solutions, the equations must essentially be
the same. Looking at the constants, we can
make them match by multiplying the second
equation by 2. The equations then look like
this:

mx - 6y = 10
dx = 2ny = 10

MNow it's easy to see thatm = 4 and 2n = 6,

n = 3. Finally, E = .:i

297

17.

18.

19.

Ei Plugging the first equation into the

second,

Vir— (Vx+3) =3

2Vr—=x-3=3
VI=6
=236

Therefore, y = q,.-‘r:-l_ﬁ+ 3=9,

@ Let s, m, and | be the weights of small,
medium, and large jars, respectively. Based
on the information, we can create the
following two equations:

165 = 2m +1
4s4m=1|

To get the weight of the large jar in terms of
the weight of the small jar, we need to get rid
of m, the weight of the medium jar, We could
certainly use elimination, but here, we'll use
substitution. Isolating m in the second
equation, m = [ — 4s. Substituting this into
the first equation, we get

165 = 2] — 45) + 1

16s =2 —8s+1
245 =13
8s=1

Eight small jars are needed to match the
weight of one large jar.

@ Since there were 30 questions, James must
have had 30 answers, ¥ + y = 30. The points
he eamed from correct answers total 5x. The
points he lost from incorrect answers total 2y.
Therefore, 5 — 2y = 59,

; Elﬂaandb be the number points you get

for hitting regions A and B, respectively.
From the information, we can form the
following two equations:

d4+2b=18
20+ b=21

To solve for b, multiply the first equation by 2
and subtract to get 3b = 15,b = 5.
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21,

23,

[E Let r and ¢ be the number of rectangular
tables and circular tables, respectively, at the
restaurant, Based on the information, we can
make the following two equations:

4r + Bc = 144
r<¢=30

To solve for r, multiply the second equation
by 8 and subtract to get —4r = 9%, r = 24.

) @ The solution to the system is the

intersection point of the two lines. Each
1
horizontal step along the grid represents 3 of

a unit, and each vertical step along the grid
represents | unit. So, the intersection point is

>9)
at (—i,—:!' 3

['_E: From the second equation, x = 2w,
Plugging this into the first equation, we get

@y -y = 53
4y2-y2=11—2
W=g
=

Therefore, the values of y; and y; are —é and

1
z

295

24. [8]To find the point(s) where two graphs

intersect, solve the system consisting of their
equations. In this problem, that system is

y=x-7x+7
y=2r=1

Substituting the first equation into the
second, we get

Y -Tx+7=2x-1

-9 +8=0
(x=1)(r-8)=0
y=1lor8

So the x-coordinates of the points of
intersection are 1 and 8. Since the question
already gave us the point (1, 1), p must be
equal to B,

D ——

25. |9 or 16| First, add 11 to both sides of the

second equation to get v = x + 11, Then
substitute this in for y in the first equation:

E-Zr=x+11-1

¥-3x-10=0
(x+2)(x-5)=0
x=-=2pr5

Wheny = -2,y =-2+11=9 When x =35,
¥ = 5+ 11 = 16. The solutions to the system
are then (—2,9) and (5, 16). Therefore, the
possible values of y are 9 and 16.




Chapter 11: Inequalities

1. [A]

Of the answer choices, only —1 is a solubion.

2. E Multiply both sides by 4 to get rid of the fractions.

3 1

41’ 4 = EJ.' 10

3x - 16 =2y — 40
r>-—-24

THE COLLEGE PANDA

3. |g The shaded region falls below the horizontal line v = 3,s0y < 3. The shaded region also stays above

¥=x,50y>x

4. | B | Let's say Jerry’'s estimate, m, is 100 marbles. If the actual number of marbles is within 10 of that
estimate, then the actual number must be at least 90 and at most 110. Using variables, m — 10 < n <

e+ 10
5. Setting up the inequality,

M >N

12P 4100 = =3P 4 970

15P = K70
Pz

I
&

Jin-2)>—4(n-9
3n =8> —4dn 456
=42
n=b

Since 1 18 an integer, the least possible value of 1 is 7.

7. ilThE shaded region is below the horizontal line ¥ = 3 but above the horizontal line y = —3. Therefore,

= Jdandy < 3.

. .4 . - .
&. Iil The time Harry spends on the bus is . hours and the time he spends an the train is li—f' heurs, Since

16
..i

¥

b2}
the total number of hours is never greater than 1, =T 1.

299
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9.

10

11.

12.

13,

14.

15.

16.

[@ It the distributor contracts out to Company A for x hours, then it contracts out to Company B for
10 — x hours. Company A then produces 80x cartons and Company B produces 140(10 — x) cartons.
Setting up the inequality,

80x + 140{10 — x) = 1,100

@Flug inx = 1, ¥ = 20 into the first inequality to get 20 > 15+ a, 5 > 4. Do the same for the second
inequality to get 20 < 5+ b, 15 < b. S0, a is less than 5 and b is greater than 15. The difference between
the two must be more than 15 - 5 = 10. Among the answer choices, 12 is the only one that is greater than
10.

@ The line going from the bottom-left to the top-right must be y = gx + 2 and the line going from the
top-left to the bottom-right must be y = —~2x + 5 (based on the slopes and y-intercepts). Answer (D)

correctly shades in the region above y = gx + 2and below y = —2x + 5.

@ One manicure takes 1/3 of an hour. One pedicure takes 1/2 an hour. The total number of hours she

spends doing manicures and pedicures must be less than or equal to 30, so -Ijm + %p < 30. She earns

25m for the manicures and 40p for the pedicures. Altogether, 25m + 40p > 900,

@ From the given inequality, * < 3k + 12. Subtracting 12 from both sides gives ¥ — 12 < 3k, which
confirms that | is always true.

From the given inequality, 3k + 12 > k, which means 2k > =12,k > —#6, so Il must also be true.

From the given inequality, k < x. Subtracting k from both sides gives 0 < x - k. Therefore, 11l must also
be true.

9 10

3 < ¥ < 7 |Let's solve these separately. First,

—? < —=2x+4
—W < -6x+12
—32 < —6x

&
— 5

|
L

Now for the second part,

l-E!.‘Ihumfum, g < x—23 < E

! \ 17
Putting the two resulis together, G X< 3 3

[ﬂ If the area is at least 300, then xy = 300, The perimeter of the rectangular garden is 2x + 2y, so
2x + 2y = 70, which reduces to x + y > 35.
(C|1is not always true because of negative values. Take s = —5and b = 2 for example, a < b, but

a* > b, Il is definitely true. It's the equivalent of multiplying both sides by 2. 11l is also true. It's the
equivalent of multiplying both sides by — 1, which necessitates a sign change.

300
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Chapter 12: Word Problems

CHAPTER EXERCISE:
L. '_[?] The square of the sum of x and y is 6. | D |Susie bought 2x pounds of salmon and ¥
(x + y)*. The product of x and v is xv. The pounds of trout. The total cost is then

question asks for the difference: (x + v)? — xv
(3.50)(2x) + 5y = 77

2 [32]
x+5=77
98 - X = 3(X - 10) . .
Since x and v must be integers, we can plug
98 - X =3X-30 each answer choice into the equation above to
—4X = 128 ' see if we get an integer value for x. When
X=1 ¥ = 4, for example, x = 8.14, which is not an
integer. The answer turns out to be 7. When
o y=7.x=b
3. [18] s
: 7. |15 The 35% nickel alloy contains
VIi+5=9 2(0.35) = 0.7 grams of nickel. The x% nickel
vr=4 alloy contains iiﬁ -6 = 0.06x grams of nickel.
x=16 When combined, these alloys formed
| 2 + 6 = 8 grams of a 20% nickel alloy, which
::2 =18 must contain 8(0.20) = 1.6 grams of nickel.
4. I-S or 10 | Based on the information, we can Setting up an equation, we get
form the equation 4x + 10y = 60. Now it's '
just a matter of guess and check. Since x and 0.7 + 0.06x = 1.6
v are integers, it won't be long before we find 06y = 0.9
something that works, For example, 6x = 90
x = 5,y = 4 is one possible solution. PR 1 -

B E The width of the monitor is %x. Since the
b Y
perimeter of a rectangle is twice the length 8. 4

plus twice the width, 8+ 5r=2(x—5)

21+2(13) - 48 B4+5r=2x-10
3 3r=-18
11*%.\*.-4& r= -6
gx:-lﬂ
X :43-;-— 15

B
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9. |60 | Converting 75% and 85% to fractions in

the equation below,

3 17

17
5] = -z—lirr

20
“(ﬁ)—"
60 =n
10. [7]
44N _1
154N 2

Cross multiplying,

24+N)=15+N
B+2IN=15+N
N=7

11. @They start with the same number x. Once
Alice gives 16 to Julie, Alice is left with x — 16
and Julie then has x + 16,

x+16=2x —16)
r4l6=2x-32
=x= —48
x=448

12. The fraction of students who take math is
1 1 1_1

:_i_a_é = ﬁ.ut:bemﬂntal
number of students.
11
ﬁ-‘l’ =33
x=72

13. @ Let ¥ be the number of trades. Each trade,
lan has a net gain of | card while Jason has a
net loss of 1 card,

N4+x=44—-x
x=24
r=12

14. | D |Making an equation to figure out x,

x-3=21
dx=24
r¥=48

s+%{81=12

15. |90 | Three times the price of a shirt is 120,
Since a tie, which costs 30, is k less than that, &
must be 120 — 30 = %). Asan equation,

tie = 3(shirt) —k
30 = 3(40) —k
30 = 120 - k

k =90

16, [ 16| Let the width of the board be w. Then its
length is 2a. Since the area of a rectangle is its
length times its width,

(Zw}(w) = 128

2w’ = 128

w’ = 64
w=v6d=8

Finally, the length is 2a0 = 2(8) = 16
17 @ Let x be the number of seashells that Carl
has. Bob then has _;:r seashells and Alex has

g.t seashells, Since Alex and Bob together

have 6 seashells,

1 - S
5X+ 35X 60
2r =80

xr=30

Carl has 30 seashells,
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18,

19.

[ 45 | Let x be the total number of books, Mark
then has %I books and Kevin has ;.'r books.

Kevin owns 9 more than Mark, so

| |
ﬁx—il—q

Multiplying both sides by 12,

4x —3x = 108
=108

The total number of books is 108. Mark owns
i = 108 = 27 books and Kevin owns

% = 108 = 36 books. Lori must then own

108 — 27 — 36 = 45 books.

Let the number of $5 coupons given oul
be x. Then the number of §3 coupons given
out is 3x, and the number of $1 coupons
given out is 2(3x) = 6x.

S(x) +3(3x) + 1{6x) = 360
5% + 9% + 6x = 360

20x = 360

x=18

The number of $3 coupons given out is then
3r = 3(18) = 54.

. [ﬁi_l Pipe A by itself can fill _1 of the tank

each hour, and Pipe B by itself can fill é of the

tank each hour. When used together, they can

1.1 5
fill 7 - i a2 of the tank each hour. Now

we can use the formula W = ri, where Wis 1

tank and r = % of the tank per hour, to find £.

5
l—ﬁ!

B

Therefore, it takes g hours for both pipes to

fill the tank. Converting this resuit to

12
minutes, we get m = T o Bl = 144,

21. Jessica runs at a rate of 4 yards per

second. Let § be the time it takes for Jessica to
overtake Yoona, We can make an equation
with the left side being Yoona's distance and
the right side being Jessica’s distance.

0+t=41
30 =3
o=t

It takes 10 seconds for Jessica to catch up to
Yoona. In that time, Jessica runs 4(10) = 40
vards.

22, 121 Let the side length of the original patio

be s, Then the renovated patio has a length of
s + 4 and a width of s - 5. Setting up an
equation for the area of the renovated patio,
we gel

(5+4)(s=5) =90
¢ —g-20=90

2 —s-110=0
(s—11¥s5+10)=0

Since the side length s must be a positive
number, s = 11, which means the original
area of the patio was s* = (11)* = 121 sq ft.

A [__B_—I This problem follows the format of a

standard W = rt word problem, where W is
the amount of work done, r is the overall rate
at which work is being done, and # is the time
spent. If Terry can finish the parking lot in x
days by himself, then Andy can finish it in 2x
days by himself. This means that Terry paves

;l'r of the parking lot each day and Andy
1 ;
paves o= of the parking lot each day.

Working together, they pave % + 2‘; of the
parking lot each day. This is the overall rate r.

The number % is the remaining fraction of the

parking lot that has yet to be paved. Thisis
W. So the number 9 must be £. And given
what we have for W and r, t must be the
number of days it will take Terry and Andy to
pave the remainder of the parking lot
working together.
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Chapter 13: Minimum & Maximum Word Problems

CHAPTER EXERCISE:

L E Katherine will need a total of 6, E‘ Warking at the slowest pace, Jason would

28 x 4 = 112 batteries. Given that there are 6
batteries in a pack, she will need

112 + 6= 18.67 packs. Since it's implied that
packs only come in whole numbers, she
needs to round up to 19 packs to ensure she
has enough batteries.

; |L: ]Maﬂha needs 16 — 2.5 = 13.5 more

3.
ounces of glue, which amounts to :?-; =77

glue sticks. Since glue sticks can only be
purchased in whole amounts, Martha must
purchase a minimum of 8 glue sticks,

: w To get the minimum number of greeting
cards the shop could have sold, we assume
that the shop sold as many gift boxes as
possible (400 gift boxes). Since each gift box
was sold for $7, the store sold

400 = §7 = $2,800 worth of gift boxes in this
scenario, which means the store sold at least
58,000 — 52, 80X = 55, 200 worth of greeting
cards. Since each greeting card was sold for
$5, the store could have sold a minimum of
55, 200 + 85 = 1. (M0 greeting cards to meet its

goal.

. EE] To get the required number of nail files,
1,800

the salon needs at least 80 225423

toolkits. To get the required number of nail

buffers, the salon needs at least

4,000 i

<50 = 26,7 — 27 toolkits, Based on these

numbers, a minimum of 27 toolkits must be

purchased for the salon to receive both the

required number of nail files and the required

number of nail buffers.

5 |i1,TWn liters is equivalent to 2 x 313.8 = 676
ounces, which will fill 67.6 + 12 = 5.63 plastic
cups. So at most, 5 plastic cups can be
completely filled,

take 100 + 6 = 16,67 hours. Working at the
fastest pace, he would take 100 + 8 = 125
hours. The only answer choice between those
two numbers is 16.

2]

lo pupees 296l 1 student
O QLIPS X e X ] i

lcup  lounce 100ml

== 18 4 students

Since it wouldn’t make sense to have
four-tenths of a student, the most that can be
accommodated is 28 students.

. | D] Giovanni made 0.15(25)(12) = $45

during lunch. If he serves x tables during
dinner, he will make an additional 0,15(45)x
dollars. Since the total for the day should be
at least 5180,

45 + D5(45)x = 180
0.15(45)x > 135
135

¥= p15(45)

I

-.‘J

X
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2.

10

Let @ be the number of fish Ashleigh
caught and n be the number of fish Naomi
caught, Using these variables, we can set up a
system of an equation and an inequality:

ad=3n—9
i+ 1> 45

The equation allows us to substitute for 1 in
the inequality:

a+n>45
(3n—9)+n =45
4n =54
n>=135

Since it's implied that fish are caught in
whaole numbers, the minimum possible value
of nis 14,

125 |1f we let b be the number of black
pebbles, w be the number of white pebbles,
and f be the number of jade pebbles, then

(== ; and w < 2b. Since | = 32, the first

inequality becomes 32 > g which simplifies

to 64 = b, so the maximum possible value of b
is 63. Using b = 63, the second inequality
becomes w < 2(63), which simplifies to

w < 126. Based on this result, the maximum
possible value of 1w is 125. Now you might be
wondering why we used the maximum
possible value of b in the second inequality.
Since w is less than 2b, maximizing w means
that we have to maximize b first.

11

12.

Because we're trying to maximize the
number of nighttime bottles, we assume that
only 65 daytime bottles were filled. The 65
daytime bottles used up 65 x 2 = 130 ounces
of the active ingredient and 65 x 6 = 390
ounces of flavored syrup, leaving

3685 — 130 = 255 ounces of the active
ingredient and 850 — 390 = 460 ounces of
flavored syrup. The remaining ounces of

active ingredient are enough for I—:E =85

nighttime bottles, and the remaining ounces

of flavored syrup are enough for EE =92

nighttime bottles. Based on these numbers,
we're limited by the remaining amount of
active ingredient, so the maximum number of
nighttime bottles that can be filled is 85.

Ei Let's set up a system with s as the
number of short tables and | as the number of
long tables.

d4s + 8] = 168
s+ <32

Divide both sides of the equation by 4 to get
s+ 21 = 42, Isolating | then gives | = 21 — ;

Substituting this result into the inequality, we
get

5 _fe:
5421 1_32

5
-
2._”

s 22

Based on this result, the maximum number of
short tables that can be used is 22

13. li_il To get at least $140 worth of tacos, a

customer would have to receive at least
140

250 == 53.8 — 54 tacos (we round up since
it's implied that tacos are given in whole

numbers only), To receive at least 54 tacos,

the customer would have lo buy at loast

i—“ = 13.5 — 14 burritos {(again, we round up

since it's implied that burritos are sold in
whole numbers), Therefore, 14 is the
minimum,
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14.

15.

|—£[ Let a be the number of two-tier cakes and
b be the number of three-tier cakes Ava
decorates, Using these variables, we can set
up the following system of inequalities:

20a + 35k < 360
a+h>14

Mote that we converted 6 hours to 360
minutes to set up the first inequality. The first
inequality then simplifies to 4a + 7b < 72. To
solve this system, we have to get the signs
pointing in the same direction so that we can
add the inequalities. Remember that
inequalities can be added only if their signs
point in the same direction (do not subtract
inequalities; think only in terms of adding
them). 5o if we multiply the second
inequality by —4, we end up with the
following system (note the sign change):

da+7h< 72
~4a—4b< 56

Adding the inequalities, we get 3b < 16,
which simplifies to b < 533, Since it's
implied that Ava decorates cakes in whole
numbers, the maximum possible value of b is
5. This question could've also been solved
through guess and check.

E For 1 pound of seasoning, Lianne will
need .75 pounds of sea salt and 0.25 pounds
ol black pepper. The sea salt will cost

0.75 x $2 — $1.50 and the black pepper will
cost (.25 = 58 = 52, Altogether, that's

$1.50 + 82 = $3.50 for each pound of
seasoning, Since Lianne can spend no more
than $210, she is limited to making

5210
$3.50
60 is the maximum.

= 60 pounds of seasoning. Therefore,

16. @Lets m, and | represent the numbers of

17.

small, medium, and large boxes shipped,
respectively. Based on the information given,

s4+m+l=250
I =s5+m

Since m = 70, the system becomes

5+.’=]Bﬂ
I >s5+70

Isolating | in the equation gives ] = 180 — 5.
Substituting this into the inequality, we get

180 -5>s+70
110 = 2¢
85 >s

Since s is implied to be a whole number, the
greatest possible value of s based on this
result is 54.

@Bﬂsﬂi on the given information, n = 10
and w = 8x (8 ounces of water in each of the
x cups). To use these values, we first set up
the following inequality:

C<16%
100n
n+m
lm[lD_]
104 8x
1000 < 16{10 + 8x)
1000 < 160 + 128x
840 < 128x
656 <x

<16

< 16

Since the question indicates that x is a whaole
number, the minimum possible value of x
based on this result is 7. It's important to note
that we were able to multiply both sides by
10 + 8x without worrying about a sign
change because 10 + 8x is guaranteed to be
positive (¥ must be positive in the context of
the problem).
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Chapter 14: Lines

CHAPTER EXERCISE:

L @ A vertical line that intersects the x-axis at
3 has an equation of x = 3.

-t 1
Xz — X 3
=1 - 1
5-(-1) 3
p=t_1
& 3
n—1=2
=3

3, Ei Drraw a line from the r-intercept of —2 to
the y-intercept of —4.

As you can see, it goes 4 units down for every
2 units to the right. The slope is —* = -2,

. ... 8=8 3
4. EIThEEl{!pe of line | is ﬁ_—.[_-i} =5=3
Using point-slope form,

y—yr = mlx - x)

;lx-ﬁ!
1 ]
¥= 3.1'+

y-8=
At this point, we test each answer choice by

plugging in the y-coordinate and verifying
the y-coordinate. Only answer (A) works.
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5. @ The graph of line [ goes up three units for

every two units to the right, which means its

.
slope is 3 A parallel line must have the same

slope. Only answer choice (C) gives an
equation of a line with the same slope.

13
- |65 or = From the graph, we can see that [

-

goes up | unit for every 2 units to the right,
1
2
perpendicular to f, the slope of g must be -2
(the negative reciprocal). Since ¢ passes

which means its slope is - Since g is

through the point (l.;)* We can use
point-siope form to find the equation of g:

V=Wn =mx—xy)
3

L '2-:‘2[]'—]}
5
y——_r+2-+i
9
= -3 =
¥ e+ 3

) ] 1 |
Finally, g{ —1) = —2( - e S =
inally, g{ —1) { H+1 2 42 &2

A quicker way would've been to work
[
backwards from the point ( 1, i) . knowing

that the slope is —2. So on the graph of g, 1

unit to the left brings us to
5
(I],'j + 2) = (D,i%).am:l 1 more unit to the
| N |
I-Pfthringsustn(- 1,42 < 2) = (—1,6—2).

Therefore, g(—1) = 6.5.

18]

w-w 2-0_ 2 1
-1 0-4 -4 2

A @ From the graph, slope m is positive and

y-intercept b is negative. Therefore, mb < (.
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9.

10.

11,

L

@T‘heii.ne_w = —2% — 2 has a slope of -2
and a y-intercept of — 2. Line | must have a
slope that is the negative reciprocal of -2,

which is -l~ Since they have the same

2
y-intercept, the equation of line I must be
y= !x —2
: s 2 -

|_£-| The line we're looking for must have a
slope that is the negative reciprocal of %,
which is -2

y==2x+b
Plugging in the point (1,5),
5=-2(1)+b

7=b
Now that we have b, the lineisy = —2x + 7.

10-8 %

x—-1 3

i 2

-1 3

Cross multiplying,

2{r—-1) =18

2x-2=18

2r =20

x =10

@ We can use the values from any two days
to find the line that best models the data. Let’s
use the values from Monday and Thursday to

lulate the slope: S8 =8 _ g Avun
calculate slope; R HErY T I this
point, we can tell the answer is probably
going to be choice C, but let’s find the
y-intercept just to be sure. Currently, we have
¢ = 80s + b. Plugging ins = 7.2 and ¢ = 616
from Monday, we get 616 = 80(7.2) + b,
which gives b = 616 — B0(7.2) = 40.
Therefore, c(s) = 80s 4+ 40.

An alternative solution is to test each of the
answer choices by plugging in the values

13.

14

15.

from the table. Answer A works for Monday
(c(7.2) = 30(7.2) + 400 = 616) but not for any
of the other days. Answer B works for
Saturday (¢(8.5) = 60(8.5) + 210 = 720) but
not for any of the other days. Answer D does
not give the correct value of ¢ for any of the
given values of 5. Only answer C gives the
correct value of ¢ for each of the given values
of 5. These types of questions require you to
be thorough. Don't just test one case and
choose the first thing that “works.” You have
to evaluate all the answer choices.

@ A line with a positive y-intercept will not
cross the y-axis at a negative point. Therefore,
when 1 is 0, y cannot be negative, which
makes (E) the answer,

8
bl

First, plug the point (2,6] into the

equation of the line so that we can solve for a:

1
0[2}-5{61=3
a-2=8
Zn=10
g=15

50 the equation of the line is 5x - ;y =8

The v-intercepl always has a y-coordinate of
0, s0 if we plug in 0 for y, we get 5x = 8,

]
= =16

which gives x = 5

E One easy way to approach this problem is
to make up numbers fora and b. Leta = 1

and b = 2 so that E = % Since the second line

is perpendicular to the first, ': = -2, which

satisfies the condition in answer choice (A).
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Chapter 15: Interpreting Linear Models

CHAPTER EXERCISE:

-

10,

12

14.

; LA_] The slope is - 3, which means the water level decreases by 3 feet each day.

| B | The value 18 refers to the slope of —18, which means the number of loaves remaining decreases by 18
each hour. This implies that the bakery sells 18 loaves each hour.

: E The y-intercept of 500 means that when n = 0} {(when there were no videos on the site), there were 500

members.

’ E The number 2 refers to the slope of — 2, which means two fewer teaspoons of sugar should be added

for every teaspoon of honey already in the beverage. Don't be fooled by answers (C) and (D), which
“reverse” the x and the v (h and s, in this case). The slope is always the change in v for each unit increase
in x, not the other way around.

A E The salesperson earns a commission, but on what? The amount of money he or she brings in. To get

that, we must multiply the number of cars sold by the average price of each car. Since x and ¢ already
represent the commission rate and the number of cars sold, respectively, the number 2,000 must represent
the average price of each car.

] FTIW number 2,000 refers to the slope, which means a town's estimated population increases by 2,000

for each additional school in the town,

A E] The number 4 refers to the slope of —4, which means an increase of 17 C decreases the number of

hours until a gallon of milk goes sour by 4. In other words, the milk goes sour 4 hours faster.

] [FJ When f = 0, there i5 no time left in the auction. The auction has finished. Therefore, the 900 is the

final auction price of the lamp.

: E] Because it’s the slope, the 1.30 can be thought of as the exchange rate, converting U.S. dollars into

euros. But after the conversion, 1.50 is subtracted away, which means you get 1.50 euros less than you
should have. Therefore, the best mterpretation of the 1.50 y-intercept is a 1.50 euro fee the bank charges
to do the conversion,

I:‘
X+ 5 The slope

‘.ﬂ:l b

|: 4 | To see the answer more clearly, we can put the equation into v = mx + I form: t =

is i or 0.4, which means the load time increases by (1.4 seconds for each image on the web page.

@ The slope is the change in y (daily profit) for each unit change in x (cakes sold).

@ MNotice that the y-intercept is negative. It is the bakery’s profit when no cakes are sold. Therefore,
anything that varies with the number of cakes sold is incorrect. For example, answer (D) is wrong because
the cost of the cakes that didn’t sell depends on how many the bakery did sell. It's not a fixed number
like the y-intercept is. The best interpretation of the y-intercept is the cost of running the bakery (rent,
labor, machinery, etc.), which is likely a fixed number.

. E| The solution (5,0) means that the bakery’s daily profit is zero when 5 cakes are sold. Therefore,

selling five cakes is enough to break-even with daily expenses.

|’?5 The slope of the equation is 5, which means the temperature goes up by 5 degrees every hour. So
every half hour (30 minutes), the temperature goes up by 05 = 5 = 2.5 degrees.
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15.

16.

E Putting the equation into v = mx + b form, y = %:t + 7. The slope of ; means that one more turtle
requires an additional half a gallon of water. So 111 is true.

Getting x in terms of y, ¥ = 2y — 14. The “slope” of 2 means that 1 more gallon of water can support two
more turtles. So | is true.

I_E.‘:J Because this question is asking for the change in “x” per change in "y” (the reverse of slope), we need
to rearrange the equation to get v in terms of C.

C=15+125x
Dividing each element in the equation by 2.5,
04C=06+x

x=04C - 06

The slope here is (1.4, which means the weight of a shipment increases by (0.4 pounds per dollar increase
in the mailing cost. So a 10 dollar increase in the mailing cost is equivalent to a weight increase of
10 x 0.4 = 4 pounds.
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Chapter 16: Functions

CHAPTER EXERCISE:

1. @ Check each answer choice to see whether 10. [B | The x-intercepts of —3 and 2 mean that

f10) =20, f(1) = 21, and f(3) = 29. The only
function that satisfies all three is (D).

X ;!Ef{.t] = glx) when the two graphs

Soa = S5and f(x) = 522
fi3) =5(3)* -2 =43.

~ 2. Finally,

: ,_'_.»ﬂ Plug in the answer choices and check.

£(3) - (;) =} which is less than J
The answer is (A).

1l

f{x} must have factors of (x + 3) and (v = 2).
That eliminates {(C) and (D). A y-intercept of
12 means that when we plug inx = 0,

intersect. They intersect at 3 points, so there flx) = 12 Only answer (B) meets all these
must be 3 values of x where f(x) = g(x). _':[Tdmmg
. . [Clgl2) =22 ~1 =350,

. m_f[.ﬁ} = —2. Now where else is f at - 27 flg(2)) = f(3) = 2% 1 =10
When x = —3. S50 a2 must be -3, -

. [C]Draw a horizontal line at y = 3. This line 12, | B The fj'ﬂem““' between 2¢* — 2 and
intersects f(x) four times, so there are four 2x° +4is aconstantof 6. In “'h.f"' words, 6
solutions (four values of x for which R i = o PR T )
flx) = ¥ = 2x% + 4 That entails a translation 6 units

upward.

[ C|Plug in -3 and 3 into each of the answer , _ ,
choices to see whether you get the same b¥ @ v a hnr:z@!al 1'_'“' aty ot i,
value. If you're smart about it, vou'll realize Ihrl'ﬂugh {{'I',rj_. This horieontal line intersects
that answer (C) has an x?, which always gives | with f three Himes.: That means tece: are 3
A positive value. Testing (C) out, l values of x for which f{x) =c.
f(=3)=3(- 3)% 4+ 1 =28and |
f(3) = 3(3)% + 1 = 28. The answer is indeed | 14 @

(©). $(k) =8

. [61] First, g(10) = £(20) — 1. Now, 2f(k) =8
F(20) = 3(20) + 2 = 62 Finally, 1K) =
2(10) = 62— 1 =61,

o Looking at the chart, f(x) = 4 only when
E.f{-‘l}:%:‘%_-m ¥ =3.S0k =3,
15. |T}_I Since g(x) just adds a constant of 7 to

; LCJ We plug in values to solve l'm'ﬂand b. every value of f(x), the maximum of g(x)
Plugging in (0, -2), -2 = a(0)* + b = b. So, must occur at the same y-value as the
b= -2. Plugging in (1,3), maximum of [{x), namely ¥ = 3. So, the

maximum of g(x) is reached at the point
=a(1)? +b (3,9(3)). and since g(x) = f(x) +7, this
I=p-2 pnint is:(3,f(3)+ 7
o 16. [A]f(18) = VIB—2 = VI6 =4

fl11) = -.m— =8 =3,
f(18) — f({11) = 4 — 3 = 1. Testing each
ANSWET chm:e, (3} is the only one that also

equals 1.
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17. [5]1f we factor g, we get

18.

19,

21,

24

 [Alg(3) = £(2(3)

g(x) =22 +4x +4 = (x + 2% Since g(x) is
f(x) shifted k units to the left,

glx) = flx+k)
(x+2P = (x+k—23)?
x+2=x+k-2
2=k-3
5=k
Alternatively, we could've solved this
question by comparing f(x) and g(x) to
v = x*. The graph of f(x) = (x —3)%is 3
units to the right of y = ¥, and the graph of
g(x} = (x + 2)* is 2 units to the leftof y = x°,
Therefore, g{x) is 5 units to the left of f{x).

|___E1_| (1,2) cannot be on the graph of y since an
r-value of 1 would result in division by 0.

D]

gla} =6
Via=6
Ja=736
a=12

. @ Using the table, g(—1) = 2. Then,

fi2) =6.

[B]1f gle) = 5, then ¢ = 1 since | is the only
input that gives an output of 5. Then,
fle) = f(1) =3.

| B From the second equation, f(a) = 20. So,

fla) ==3a 45
20=-3a+5
3a=-15
#= -3

1) = f(5) = 2. We get
f(5) = 2 from the table.

Eﬁ[a] = 4(8) —3 = 29. Testing each
answer choice to see which one yvields 29, we
sec that g(8) = 3(8} + 5 = 29.
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25. @Tﬂﬁt each of the answer choices. When

x = =3, flx) = —2 according to its graph,
and g(x) = (=3 +3)(~3 — 1) = 0. In this
case, f{x) is not greater than g(x ). When

¥ = -2, f(x) = 1.5and

glx) =(-2+3)(~-2—-1) = —3. In this case,
flx) > glx) so we have our answer.

. | C | For horizontal shifts, the trick is to find

the value of ¥ that makes the substituted
expression equal to 0. This value tells you
what the horizontal shift i5. For choice A,

= Emkﬁh ~ 2 equal to 0, so the

horizontal shift is-% units to the right. For

choice B, that value is — i 50 the shift is %

units to the left. For choice C, ¥ = g makes
the expression 2x — 3 equal to 0, so the shift is

2

choice D, the shift is ; units to the left,

units to the right. This is the answer. For

: @The key words are “linear function”: f is

a straight line. So for what straight line can
both f(2) < f(3) and f(4) > f(5) be true?
Only a horizontal straight line. Take a minute
to think that through. Now, since f is a flat
line and f(6) = 10, then all values of f are 10,
no matter what the value of x is. Therefore,
f10) =10

. Remember that yvou can use vour

calculator for graphing. The graph of

f{x} = x*is "centered” at (0,0). The graph of
g(x) is "centered” at (3, -2), Comparing
these points of reference, we can see that g(x)
is shifted 3 units to the right and 2 units
downward from f(x). Therefore,

g{x) = flx = 3) — 2, which means g = -3
and b = —2. The sum a + b is then

-3+ (-2)= -5
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29, @W‘Mﬂ ¥ =0,y =9, so the y-intercept is Y. 3l |£iﬁw function g(x) is a line with a slope of
When v = 0, x = 3, so the x-intercept is 3. 1 and a y-intercept of k. If you draw g(x) with
the different possibilities for k from the
y I answer choices, you'll see that there's an
A intersection of 3 points with f(x) only when

k = 1 as shown below.

B
. 1
[\
MADB is a right triangle with a base of 3 and
a height of 9. Using the pythagorean theorem,

AO? + OB = AR?

¥ +3 = AB
€ = AB?
W10 = AB 32. |3|Plugging in (-a.0),
= a=ual-a)+12
30, @T’he graph of g is 4 units up from where [ :
is, but because the slope of f is 2, the x and 0=-a"+12
y intercepts of ¢ will not increase by the same | ba=12=0

amount. They'll increase in a ratio of 2:1. 50 | J—
when the y-intercept gets shifted up by 4, the (a+4)s—3) =
x-intercept gets shifted to the rightby 2. The | a#=-43
new x-intercept is therefore 1 +2 = 3,
Another way to do this is to actually solve for
the r-intercept. Using slope-intercept form,
we get f(x) = - 2x + 2 Adding 4 to get the
equation of g, #(x) = —2x + 6. Setting

glx) = 0and solving for x to get the
r-intercept, we get ¥ = 3,

Sincea >0,a = 3.
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Chapter 17: Quadratics

CHAPTER EXERCISE:

L. [EI We factor to find the x-intercepts.

_l.rzxi -3x—-10=(x-5)x+2)

The x-intercepts are 5 and — 2. The distance
between themis5 - (-2) = 7.

2. E Using the quadratic formula,

_ 4 JAP-AMR) _ -4+ VB

2(1) 2
=4 24/2
- 2
= —241/2
3. [3]
W - T7a+3=0

(20—1){a-3)=0

If you had trouble factoring this, remember
that you can always use the quadratic

1 -
formula. Since d < 1,a = 3 or 0.5,

4. EE Expanding everything,

(2x —3)* =4x 45
4 —12x+9=4x+5
42— 16x+4 =0

—16

The sum of the solutions is —E - e 4.
5. ITJ Move the 8 to the left side to get

3x° + 10x — 8 = 0. Now, we can either use the

quadratic formula or factor. In this case, we'll

go with factoring: (x +4)(3x—2) =0

So,x=—-4dorx= E,Sincpn = b, b must be

~4and b = (-4)? =16,
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o, @ The minimum or maximum of a parabola

always occurs at its vertex. Since m is
positive, the parabela opens upwards in a
“U" shape, which means we're dealing with
the parabola’s minimum at its vertex. Since
expanding f gives us a vertex form of
fx)=m[(x—m)*—1] = m{x - mi2 —m,
the vertex is at (m, —m ). Therefore, the
parabola’s minimum occurs at (m, —m).

. [z_’.| Substituting the first equation into the

second,
S=r+cx
O=x+cx+3

The system of equations will have two
solutions if the equation above has two
solutions. For the equation above to have two
solutions, the discriminant, b* — 4ac, must be
pusitivt-.

2 —4(1)(3) >0

2=12>0
A =12

Testing each of the answer choices, only
answer (A), —4, gives a value bigger than 12
when squared.

! @ To find the intersection points, treat the

two equations as a system of equations.
Substituting the first equation into the second,

4= (xr+2)*=5

9=(x+2)
+3i=x+2
¥==51

The y-coordinates of the intersection points
must be 4 (from the first equation), so the two
points of intersection are (—5,4) and (1,4).
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g,

11.

12

13,

E Because the vertex is at (3, —8), the
answer musl be either (A) or (C). Because the
parabola passes through (1,0}, we can use
that point to test out our two potential
answers. When we plug in x = 1into (C), we
get y = 0, confirming that the answer is (C).

. | 25| From the equation v = 5t — 2 = t(5 — 1),

we can see that the f-intercepts are () and 5.
Because the maximum occurs at the vertex,
whose I-coordinate is the average of the two
t-intercepts, | = 2.5 results in the maximum
value of v. You can confirm this by graphing
the equation on your calculator.

| 400 To find the minimum number of
mattresses the company must sell so that it
doesn’t lose money, set ' = 0.

m — 100m — 120,000 = 0
(mt — 400)(m +300) =0

m = — 300,400

Since it doesn’t make sense for the number of
mattresses sold to be negative, m = 400, 1f
you had trouble factoring the equation above
(it's tough), graphing on your calculator and
the quadratic formula are both good
alternatives,

ETM number 10,000 is the y-intercept, the
total monthly expenses when x, the number
of tables, is 0. We can assume these expenses
to be rent, equipment, worker salaries, etc.

| B| We need to complete the square. First
divide everything by -1,

_.y_-.rz—m_lﬂ

Now divide the middle term by 2 to get -3
and square that result to get 9. We put the -3
inside the parentheses with x and subtract the
9 at the end,
g =(x 32 -20-9
Mow simplify and multiply everything back
by 1. i
y=—[r=3)"+29
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14,

15.

16,

17.

@ Substitute the first equation into the
second,

3=t +4x—4
0=ax"+4x -1

For the system to have one real solution, the
equation above should have only one real
solution. In other words, the discriminant,
b? — 4ac, must equal 0.

(4)° — 4(a)(—1)=0

16 +4a =0
dia = —16
f= -4

ﬁ_z_'_. We're looking for the value of x that
results in the minimum value of f{x]. Since
the graph of [ is a parabola that opens
upwards in a “U” shape, the minimum of f
occurs at the vertex, which is located at

] -24
XK= = = E0N 12. Therefore, the
manufacturer should produce 12 units each
week to minimize the cost per unit.

E-Sim:{- ¥ = 0Dand x = b are r-intercepts,
flx), the data transfer speed, 1s 0 at ¥ = 0 and
x = b. First, why would the data transfer
speed be 0 at ¥ = 07 Well, the file transfer is
just starting so no megabytes have been
transferred yet. Now why would the speed
be 0 at x = b? The best answer is that the file
transter has just completed, so there are no
more megabytes of data left to transfer—just
like a car's speed would be 0 when it stops at
the end of a trip. Therefore, b most likely
represents the time at which the file transier
completed.

@ Since g(x) is a parabola and x = O and
¥ = ¢ are its y-intercepts, 1 = :1; is the

parabola’s axis of symmetry, the line along
which the vertex lies. In this case, the vertex
is where the maximum occurs, since the
parabola opens downwards in an

upside-down “U” shape. Therefore, % is the

time at which the data transter speed was at a
maXimum.
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18. [ D] One of the x-intercepts is 3. Since the
x-coordinate of the vertex, 5, must lie at the
midpoint of the two x-intercepts, the other
x-intercept is 7. Therefore, k = 7, giving us
¥ = a(x — 3)(x — 7). We can now plug in the
vertex as a point to solve for a.

~32 =a(5-3)(5-7)

-32 =a(2)(-2)
=32 = =da
a=8

19. | C | Substituting the point (3,k) into both
equations,

k=2(3)+0b
k=(32+3b+5

This is a system of equations. Substituting the
first equation into the second,
2(3) +b= (3 +3b+5
6+b=9+3b+5

6+b=23b+14
-8 =2h
b= —4

From the first equation,

k=6+b=6—-4=2
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Chapter 18: Synthetic Division

CHAPTER EXERCISE:

1. [c]
4
x—2|4x
4x 8
&
This result can be expressed as 4 + 1” 5
2. [8]
Ixr + 1
x4+ 1|65 + 5x + 2
6x' + 3x
o4 2
2x + 1 |
1

This result can be expressed as

1
I+ el i =3x
Iz+1+ 3 __],fmmwhl{‘h{} 3xrF L
3. IE! ] This question is asking you to divide the
expression by 2x — 1 and write the result in
the form of
Dividend = Quotient = Divisor + Remainder,

2xi 4+ 1
2r~1(4x2 + 5
' — Ix
- i +5
2 1
6
Therefore, 4x° + 5 = (2x + 1)(2y — 1) + 6.

R=6

o 'Ti Using the remainder theorem, the
remainder when ¢(x) is divided by x + 3 is
equal tog{—3) = 2

317

-

2

?| z — 1is a factor only if the polynomial
yvields 0 when = = 1 {the remainder theorem),
Therefore, we can set up an equation.

2(1)° k.t'lfl]: #5x(1) + 2x -2 =0
2—kx+5¢+2x—2=0
kx4 7x =0

From here, we can see that k = 7,

o] By the remainder theorem, the remainder

S {42 +2(-H+1=16-8+1=09,

B

¥ — 2
3x-2[37 - 6x - 4
3 -

N — &x 4
6x + 4
—

This resull can be expressed as

B
ot e e 1 —_ 2
xr—2 3t z.fmmwhlﬂ'lﬂ x—

. ,_D—| This question is asking you to divide the

expression by x + 1 and write the result in the
form of
Dividend = Quotient x Divisor + Remainder,

2x b
xrif2? —ax — 3
2% 4+ 2x
EEPTE
— By — 6
=
Therefore, 2x° —4x— 3 = (2x —6)(x + 1) +3.
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9.

10

1.

12,

13,

| D] This question is asking you to divide the
expression by ¥ — 2 and write the result in the
torm of

Dividend = Quotient « Divisor + Remainder,

where ax + b is the quotient and ¢ is the
remainder.

x + 6
=22 +4x - 9
- 2
by — 9
6x — 12

3

Therefore, x* + 4x — 9 = (x + 6)(x —2) + 3.
Finallya = 1,b=6,c =3,anda + b +¢ = 10,

Using the remainder theorem, p(2) = 0
means that x — 2is a factor of p(x).

@ Use the remainder theorem to test each
option for a remainder of 0.

p(2) =24 22 -5(2) +3 =5,

pil) =P +17-5(1) +3=0

pl-3) = (-3 +(-3)* -5(-3) +3 =0,
Therefore, p(x) is divisible by x — 1 and x + 3.

| D] If plx) is divisible by x — 2, then p(2)
must equal 0 (the remainder theorem).
Testing each answer choice, only choice (D)
results in 0 when x = 2,

@ Using the remainder theorem, we can set
up a system of equations. When the
polynomial is divided by x — 1 or x + 1, the
remainder is 0, which means that if we let
plx) denote the polynomial, p(1) = 0 and
pi—1) =10

a(1% & B{1)7 —3(12 +5(1) =0
a1 +b(-1) —3(-1P2+5(-1) =0

e+b—34+5 =0
a-b-3=5 =0
Adding the equations together,

a—-6=0
=3

318

14. From the remainder theorem, 3x — 1 must
be a factor of p(x) if p (;) =0
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Chapter 19: Complex Numbers

CHAPTER EXERCISE:

L[CI(5-3)— (~245)=5-3i+2-5i =7 8i
2. [Blii+1) =R +i=-14i
3[c]#+3Rr+2=1-3+2=0

4. [A]24+3i 442 +50 461 =24 3i +4(=1) + 5(~=i) +6(1) =4 -2
Soa=4.b=-2anda+b=2

5, [A](6+20)(2 4 50) = 124 30i +4i + 102 = 12+ 34§ +10(—1) = 2 + M4
Therefore, a = 2.

6. [C]3(i +2) — 25— 4i) = 3i +-6 — 10+ 8i = ~4 + 11

7. [Bl3ii+2) —ili 1) =3 +6i — ¥ +i=-3+60—(=1) +i=-247i
8. [D]B = ("B i=(1)P i=i

9. [A](B- i =3 —6i+2=9-6i-1=8-6i

10. [ A | Deal with the exponents first: (—i)? — (—ijf =# —i'=-1-1=-2
1. [B] (5 - 2i)(4 - 3i) =20~ 15i - 8i 4 6* = 20— 23i — 6 = 14 - 23i

12 :'A]::+-‘_Iz+rli = :-—I+I:%

Now multiply both top and bottom by i to get : ' :; = ;5 = —f

Lu_m (B3-i) 3—i=9+3F 3-10i+3° 3-10i-3 _-10i _

e B3+ (B-i) 9-3i+3i-£  9-&  9-(-1) 1w
14 IT_{_I_”.”‘_” q_zi_'__._.ff'..f_l = 4 '”"i: = 4=dt=1 = 3-4 :E_if
YD 27 4-24+2-12 41 3-(-1) 5 5 5

15. [E]ﬂwmmmmdmnminamns{l - TH1 +§).

:44;_}_{*1_4_-__1_1_ !:_E—H{I—r} H-rf+=h+r*l+{2 2A-1+M 4:5_1-_—___1__4_2__-}: I_{_ti-!f
(=il V+7}  (L—=4){1+1) T+ f—i=f 1-{=1) 2
=3 4

319
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Chapter 20: Absolute Value

CHAPTER EXERCISE:

1. [B]

If(1) = |=201P=30)+1[=| -4 =1

2 @The best way to solve this question is trial and error. If ¥ = 3, for example, (2 — 3| = 1, which is not

8

greater than 5. This result indicates that we should try larger numbers. Il we continue to work our way
up, we would arrive at the minimum possible value x = 8, which results in (2 - 8] = 6

i [Tjﬂ Only the expression in answer (B) can equal 5 (when x = 1 or 3). Because the absolute value of

anything is always greater than or equal to 0, the other answer choices can never reach —35,

: |B] Recall that the graph of y = [x] is a V-shape centered at the origin. The graph pictured is also

‘r"—shaped but converges at y = —2, which means it has shifted two units down. Therefore, the equation
of the graph is ¥ = x| — 2. Note that y = |x — 2| shifts the graph two units to the right, NOT two units
down.

; |D} Test each of the answer choices, making sure to include the negative possibilities. For example, the

answer is not (A) because when x = 2or ~ 2, [x - 3] is not greater than 10. However, |x — 3| is greater
than 10 when x = -8,

; El Smart trial and error is the fastest way to find the bounds for'r. The lower bound for x is —8 and the

upper bound is —4. There are 5 integers between —4 and -8 (inclusive). If we wanted to do this problem
more mathematically, we could set up the following equation:

-d<ax+6<3
Subtracting 6,

-y -3
Since ¥ is an integer,

B <y < —4

[ D] In the graph of |f(x)], all points with negative y-values (below the x-axis) are flipped across the

v-axis. All points with positive y-values stay the same. Graph (D) is the one that shows this correctly.

IEI If m is positive,
n-2=1

=12

1Fm is negative,
n—2=-10
ne -8

The sum of these two possible values of nis 12 + (-8) = 4.
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9.

11.

12,

13.

14.

15

- |Ej The midpoint of 6; and 62 is the average: (6:: +6

E Make up a number for x. Let'ssay x = 3. Thenb = (3 - 10| =7, and b -y =7 -3 = 4. Using our
numbers, we're looking for an answer choice that gives 4 when b = 7. The only one that does so is (C).

To do this question mathematically, we have to realize that when v < 10, x — 10 is always negative.
Therefore,

*x=10= =h
x=10-h

Using substitution, b — x becomes b — (10 - &) = 2h — 10.

3) _ A a1
3 fl—bi.The midpoint is 3 away from the

boundaries of the accepted range for the length of a hot dog. So whatever It is, it must be within }; of the

midpoint:
1 1

fl = B=| < =
| 2] 4

@ Smart trial and error is the fastest way to find the bounds for 1, The lower bound for i 1s —2 and the
upper bound is 6. There are 9 integers between —2 and 6 (inclusive). If we wanted to do this problem
more mathematically, we could set up the following equation:

-5 n—-2<5
Adding 2,
=3<n<?
Since n is an integer,
—2<H=Ebh

[D The midpoint of 400 and 410 is the average: (400 + 410)/2 = 405. The midpoint is 5 away from the
boundaries of the accepted range for the length of a roll of tape. So whatever [ is, it must be within 5 of
the mid point:

[ —405| <5

@ There are two possible values of x, 3 and — 1. There are two possible values of ¥, 1 and —5. We get

the smallest possible value of xy when ¥ = 3and y = -5, in which case xy = —15,

[Cl1f a] < 1, then by definition,
~1<p<']

This means that 111 is true. Because @ must be a fraction, a® < 1, so ITis also true. However, 1is not always

true because when a is negative, ,1, is not greater than 1.
iz 3 1. - PTTTETL
LE] The midpoint of 13 and 23 is the average: (l-i +21) /2 = 2. The midpoint is 3 away from the

boundaries of the accepted range for the weight of a mutfin. So whatever m is, it must be within _1 of the
midpoint:

=2 )
\m 15«:’4

321
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Chapter 21: Angles

CHAPTER EXERCISE:

1. [E Using the exterior angle theorem,

k ::j-l—j
140 =50 4§
W =

2. | .&] The missing angle in the left triangle is
1807 — 607 — 507 = 70°. This angle is an
exterior angle to the triangle on the right. So,
using the exterior angle theorem,

MM=y+40
W=y

. @a + b+ ¢ + d is equal to the sum of the
angles of the quadrilateral, as shown below.

e

a »

Because the angles of a quadrilateral sum to
360, the answer is 36().

4. [8]

*4+y+{x+y) =180
40+ v+ (404 v) = 180

2y + 80 = 180
2y = 100
y=30

22

5. E Because alternate interior angles are
equal, one of the missing angles of the lower
triangle is also a:

m

Simce x is an exterior angle to the lower
triangle,
r=a+b

6. [E The angle at the top of the triangle is
180 — 70 — 30 = 80. If we look at the larger
triangle, taking away the top angle gives
a+b

a-+ b= 180~ 80 = 100

7. 1C The angles form a circle, which means
they sum to 360,

I-+_|;—-36ﬂ"'—-45"—3ﬂ”—'235‘:

8. | C|Filling out the bottom triangle, the
missing angle is 180° — 60" — 407 = 8(°,
which means the angle across from it in the
upper tnangle is also 80°. Finally,

z = 180" — 45° - BO° = 55°

9. [E_} The two angles form a line, which means
they sum to 1807

(x4 40} 4 x = 180

2x + 40 = 180
2y = 140
r=70
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10

12,

13.

14

[j!_l'] We can figure out two angles within the
triangle: 100” and 50°. Because y is an
exterior angle, we can use the exterior angle
theorem to get its value:

v =100 + 50 = 150

&

Shaded Angles = Angles of Rectangle
+ Angles of Quadrilateral
= 360 + 360
= 7

|_E_| The angles of any polygon sum to
180(n — 2}, where i is the number of sides,
The angles of a hexagon (6 sides) sum to
180(6 — 2} = 720. Because the hexagon is
regrular, all angles have the same measure.
Therefore, each angle is 720 + 6 = 120°.
Finally,

r=10-90=30

| D] b is an alternate interior angle to the 45°
angle, which means thev're equal: b = 45. 4
and ¢ are also alternate interior angles so

# = ¢ = 180 — 45 = 135. Using these values,

we can see that all three are true.

| C | The two missing angles in the smaller
triangle add up to 80°. The two bottom
angles in the larger triangle add up to

180 — 70 = 110 If we take the two missing
angles of the smaller triangle away from the
two bottom angles of the larger triangle, we'll
end up with x + v.

*+y=110—-80 =30

33

15. 260 | Angle a is equal to 180 - 60 = 120,

Angle b is equal to 180 - 40 = 140. Finally,

a+ b= 120+ 140 = 260;

m

n
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Chapter 22: Triangles

1. E Because the hypotenuse is always the
largest side, x + 5 must be the hypotenuse
while x and x — 2 must be the legs. Using the

pythagorean theorem,
P (x -2 = (x+5)°

2. | B| Using the 30-60-90 triangle relationship,
DC = S BC = ;[m: =5,

2
3. [ €| Using the 45-45-90 triangle relationship,
X= &ﬁ.
4. | 8| Triangles ABE and DCE are similar.
Therefore,
CD _ AB
CE BE
Sl
34
8= AB

5. @ If two angles have the same measure,
then the sides opposite them have the same

length. To get the largest perimeter, we
choose the third side to be 20. The perimeter
is then 15+ 20 + 20 = 55.

b. E

M 4 4 o

Drawing the height splits the base into two
equal parts of length 4. From the 3-4-5
pythagorean triple, we know the height is 3.

The area is then %fEJ[R} =12,

324

7. D‘.J The side length of the square is v4 = 2,
Draw the height of the triangle to create two

30-60-90 triangles:

V3

The area of the triangle is then
;tzitﬁ} =3

8. [ B|Let the height of the bottom piece be x.
The height of the cone and the radii of the
circles form two similar triangles as shown

below.

Using the similarity,

boind
2 6
Cross multiplying,
2+2x=6
x=2
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9,

10.

1.

12.

125 | Triangles GEF and GHC are similar.
Solving for EF,

EF _ HE
EG  HG
EF 10
F I ]
EF =4

Triangles ADF and GEF are also similar. So,

AD _ GE
DF  EF
AD _ 2
5 4
5
AD=> =25
2
€]
i am
2I5% % e =
T

| C | The sides of triangle DEF are 9 2 6 = 1.5
times longer than the respective sides of
triangle ABC. Therefore, EF = 9 x 1.5 = 135
and DF =5 x 1.5 = 7.5. The perimeter of
triangle DEF is then 9 + 135 + 7.5 = 30.

@ If BC is the shortest side in the isosceles
triangle, then AB = AC and £ A'is the
smallest angle. At the same time, we want to
maximize £ A so that 2B is minimized. Now
if all the angles were 60°, then the tnangle
would be equilateral and BC wouldn’t be the
shortest side. So we need to decrease < A to
the next highest option, 50°, which minimizes
LB to 130 +2'=657,

325

13. @ We can use the pythagorean theorem to

find BC:

ACY + AB? = BC?

122 + 9% = BC?
225 = BC?
15 = BC

Note that this is a multiple of the 3-4-5
triangle.

C

Mow ACDE is similar to ACAB.

CE_CB
DE AB
CE_15
69
Cross multiplying,

9(CE) = (15)(6)

CE=10

14. @ Divaw the extra lines shown below and

use the 8-15-17 right triangle.

w

8 17

12




CHAPTER 30 ANSWERS TO THE EXERCISES

15. @ Drraw an extra line to complete the
rectangle. Then use the 7-24-25 right triangle.

28

LT

24 24

H

28 7
H4+2B+255+7+28=112

16. | 15| Using the pythagorean theorem,

ﬁ:"r.T: = LI+2‘.I=

6+l =x"+dx+4
B =4r+4
60 = 4x
15:=x

17. | C | Label what you know.
B_2 X1 C

1

z Y

w 2
1

A 1L 2 D

All triangles in the diagram are 45-45-90,
which means WZ = XY = 2 and

WX = ZY = 2y/2. The perimeter of WXYZ is
then vZ + V2 +2v24 2v2 = 62

18. | B | From the coordinates, AB = 7 and
BC = 7. Because £ABC is a right angle,
triangle ABC is a45-45-90 triangle.

Therefore, the measure of ZBAC = 457,
L b i
. o M ey
which i545° x 1807 3 radians

326

19. | C | The smaller triangle in the first quadrant
is a 34-5 triangle and is similar to triangle
AOBE. Using the similarity,

Therefore, 1 = —9,

20. EThe radii extending to the comers of the
triangle split the circle into three equal parts,
s0 the measure of angle ADB is
360 - 3 = 120°, In radians, this is

n 2n
e T

21. | C | Because triangle ABC is 45-45-90,

AB = 2v/2. Because triangle ABD is

30-60-90, AD = %ﬁ and DA is twice that:

V3

_ 42
V3

We can rationalize the fraction by multiplying
both the top and bottom by v/3:

DB

W2 V3 4ve

DB=—Ff%x =
V3 V3 3

22, EE Because the triangles are 45-45-90,

2
80 = —. i i i :
7 The radius of the circle is half BC

(%) (\%) = . Finally, the area of the

circle is

T

—

2
-3
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23.

24,

| A|Outer AXYZ and AWXZ both have 36°
angles and share £ Z. Therefore, they are
similar. Label the angles with tick marks if
you want to see this similarity more clearly.
WZ and XZ in AWXZ correspond with X7
and YZ in AXYZ, respectively (sides
opposite the 36” angles correspond with each
other and sides opposite the largest angles
correspond with each other), So,

WZ from AWXZ  XZ from AWXZ
XZ from AXYZ  YZ from AXYZ
Since e - k e must also be equal to k,

Xz 'rl?
which means X7 {thr.* reciprocal) is equal to
J
P
|B]Let AD = x. Because ADE is a 30-60-90

triangle, DE = xy/3 and AE = 2x. Note that
MADE, ABEF, and ADCF are all congruent.

i

2x

A x D c
The side length of outer triangle ABC is 3x.
The side length of inner triangle DEF is xv/3.
Because the two triangles are similar, the ratio
of their areas is equal to the square of the
ratio of their sides:

Areaof ADEF
Areaof AABC

!:w"?]l
(3x)°

1
3

32
.é--:.‘z

37

25. [ D| Because the equilateral triangle lies on a

side of the square, all their sides are equal,
which means AABE and ADCE are isosceles.

B . C
T
E
t
A D
ZAED = 607, ZBAE = ZCDE = 307, which
meEans
£LABE = LAEB=ZDCE = £LDEC =T75°,
Finally,

ZBEC =360~ 75° — 75° - 607 = 150°.

26. 1375 Since AC is parallel to OD,

ZBAC = ZBOD and ZBCA = /BDO.
Therefore, ABAC and ABOD are similar.
Notice that OD = 8 and that AC and OD are
corresponding sides. The given lengths imply

that the sides of ABAC are g the sides of

ABOD. Now finding the length of BD will
allow us to determine the length of BC.

Draw a vertical line from point B down to the
x-axis to form a right triangle with BD as the
hypotenuse. The base of this triangle is

8 -~ 2 = 6 and its height is 8 (the y-coordinate
of point B). This is a 6-8-10 triangle (a
multiple of the 3—4-5 triangle). If you didn’t
know this, you could’ve also used the
pythagornean thmmn to find BD. Since

BD=10,BC = EBD) = —[ll]} 3.75.
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7. @ Draw a straight line down the middle.
The length of this line is 9 because the top
part is simply a radius of the semicircle,
whose length is half the side of the square,
6+2=23

A

AN

3 B
Using the pythagorean theorem,

9?43 = A

90 = AR
Vo = AB
3V10 = AB

28, @ Draw the height from A as shown below.

SADE turns out to be a 30-60-90 triangle.

The area is E_I:iiﬁj (3v3) =93

328

2. [D]

- .1

Fll v
F

{\ﬁi T I-]

Draw the extra line shown above to form a
30-60-90 triangle (the sides are in a ratio of
1:4/3:2), The acute angle the line segment
forms with the ¥-axis is 30°, which makes
# = 360 — 30 = 3307, In radians, this is

" e
mr]nﬁ -]

30. [3.75| Because DBCE is a square, DB = 3 and
tnangles ABD and DEQ are similar (their
angles are the same). Using the pythagorean
theorem, D0 = 5. Using the similarity,

AD _ DO
DB ~ OF
AD _ 5
3 =3
AD=?=1E
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A B
7 14
£ F

1

4 ir

D C

Triangles ADE and FBE are similar. The sides
of triangle ADE are 3 times longer than the
respective sides of triangle FBE. Because
triangle ABD is a 4545-90 triangle, the
length of BD is 122 If we let BE = x, then
DE = 3x.

x+ 3= 12v2
4 = 12v2
=132

32. [7.2] Triangle ABC is a 5-12-13 triangle
(BC = 5). Triangle ABC is similar to triangle
AED (the angles are equal). Using this
similarity is tricky because the two triangles
have ditferent orientations. The following is
one example of a correct setup:

AE _ AB
DE  BC
AE 12
2 5
AE=3—:=?.2

33. | B]Since AC and DF cut through three
parallel lines, AC and DF are divided into
proportional parts. We can then set up the
following equation and cross multiply.

M M
i

o

%y

. | €| Notice that both outer triangle RQT and

triangle QST have right angles and share £ T.
Because they have the same angle measures,
they are similar.

K

Q 15 T

Since ST and QT in triangle QST correspond
with QT and RT in outer triangle RQT,
respectively, we can equate the following
ratios:

ST QT
Qr KT
ST 15
B 17

15
5T = 1—?{15] =132

. [30,31,32,33,34,35,36,37, 38, 39, or 40 | Since

SN

DE is parallel to AC, ZBDE = £BAC and
ZBED > /BCA. Therefore, ABDE and
MBAC are similar. The sides of ABAC are
i ]:I—" thésides of ABDE, which means

3
the perimeter of ARAC, p, must also be ]41'] as

long as the perimeter of 2 BDE. Thus,

10 10
1’“2} <p< ?Llﬁ]
W<p<40

where p s an integer.
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Chapter 23: Circles

CHAPTER EXERCISE:

po 1]

7 First, find the radius.

| B | The circumference of the circle is 2mrr, The

sﬁ'.mre divides the circle into four equal arcs,
2nr  mr

Therefore, the length of arc APD is o

. |E| Finding the radius of each of the small

circles,

3

=9 |
F=3 |

The radius of the outer circle is equivalent to
three radii of the smaller circles, 3 x 3 =9, |
The area is then 7(9)* = 81m.

art = 36m
r==6
The circumference of the circle is
2mr = 2m(6) = 12m. The perimeter of one

region is made up of two radii and one-eighth
of the circumference.

P %{l!:r_i - 2 +15n

B

e = 497
= 49
r=7

The standard form of a cirele with center
(h,k) and radius ris (x — h)* + (v —k)* = r*.
5o the equation of the circle is

(x+2) + v‘" = 49,

: [_| The arc measure of ABi is twice the

measure of the inscribed angle. Therefore,
6 e o B

AB = 60°, which is 3~ 6 of the

circumterence,

330

F_l Because £BAC is formed from the
endpoints of a diameter, its measure is 90°.
Since AB=land AC =2, AABCisa
J0-60-90 triangle and £BAC = &0,

1@

e = 36n
r==o
The circumference of the circle is

2nr = 2w (6) = 127, Because the equilateral
triangle splits the circumference of the circle

into 3 equal pieces, arc AB is one-third of the

1
circumference: 3 ¥ 127 = 4m.

, C The area of the circle is

art = n(6)? = 36m. The shaded sector is

0y 5 e .
of the entire circle, which means

361 18

central angle ACE must be isﬁ of 360
5 B o
T 360° = 100

Converting this to radians,

Vo T _3m
> =

We could’ve gotten this answer directly by
sticking to radians. The area of a sector is

%rz-ﬂ when @, the measure of the central

angle, is in radians,

;m}’ﬂ =102

180 = 107
5
ﬂ_";‘ﬂ-
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9. |4,5,6, or 7| The arc length can be
etermined by ré when 6, the measure of the

10.

13

central angle, is expressed in radians.
Therefore, the arc length must be greater than

5(%) « 3.92 and IessthanE(;) = 7.5,

Wi could’ve done this question by converting
radians back to degrees but the process
would ve taken a lot longer,

[Ei Draw a square connecting, the centers of

each circle:

To get the shaded region, we need to subtract
out the four quarter-circles from the square.
The square has an area of B x 8 = 64. The
four quarter-circles make up one circle with
an area of 7(4)% = 16m. The area of the
shaded region is then 64 — 16

E] Unraveling the cylinder gives a rectangle
with a base equal to the circumference and a
height equal to the height of the cylinder:

Zmr

The surface aréa of the cylinder is equal to the
area of this rectangle plus the areas of the two
circles at either end.

2eeh -+ 2rt = 27(4)(5) + 2(4)?
= 40 + 327
=n

331

|

13.

14.

135

@ Circle P and circle U each have an area of
m(3)% = 9. To get the shaded region, we
need to subtract out the unshaded portions of
both circles. Because APHLU is equilateral,
SZHPU and £ HUP are both 607, which means
the unshaded sectors are each one-sixth of
their respective circles (60° is one-sixth of
3607),

9+ 97 :I{'.’:Irr;l - %{erj = 151

@ Let y be the angle at the top of the triangle.

T - __-!{Errrz = Mn

i-J'I{I‘E-Ziz =n

n(6)* - 5

=¥
b 10
120 = ¢
If v is 120, then x and x have to add up to 60,
Therefore, x = 30,

@ From the information given, AB = 8,

BC = 4, and because AC is tangent to circle B,
ZACH is a right angle, Using the
pythagorean theorem to find AC,

AC? 4 42 = ¢
AC =48
AC =43

The area of
AABC = %MCHBCJ = ;Hvﬁ}[ﬂ =83

| B The circle has center (-2, ~4) and radius
2. If you draw this circle out, you'll see that
it's tangent only to the y-axis.
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Chapter 24: Trigonometry

CHAPTER EXERCISE:

1. [A]Since cos x = sin(90 — x), 5.

cos 40 = sin50° = a.

: @Since tanx = 075 = "‘-:‘-,we can draw a

right triangle such that the opposite side 15 3
and the adjacent side is 4.

=]

[g After drawing the right triangle, we lot
the opposite side be m and the adjacent side
be 1.

m

X
1
3
Using the pythagorean theorem, the
X hypotenuse is vmli + 1. Therefore,
4 : ]

SNy = ——=e—.
Using the pythagorean theorem, the vm=+1
hypotenuse is 5 (this is a 3-4-5 triangle). 6. [_1__-_I__| The fact that AB = 5 is irrelevant since

4
Therefore, cos x = E= 0.8

3 ESincesinﬂ = cos(90 - #) and
costl = sin(90 — 1),

sinf + cos(90 — 0) 4+ cos b + sin(90 - 8) =
sin + sind + cosd + cosh =

2sind + 2cost
4. E Drawing the triangle,
A
30
c i
7.
5
cos A = 3
AC _5
0 6
AC =125

i

the ratios of the sides will always be the same
for proportional triangles. Instead of actually
trying to figure out the lengths of the sides,
let’s use a triangle that's easier to work with.

B

A 4 C

Using the pythagorean theorem, BC = 5 {it's
a 3-4-5 triangle).

i _ N P
mnﬂvcmﬂ—s 5—5—1.4
[12]
s'nx-—l
e g
3 1
BC 4

Cross multiply to get BC = 12,
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5| 12
3 Since tan B = 2.4 5 we can let
AC = 12and AB = 5, Using the pythagorean

theorem, BC = 13. Since the two triangles are
similar,

AR 5
cosN =cosB = BC — 13

EJSime cosy = sin{90 — x},

cos 320 = sin38°. Setting up an equation,

5in 58 = sin(5m — 12)
B=om-12
70 = 5m
m =14

10. | D | From the coordinates, AB = 5 — (~3) =

12.

i .Eﬁince cos(90" -

and BC = 12— (-3) = 15. Using the
pythagorean theorem to find AC,

AC? = AB* + BC?

AC? = 82 + 15

AC? =289
AC =17

BC 15

Finally, cos C = 27 = .

x%) =sinx" sinx” = 17

So we can let the side opposite the angle 1 be
8 and the hypotenuse be 17. Using the
pvthagorean theorem, the side adjacent to

angle v has length 177 — 8% = 15. Finally,
o adjacent 15
hypotenuse 17

::f Diraw a triangle, Since the sine of one of
the acute angles is '—":? , we can let the side
opposite the angle be V3 and the hypotenuse
be 2. Using the pythagorean theorem, the side
adjacent to the angle has length

/21~ (v/3)2 = 1. Notice that this is a

30-60-90 triangle. With the triangle complete,

the sine of the other acute angle is then
opposite |

hypotenuse 2’

313

13: [_?LJSHmccuﬁx = i ==

14.

16,

AB = iqACJ = 5[6} = 8. Using the

pythagorean theorem, _
BC = VBT — 6% = bi - 36 = V2B =2V7.
Themfﬂl‘ﬁ‘.- k — ?-

[12.5 | Notice that triangles ABC and DBE are
similar, which means angle BAC is equivalent
to angle BDE, Since the tangent of ZBAC is
1.25, the tangent of ZBDE is also 1.25,

opp
ad = 1.25
BE
DE_HE

BE = (1.25)(DE) = (1.25)(10) = 125

15, | D| ZABC measures 90" because it's

inscribed in a semicircle. Therefore, triangle
ABC is a right triangle. Let the height be AR
and the base be BC. Since the hypotenuse
AC =1,

sinfl = AR
cosfl = BC
Area of friangle = %{HC}{ABJ
= %tcoﬁﬂ}{sinﬂ]
gin f cos ff

2

E'I'his question is basically asking, for the
quadrants in which sin # can equal cos 0. For
them to be equal, they must have the same
sign. That rules out option [l since sine is
positive in the second quadrant while cosine
is negative. In quadrant |, sine and cosine are
both positive, and sine is equal to cosine
when # = 45° (remember your 45-45-90
triangle?). In quadrant I11, sine and cosine are
both negative, and sine is equal to cosine
when @ = 2257 (this is the third quadrant
equivalent of 457 in the first quadrant).
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Chapter 25: Reading Data

CHAPTER EXERCISE:

1. We estimate the total commute time for each point:

Fuint [ Commute Time
A | 25460 -85
B 3B+40=78
o 45 + B0 = 135
D & — 20 = 100

Even though the times were estimated, it's clear that C represents the greatest commute time.

[

. @ The vertical distance between the points at 2004 and 2006 is the smallest among the answer choices.

w

. EI The points corresponding to July through September are the highest in both 2013 and 2014,

4, | C

150 3
e — l.':r:_l
250 o0

[ |

5. _El&ian Diego is the only citv for which the estimated bar is lower than (to the left of) the actual bar.
. E Both line graphs go downward every year.
7. E The lowest poaint with respect to the y-axis is at a little under 40 years of age.

B. E The graph's minimum, 16, must be the weight of the truck when empty. The graph’s maximum,
30, must be the weight of the truck al maximum capacity. Subtract the two to get the ruck’s maximum
capacity, 30 — 16 = 14,

g9, r From 2010 to 2011, the percenl decrease was

= 1
3ﬂ4ﬂ4[l =-3= —25% [percent decreases are negative)

From 2013 to 2014, the percent increase was

I

2l120 2

| 2110 _ =2
m'\ﬂim 3

11. lil Console A generated 250,000 = 100 = $25, 000, 000, Console B generated 225, 000 = 150 = $33, 750, 000,
Console D generated 125,000 = 250 = $31,250,000. Conscle E generated 50,000 = 300 = $15, 000, 000,
Console B generated the most revenue,

12, E In Cuarter 3, Company Y's profit was about 6 million and Company X's profit was about 12 million
(twice Company Y's), In no other quarter was Company X's profit as close to being twice Company Y's.
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=
13. | C Alabama spent a combined 15 + 2.5 = 17.5 billion. Alaska spent 7.5 + 7.5 = 15 billion. Arizona spent
125+ 7.5 = 20 billion. Arkansas spent 10 + 5 = 15 billion. Arizona spent the most,

14. @ During the first two hours, Jeremy answered 4 calls per hour for a total of 2 x 4 = 8 calls. During
the next three hours, Jeremy answered 8 calls per hour for a total of 3 x 8 = 24 calls. During the final
two hours, Jeremy answered 6 calls per hour for a total of 2 x 6 = 12 calls. He answered a total of

8424412 =4 calls,

15. Eme the graph, we can see that it takes Greg's glucose level 2.5 hours to return to its initial value (140
mg/dL) after breakfast and 8 — 4 = 4 hours to retumn to its initial value (also 140 mg/dL) after lunch,

4-25=15

16. ﬁ] At 30 miles per hour, Car X gets 25 miles per gallon. Driving for 5 hours at 30 miles per hour covers a
total distance of 5 x 30 = 150 miles.

; I gallon
150 miles = SR = 6 gallons
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; 'chaptet 26: Probability

CHAPTER EXERCISE:

i

1.[€l

Stop sign violations committed by truck drivers _ 39 ~ 0433
Stop sign violations 9%

2. [ D] The percentage of silver cars is 100 — 20 — 33 — 10 — 14 = 23. Red and silver make up 20 + 23 = 43

percent of the cars.
3. [D]
Plumbers with at least 4 years ulexpm‘imce 40,083 + 45,376 0,46
All plumbers 83,885
4. 8]
Plumbers with at least 4 E“ri?_! experience 40,083+ 45,376 0.2
Workers with at least 4 vears of experience 182,410 + 208,757
5.

Games won as underdogs 10 2

Games played as underdogs 45 9@

6. | C | Filling in the table,

. Week 1 | Week 2 | Week 3 | Week 4 | Total
Box springs | 35 10 20 55 | 150
Maﬂm:.i;sﬁ i7 Bl (4] 22 198
Total 82 101 88 77 | M8

Box spring units sold during weeks 2and 3 40 + 20
All box spring units sold 150

T oy 29
7. @ For the USA, the probability is 7o o 0.28. For Russia, the probability is 3; = 0.39, For Great Britain,

! 19 T L.
the probability is &5 = 029. For Germany, the probability is 7 e 0.32. The country with the highest
probability is Russia.

8.[4]

Cartilaginous fish species in the Philippines ~ Cartilaginous fish species in New Caledonia
Total fish species in the Phili ppines Total fish species in New Caledonia
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9. [C|Filling in the table,

Lightning-caused fires | Human-caused fires | Total
East Africa 55 65 | 120
South Africa 30 70 | 100
Total 85 135 | 220
Human-caused fires in East Africa 65 13
Fires in East Africa 1200 A4
10. [ 8]
Defective from Assembly Line A 300 3
Defective C B0 8
1. (o]

Duplex with 2 family membersorless 22412 17
Duplex 46 B

12, | B | The total number of samples contaminated with Chemical A is (450 x 0.08) + (550 x (L06) = 6%.

Contaminated samples 69
All samples 1,000

0.069

13, | B] The test is incorrect when it gives positive indicators for patients who don’t have the virus and
negative indicators for patients who do, a total of 30+ 50 = 80 occurrences.

80 B

1000 100 O

14. @ The number of patients cured by the sugar pill is 90 = 3 = 30. The number of patients who weren’t
cured by the sugar pill is 30 x 2 =75.

2
Cured 'l'\lnt cured
Drug 20 5
Sugar Pill an 75

Given asugar pill and cured 30
Given a sugar pill 30+75

2
7

15. Let the number of seniors who prefer gym equipment be x.
G S
re160 3
Cross multiplying,
3x =y 4160
2y = 160
=80

There are 80 + 160 = 240 seniors at the school,

337




CHAPTER 30 ANSWERS TO THE EXERCISES

Chapter 27: Statistics I

CHAPTER EXERCISE:

L

10.

11,

12.

'j The sum of the heights in the first class is 14 x 63 = 882, The sum of the heights in the second class is
21 = 68 = 1,428, The sum of the heights in the combined class is then 882 + 1428 = 2, 310. The average
height is
Sum of the heights 2,310
Total number of students 14+ 21

i E The sum of all five of Kristie's test scores is 5 = 94 = 470. The sum of her last three test Eﬂm is

3 x 92 — 276, The difference between these two sums is the sum of her first two test scores: 470 — =

194. The average of her first two test scores is then E? = a7,

T B | A range of 3 days means the difference between the longest shelf life and the shortest shelf life among

the units is 3. This could be 10 da ys vs, 13 days or 25 days vs, 28 days. The range says nothing about the
mean or median.

. | B Because there are 20 editors, the median is the average of the 10th and 11th editors’ number of books

read. From the graph, the 10th and 11th editors both read between 11 and 15 books last year, which
means the average must also be between 11 and 15. The only answer choice between 11 and 151s 12

- @ The median score, designated by the line segment in the middle of the “box”, is approximately 83.

The lowest individual score, designated by the line segment at the left end of the plot, is approximately
72. The difference between them is 83 - 72 = 11

]

(18 % 6) + (19 x 3) + [.'-tﬂxﬁ}-i—{ﬂ;:-ﬂ+{22>:2}+{13:¢3]J-{24xl] - =202

- [67] The median is represented by the average of the 14th and 15th days, both of which are 67°F

. E'fhe standard deviation decreases the most when the outliers, the data points furthest away from the

mean, are removed. The outliers here are the Rhone and the Vosges.

. | D| By definition, at least half the values are greater than or equal to the median and at least half the

values are less than or equal to the median.

H Even though the frequencies are the same, the travel times themselves are more spread out for Bus
B. The travel times for Bus A are much closer together. Therefore, the standard deviation of travel times
for Bus A is smaller.

LE_}I The median weight is represented by the 10th kayak (47 pounds for both Company A and Company
B). The median weight is the same for both companies.

I_H_1| Arranging the scores in order,

75,83,87.87,90,91,98
The average is PRI Rl B; EAEAE = 87.3. The mode is 87. The median is also 87. The
range is 98 — 75 = 23, From these numbers, [ is false, 11 is false, and [11 is true.
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13,

14.

15,

16.

17.

15.

8]
_ (5x2)+4 {ﬁx_!] F(Bx4)+(9x2)+(10%x1) 76
g 2+ 144 +231 e

Range = 10-5=5

Mean 7.6

| D | Before the 900-calorie meal is added, the median is the average of the Sth and 6th meals (550), the
mode is 550, and the range is 900 — 500 = 400. After the %W0-calorie meal is added, the median becomes
the 6th meal (still 550), the mode is still 550, and the range is still 400, None of them change.

| D] The median in School A is represented by the 10th class (4 films) and the median in School B is
represented by the 8th class (also 4 films). The median is the same in both schools. Now we calculate the
means:

I#2+2x3+3Ix4+4x5+5%5

Meaan in School A = — 19 - = 342
- Ix3 .
Mean inSchodl B = 1 X1 +2x 2+ ;-f_"” 5X%5 J367

The mean is greater in School B. Intuitively, this makes sense because the distribution for School A has a
higher proportion of the smaller numbers 1, 2, and 3 as shown by the chart. These smaller numbers pull
down the mean.

| B| Before the car is removed, the median is represented by the 8th car (23 mpg). After the car is removed,
the median is represented by the average of the 7th and 8th cars (still 23 mpg). So the median stays the
same. However, the mean and the standard deviation both decrease. We're removing a data point higher
than all the others so the mean decreases. We're also reducing the spread in the data so the standard
deviation decreases.

First, it's easy to see that the mean will decrease since we're replacing the maximum data point with
a minimum. Now before the replacement, the range is 90 — 45 = 45. After the replacement, the range
15 65 — 20 = 45, so the range remains the same. Before the replacement, the median is represented by
the average of the 9th and 10th cars (57). After the replacement, the median is represented by 10th car
(still 57, don’t forget to count the replacement as the first value). The median also remains the same.
Therefore, the mean changes the most.

{E To construct the box plot, we need to know the minimum number and maximum number of lectures
given, the median, the first quartile, and the third quartile. The table indicates that the minimum is 12
and the maximum is 40.

The median is the average of the 90 = 2 = 45th and 46th professors. From the table, we can count up in
order of the number of lectures given and see that the 45th and 46th professors both gave 25 lectures, so
the median is 25.

To find the quartiles, we use the median to split the data into two halves: the first 45 professors and the
last 45 professors. Note that since the median is the average of the 45th and 46th professors, it's already
"excluded” from either half.

The first quartile is the median of the first 45 professors, represented by the 45 + 2 = 225 — 23nd
professor. From the table, the 23rd professor gave 15 lectures, so the first quartile is 15,

The third quartile is the median of the last 45 professors, represented by the 45 5 2 = 225 — 23nd
professor from the 45th professor, or the 45 + 23 = 68th professor overall. Again we count up in the table
and see that the 68th professor gave 28 lectures, so the third quartile is 28,

MNow that we have these statistics (min: 12, q1: 15, med: 25, q3: 28, max: 40), we can see that the correct
boxplot is the one in answer choice C,
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Chapter 28: Statistics II

CHAPTER EXERCISE:

1.

2

10,

11.

12

@ There are 2 points above the line of best fit when the value along the y-axis is 19.

El- Note that the sample size of 400 is irrelevant information. To make things easier, we'll let v be a
decimal for now and convert it to a percentage later,

3,300x = 66
r=002=2%

. [C] The line of best fit gives a y-value of 55 when the r-value is 75.

" First, the survey should be conducted with students from the university’s freshian class since that's

the intended target. Secondly, the larger the sample, the more valid the results.

110
i Using proportions, Candidate A is expected to receive 555 500, 000 = 220,000 votes. Candidate B

is expected to receive ;—:ﬁ * 500,000 = 280,000 votes. So Candidate B is expected to receive 280, 000 -

220,000 = 60, 000 more votes.

: iﬂ The y-intercept is the value of ¥ when the value of x is 0. In this case, it’s the average shopping time

when the store discount is 0% (no discount).

: I_Jﬂ The slope is rise over run. Because the line of best fit has a positive slope, it’s the increase in revenue

for every dollar increase in advertising expenses. Note that because both revenue and advertising expenses
are expressed in thousands of dollars in the graph, they cancel out and have no effect on the interpretation
of the slope. That's why the answer isn't (B).

. @ The slope is rise over run. Because the line of best fit has a positive slope, it's the increase in box office

sales per minute increase in movie length.

. [ D] The y-intercept is the value of y when the value of x is 0. In this case, it's the expected number of

mistakes made when the cash prize is 0 dollars (no cash prize).

ET‘nis question is asking for the slope of the line of best fit. At 20 grams of fat, there are M0 calories. At
25 grams of fat, there are 380 calories. Calculating the slope from two points,
380 - 340 40

5 & ¢

B | Apply what you learn from the sample to the larger population. From the sample size,
Car Speeding Violations 83 ; "
e = . Now W t state tota :
Total Violat 3y Now we can apply this same proportion to the 1 of 2,000

% x 2,000 = 585

E_ The oat field whose yield is best predicted by the line of best fit is represented by the point closest to
the line. That point has an x-value of 350, which is the amount of nitrogen applied to that field.

340
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13

14,

15.

16.

17.

18.

E The point farthest from the line of best fit is at an x-value of 7. The total number of seats at the food
court represented by this point is 7 x 80 = 560,

LD To draw a reliable conclusion about the effectiveness of the new vaccine, the patients must be
randomly assigned to their treatment. Only answer (D) leads to random assignment. Note that answer
(C) does not because the patients are allowed to group themselves as they desire. For example, three
friends might want to remain in the same group, leading to assignment that is not random,

[:(.'] Answer (A) is wrong because it's possible that most of the basketballs produced in Week 1 had an
air pressure of over 8.2 psi. Likewise for Week 2. We don’t know for sure. Answer (B) is wrong because
it's too definite. Just because the sample means were (.5 psi apart doesn’t mean the true means, which
would take into account all the basketballs produced in Week 1 and Week 2, were also 0.5 psi apart.
That’s why there's a margin of error for the samples. Answer (D) is wrong because the samples suggest
the reverse: the mean air pressure for Week 1 (8.2 psi) is greater than the mean air pressure for Week 2
(7.7 psi). Answer (C) is correct because the greater the sample size, the lower the margin of error. The
sample from Week 1 had a lower margin of error than the sample from Week 2.

[:]The lower the standard deviation (variability), the lower the margin of error. Selecting students who
are following the same daily diet plan will likely lead to the lowest standard deviation because they are
likely to be eating the same number of servings of vegetables. The other answer choices would result in
much more variability.

[E Answer (C) best expresses the meaning of a confidence interval, which applies only to the statistical
mean and does not say anything about blue-spotted salamanders themselves. Answer (D) is wrong
because the study involved only blue-spotted salamanders, not all salamanders.

@The most that we can conclude is that there is a negative association between the price of food and
the population density in U.S. cities (as one goes up, the other goes down). We CANNOT conclude that
there is a cause and effect relationship between the two. We can’t say that one causes the other.
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Chapter 29: Volume

CHAPTER EXERCISE:

1. [ A]Each piece is half the cylinder, 5. [32.5] The width of the brick is 6(1.25) = 7.5

1
“V =
2

% reh -rf'-'} {5) = 10m

|
2. [ B] The height of the box is 100 = 25 = 4 |

(dividing the volume by the area of the base |
gives us to the height). The sides of the base |
are /25 = Sinches long. The rectangularbox |
has dimensions 5 = 5 x 4.

5

The top and bottom have a surface area of

2({5 = 5) = 50. The front and back have a

surface area of 2(5 x 4) = 4. The left and

right have a surface area of 2{5 x 4) =

The total surface area is 50 + 40 4+ 40 = 130, |

. E Let the side of the cube be 5. The cube has
six faces and the area of each face is &°
Solving for s in terms of a,

G5 = 24a°
st = :hrz
s=M

The volume is then &t = {20)* = Ra*,

i D The cylindrical tank that can be filled in 3
hours has a volume of 71(4)%(6) = 9%:1. The
tank in question has a volume of

n(6)°(8) = 2887, Using the first tank as a
conversion factor,
288 = 3 Houm =Y hours

inches, and its height is 6 — 2 — 4 inches. The
brick’s volume is then
lwh = (6)(7.5)(4) = 180 cubic inches, Since |
kg = 1000 grams, the brick’s mass is 5,850
grams. Finally, the brick’s density is

5,850 grams
volume 180 in?
cubic inch.

6 | D_ This question is asking for the volume of
the cylinder. The radius of the base is 2 and
since the diameter of each tennis ball is 4, the
height of the cylinderis 4 < 3 = 12,

= 32.5 grams per

V = arth = 7(2)%(12) = 48n

7. @Thu shortest way to do this question is to
pretend that the block is liquetied and poured
into the aquarium, How high would the level
of the liquid rise?

= luwh
5,000 = (80)(25)h
25=h

The longer way to do this question is to find
the original volume, add the block, find the
new height, and then compare it to the
original height, While not the fastest method,
Itis certainly viable.

B, @ If you take away all the cubes with black

paint on them, you are essentially uncovering
an inner cube with a side length of 3. A front
view is shown below.

There are 3* = 27 cubes that are unpainted.
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9,

10.

LE_] Since each small cube has a volume of

2" = 8 and the volume of the outer box is

8' = 512, there must be 512 + 8 = 64 cubes in
the box. If vou take away all the cubes that
are touching the box, vou are essentially
uncovering an inner rectangular box with a
square base of side 4 and a height of 6. A
front view is shown below.

o
-

The volume of this inner rectangular box is

4 = 4 « 6 = 96, Since each cube has a volume
of 8, there are 96 - 8 = 12 cubes that are not
touching the box, which means there are

&4 — 12 = 52 cubes that are touching. You
also could've taken the straight-forward
approach of counting up the cubes along the
sides. If vou took this route, you should've
gotten something along the lines of
16+16+8+8+4=>52

r__D] The only cubes that have exactly one face
painted black are the ones in the middle of
each side. For example, the front side has

3 x 1 = 3of these cubes.

4

The right side has 2 = 1 = 2 of these cubes,
and the top has 3 = 2 = 6 of these cubes. So
far, we have 3 + 2 + 6 = 11 of these cubes. To
account for the back, left, and bottom sides,
we double this to get 22 cubes,

12.

13.

1_ -

V= EE‘TT'
6mat = %mn[zu::l
18ma® = rt(2a?)
18mat = 2na?r?

92° = 17

Ja=r

—

| B | Draw a line down the middle of the cone

to form a right triangle with the radius and
the slant height. This triangle is a multiple of
the 3—4-5 right triangle: 9-12-15. You
could’ve used the pythagorean theorem
instead if you weren't aware of this. In any
case, the height of the cone is 12 cm.

V = volume of cone + volume of hemisphere

1 .1(4 1)
'v’—irrrh.i jrrr

1 1 /4
V= im;aﬁqlzm s (jmw-‘)

V =3Mm + 486 = B10m

|£-| Since the radius r is 2 inches longer than
the height, the height is r — 2. Using the
volume formula for a cylinder, we get

V =naith = nrt(r=2) = mr = 2ar%.

. | B| This question is essentially asking for the

volume, or the amount of room, in the crate.
The room in the crate can be seen as a
rectangular box with a length of
10-1-1=8inches,awidthof8-1-1=8
inches, and a height of 3 - 1 = 2 inches.

V=8x6x%x2=598
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15. [ B| Cut the staircase vertically into 3 blocks.

Volume of staircase = Volume of block 1
+ Volume of block 2
+ Volume of block 3

V=(5x2x02)+(5%x2x04)+(5x2x06)

=2+4+4+6
=12

Mass = Density = Volume
= 130 % 12 = 1,560 kg




